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The properties of ferromagnetic superconductors are considered. It is shown that the 
presence of spontaneous magnetization complicates the detection of ferromagnetic super- 
conductors. However, use ofthin films or wires, under known conditions and with large 
samples of high coercive force, should materially increase the possibility of detection of 
superconductivity in ferromagnetic metals and alloys. 


dk O date, superconductivity has never been de- 


tected in a ferromagnetic metal or alloy. This 
circumstance would not ordinarily besurprising, since 


many nonferromagnetic metals also fail to exhibit 


superconductivity. 
On the other hand, in the present state of the 


microscopic theory of superconductivity,there exists 


no basis for déenying the possibiliity of the exis- 
tence of superconducting ferromagnets. Further- 


more, in favor of such a possibility stands the fact 


that superconductivity is fundamentally related to 
the outermost electrons, while ferromagnetism is 
connected with the more deeply seated electrons. 
Moreover, many superconductors and ferromagnets 
are distinguished, at least insofar as their atomic 
states are concerned, only by d- or even f-elec- 
trons. Thus, superconducting lanthanum and haf- 
nium differ from ferromagnetic gadolinium only in 
the 4f- and 5d-electrons,* while the ferromagnetic 
Fe, Ni and Co differ from superconducting Ti and 
V only by the addition of several 3d-electrons. 


*It is possible that there are even closer superconducting 
neighbors to gadolinium since the question of the super- 


conductivity of the rare earths is unfortunately not 
completely resolved. Moreover, there are several. other 
ferromagnetic rare earths besides gadolinipm. 


Thus the absence of superconducting ferromagnets 
is, in each case, not a self-evident factor and re- 
quires an explanation. 

The purpose of the present research is to point 
out the almost complete impossibility in practice, 
under ordinary conditions, of observing supercon- 
ductivity in any sort of ferromagnets. It is shown 
that the presence in ferromagnets of spontaneous 
magnetization My causes a large sample, even 
in the absence of an external magnetic field, to 
possess an induction By = 4M, . Furthermore, it 


is quite natural, as will be shown below, that, in 
equilibrium, the superconducting phases can exist 
in large ferromagnets only ifB, = 47M, < H® (0), 
where beg (0) is the critical field of the large 


sample at T = 0 and consideration is not given to 
the effect of magnetization. The value of By 


for T= 0 for Fe, Co, Ni, and Gd is, respectively, 
22.000, 18,500, 6400 and 24,800 G, while H” (0) 


for different superconducting elements iies in the 
range from 2600 G for Nb to. 28.8 G for Cd. 
Thus the probability of finding the superconducti- 


vity of ferromagnets in one measurements is 
as small as in the case of nonterromagnetic super- 
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conductors placed in an external field with a mag- 
netization of several thousand oersteds. In other 
words, a large ferromagnet can under ordinary con- 
ditions undergo a transition to the superconducting 
‘state only when its spontaneous magnetization 


M ( for T =0) is very small ae = Arn M, < 10° VF 
and the critical field is very large (> 10°). 


These observations do not mean, however, that 
superconductivity of ferromagnets for which 
By = 47M) > jie (0) can never be observed. 
On the contrary, under definite conditions ( for 
thin films and wires, and also, perhaps, for large 
samples with high coercive force ) superconducti- 
vity of ferromagnets can be observed if such super- 
conductivity is otherwise possible (i.e., in the 
absence of the above-mentioned masking magnetic 
effect associated with the presence of spoutaneous 


magnetization M) ). 
1. In weak magnetic fields, H << H., where 
H,, is the critical field, the behavior of nonmag- 


netic superconductors is well described by the 
equations* 


euwl Aj, = —(1/c)H, (1) 


OAj,/at = E. (2) 


Furthermore, in the static case, to which we limit 
ourselves below, we must consider the field equa- 
tion 


curl H = (4</c)j,. (3) 


We get from (1) and (3) in the usual way (we assume 
that A = const): 


Heese HO Agee reap eaten ahd) 


>2 ‘ P 
OR a CA/An = mc? / Axe?n,. 


Above, no distinction has been made between 
the field H and the induction B=H + 47M. For 
para- and diamagnets, this is practically true, but 
it is otherwise in the case of ferromagnets. It is 


easy to see that for B4 H, Eq. (1) can be replaced 


*We avoid here the problem of the validity of Eqs.(1) 
and (2), inasmuch as, in our opinion, there is no sub- 
stantial reason for doubting them at the present time. 
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by 
curl Aj, = — (1/c)B. (5) 


This substitution can be based on a whole series 
of considerations, namely: Eq. (5) and not (1) is 
compatible in the general case with the field 
equations and with Eq. (2). The latter follows from 
the very existence of superconductivity and is 
therefore preserved even in the transition to the case 
of magnets* ; evidence of this is given both by 
quantum mechanical considerations and also by 

the simple fact that the induction B is the field 
which acts on the currentand which also determines 


the density of the Supercond UCHDE current. 
We get from (3) and (5) that 


AB — 6) °B = — 4xcurlcurlM, (6) 
Ajs —%?is = co) curl M. 


We shall consider below that the ferromagnetic is 
“‘ideal’’, i.e., 


ea ny) 


B=»H-+4<M,, M=M,-+ © 


At 
where M, is the spontaneous magnetization and 


. does not depend on H. For liquid helium tempera- 
tures, we can assume that M, is independent of 


temperature; at saturation, which is the usual con- 
dition, we can also set p = 1. Making use of (7), 
we have (it is assumed that p= const): 


AB — 6 ?B = — 4rcurlcurlMo, 
Aj; — 9 js = (¢/y-9")curl Mo, 
ge 88 / p. (8) 
It is understood that these formulas are suitable 
for para- and diamagnetic materials for My = 0. 


It is clear from (8) that in regions where M, 


= const, the induction and the superconducting 
current are damped out within the penetration depth 
6. On the boundaries of the domains, where 

curl My + 0, there are sources of induction and 
of current. If the sample consists of a single do- 


main (which is also assumed below if there is no 


*It follows from (2) and from the equation curl E 


= —(1e) 0B/dt that 
a Me ae 
HF PMN. + = BL =O, 


which is compatible with (5) 
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contrary limitation ), then it is possible to set 
curl M 4 = 0 everywhere. On the boundary of the 


specimen, where M 3 has a discontinuity, we must 


use the boundary conditions 


H, = Hj, Be=(Bi—4nMp)/p; (9) 
the indices e and i refer respectively to the region 
outside the metal, where p =1 and M, = 0, andto the 
region inside the metal at its boundary. In the 
general case, the tangential components of H, B 
and M, would seem to enter into Eq. (9), but this 
is not reflected in the results , since below, for 
concrete applications, the normal components will 
be considered equal to zero (we consider below 


only cylindrical samples that are parallel to the 
field). 


It is clear from the foregoing that in the super- 
conducting state in the absence of an external 
field ( H, =0), B=0 in the mass of auniformly mag- 
netized superconducting ferromagnet, while in the 


normal state in such a cylindrical sample, A, = 0, 


B.=B,=40M,- 


the (molecular) surface current i = cM, , which 
mo 


The induction By is created by 


flows over the surface of the sample. In the 
superconducting state, even in the absence of an 
external field near the surface of the metal, the 
superconducting current J , flows in a layer of 


thickness of the order 5. This current screens 


the field of the current i in the mass of the 


ol 
metal. In this case the equivalent superconducting 


tee) 
surface current i. = if. j, dz ( the z axis is directed 
0 


along the normal to the surface of the sample, which 
is located at z = 0) is determined from the condi- 


tion (the quantities with index refer to the mass 
of the sample ): 


i, = ¢ (Hic — He)/4* 
— —¢cM,/p = —cHe/ 4x, 
since = o = ~40 Mi /p , inasmuch as B, 
=p, .. +47M, =0. For H, =Oandp=l, 
ij=-i ji.e., the superconducting current ac- 
s mol ? ? 


curately compensates the ‘‘molecular’’ current. — 
2, Let us go on to the problem of the destruction 


of superconductivity of large ferromagnets ina 
magnetic field ( we call that sample “‘large 


whose smallest dimensions are significantly larger 
than 6 ~ 10-5 em). 

Here, as in the case of nonferromagnets, we 
must use only the fact that in the superconductor, 
B =0 (we neglect the surface layer where BY 0). 
Moreover, it is necessary'to make use of the ex- 
pression for the density of magnetic energy of the 
ferromagnets: 


4 ¢ wH? 2nM, B2 M,B 

On = 7G \ HB = ag 
0 

(10) 


where Eq. (7) is assumed and the constant is so 
chosen that w,, = 0 for B= 0. 

Considering a cylindrical sample with a cross 
section of arbitrary form, located in an external 
magnetic field H parallel to its axis, we obtain 


the following expression for the free energy per 
unit volume of sample: 


wl? 27M2 (11) 
Fn= Frat oa aa MH, 
2—u 2nM2 

= Fao + He— : = Vetiee 


where F’,, is the free energy after deduction of 


the energy of the magnetic field and the term 
—-MH,=—-M,H, \[G-D/4c7] \: is the density 
of the energy of interaction of the sample with the 
external field.* 

In the superconducting state the free energy will 
be the same as for nonferromagnets since in both 
cases 


*In the general case, the free energy (more ac- 
curately the corresponding thermodynamic potential) 
of a system in an external uniform field H, has the 


form: 
> A > \ 
| Fav= | (Fo + y_) dV — BHO Hav, 


T 


where the integral is carried out over all space and 
F 9 is the free energy for B=0. For the cylinder we must 


limit ourselves to integration over the volume of the 
specimen, after which we get for the energy density, 
referred to unit volume: 


F =F, + (1/S) \ w,,dV —(H,/ 4S) \ (B —H,) dv, (12) 


where S is the cross section of the specimen and the 
integration is carried out over a section of unit length 
along the axis of the cylinder. In the normal state, when 


the field is uniform, 
H, H,(B—H,) 
ee \ (B —H,) dv =— + —— MH,; 


the latter expression has a simple meaning, well known 
from inagnetostatics. 
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B = Oana — H.(B— H-)/4n = H2 / An. 
Thus, 


ee eras (13) 


The critical field for a large sample is determined 
from the equality F =F, , whence 


H.\(T) = Ae, (T)/Vp —4eMo/p, (14) 
Hey =V 8k (Fn — Fo)- (15) 


The field He is evidently the critical magnetic 
c 

field in the case of a nonferromagnetic metal with 

the same difference Lane ~ Der as for the ferro- 


magnet under consideration and with p=1. The 
direction of the external field i will be con- 


sidered positive always, by virtue of which H_,>0. 
ole 


As concerns the magnetization My , in the iso- 


tropic case considered, it can be directed either 
along the field (MY > 0) or against the field 


a 


He 


(M, <0). 


In the first case, which is in equilibrium, for 


Mo=|Mol? 0 we have 
Hy (DL) = He) (1) V eg fe 218) 


and superconductivity is possible only if 
H®) (0) >4nMy/ Vp. (17) 


The result (16) means that the critical field 
Han) Vp tor M, = 0 must be equal to jie H; 


where H , = —4nM, / uw is the field for Bb =0. For 


p =1, it can also be shown that ey =H, +By 
where B, = 47M, is the induction in the absence 
of superconductivity. For a saturated specimen, 
p= 1 effectively, and the criterion goes over into 
the form originally introduced. As has already 
been shown, superconductivity can be observed only 
under extraordinary circumstances when the quan- 
tity B| =47M. is anomalously small*, and the 

0 0 y 


field se (0) corresponding is sufficiently large, 


although it lies inside reasonable limits. A state 
diagram of case (16) is shown schematically in 


Bigs. 


() 
K /, kK 


EiGwle My > 0, Hep) © /Vp< 4m My Hie auras Ne is not 
possible; (b) My > 0, Hay’ /Vu > 47 My /p, Hey (7) =H? (1) Vu 


— 47 My /L 


For sufficiently clean and perfect materials, 
saturation takes place at very weak fields and the 
calculation just run through is valid (especially 
if anisotropy is not taken into account or if one 
does not consider the field directed along the axis 
of easy magnetization). In the absence of the 
field and for a multi-domain configuration, the 


criterion (17) remains suitable, inasmuch as the 


dimensions of the domains usually far exceed 


*A sufficiently small value of My can exist for alloys 


with concentration of components close to those for 
which ferromagnetism completely disappears (we assume 
that the transition from ferromagnetic alloys to nonferro- 
magnetic is not a first order transition). 
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5 ~ 10°> cm, and there must then be a current flow 
over the surface of the domain, canceling out the 


induction B in the interior of the domain. More- 
over, upon appearance of superconductivity, the 
entire domain structure can, and in equilibrium 
must, change in the direction of enlargement or 
elimination of the domains, not to mention the fact 
that for long cylindrical samples, the role of the 
domain structure is generally relatively small. 

We also note that for samples with large demag- 
etizing factor (for example, magnetization per- 
pendicular to the plane of a thin disk) the field 
B in a sample in the nonsuperconducting state 
can be very small in comparison with 47 M) . 


Therefore the appearance of superconductivity will 
perhaps be facilitated in this case. However, it 


is also possible that edge effects will put at 
naught the advantage connected with reduced B. 


Thus the problem of the expediency of using samples 
with a large demagnetization factor demands special 
analysis which is yet to be carried out. 

Let us now consider a uniformly magnetized 
cylindrical sample in which the magnetization 
M < 0, i.e., it is directed against the field H, . 
Such a state is metastable, but it is destroyed only 
by the achievement of a field H | of value equal 


to the coercive force H, which in some cases is of 
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the order 4 M, , although it usually is signifi- 


cantly smaller than this value. In the case con- 
sidered, there are, in accordance with Fig. (14), 
two critical field values: 


(0) 
ey ee ould) 
v Vara (18) 
HH. (T) = 4 |Mol HST) 
‘cl v. Vie . 


It is easy to become convinced that the supercon- 
ee phase can exist only in a region of field 


* 


Hay) << ie dpe (19) 


Here, if jie (T) is negative in accord with 


Kiq. (18), then this means that the critical field 


H 7 does not exist, and superconductivity will 


be observed in a zero field; a similar possibility 
exists upon fulfillment of condition (17). The 

region of existence of the superconducting phase 
in the case M, <0 is clear from the schematic Fig. 2. 


Fic. 2. (a) My <0, HE Alu <4a/ My V/pSHy (T)=477| Mg 
tH §? (D/V ty Hey = 4] Mg HH 5) AV; (0) My < 0, Hay? (0) 
/Vus 40 |My |/pu, Ho = 4m |My | /u ee (+) Ate 


Hoy (T) =40|My |/u-H A(T) Ve Zhi: 


It is obvious that this drawing can fully correspond 
to the actual case only if Hs CTiG< Hl ff 


the coercive force H, < HZ (0) then superconduc- 


tivity cannot in general be observed for 
we 070th, 2) —H, then wpon tncreage in 


\/ 


the field there ought to occur a transition to the 


superconducting state. The question as to in what 


*We avoid the cases of supercooling or superheating, 
i,e., in region (19) the free energy of the superconducting 
phase F, is less than or equal to the free energy of 


the normal phase F, . 
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region this state will exist in the general case is 
difficult to answer with certainty inasmuch as 

we are dealing with a nonequilibrium system. From 
each case discussed it is clear that for use of a 
configuration with M, < 0, supercon ductivity is 


possible for the condition 
H® (0) > (4x (Mo)/Ve)—VieHer (20) 


which is weaker than (17). 
In spite of this latter circumstance, the known 
values of M, andH, for ferromagnetic elements 


do not permit us to hope for the discovery of super- 
conductivity of large samples of them. In the 

case of certain alloys, utilization of configurations 
with M, < 0 can significantly increase the 
chances of discovery of superconductivity. How- 
ever, greatest interest attaches to the use o 
ferromagnetic thin films (or wires), since in this 
case the critical field oe increases strongly in 


comparison with Re , which allows us to hope 


for a substantial change in the situation. As will 
be shown, this hope is entirely justified. 
3. Equation (1) is applicable only for a weak 


field H << les and therefore relates to Eq. (5) 


used in Sec. 1. On the other hand, in ferromagnetic 
superconductors, in contrast to nonferromagnetic 
ones, the field, generally speaking, is never weak 
everywhere. Therefore, in consideration of large 
samples, it is already necessary to extend to the 
ferromagnetic case the phenomenological theory of 
superconductivity developed in Ref. 3 and applied 
to arbitrary fields. However, in the case of large 
samples and in the absence of the intermediate 
state (and if the parameter x << 1; see Ref. 3 ), 
the theory of Ref. 3 leads to comparatively small 
departures from the theory of the Londons which is 
based on Eq. (1). From the point of view of Sec. 
2, the chief consequence of Kq. (5) is that B=0 
in the interior of the specimen. Inasmuch as this 
same conclusion also follows from the theory of 
Ref. 3 or, more precisely, from its generalization 
to ferromagnets carried out below, the results 

of Sec. 2 remain completely valid and the limited 
applicability of Eq. (5) is not important for us. In 
the transition to the problem of the destruction of 
superconductivity of specimens of small dimen- 
sions, the situation is completely different and one 
can start out only from the scheme put forth in 
Ref. 3. 

In ferromagnetics, the fundamental equation for 
the free energy of the superconductor in the field 
(in the theory of Ref. 3), has, as is easy to see, 
the form 
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4 : e 2 
Fso = Foo + 57 — ihyY —— A¥ 


B2 MB 


PAE (21) 
Bru u 


+ 


Fo = Fm +al¥ P+ > b/ Ei, Bacal A. 


The entire difference of Eq. (21) from the corre- 
sponding equation in Ref. 3 consists of the use of 
Eq. (10) for the density of the magnetic energy, 
instead of the quantity H2 /87 which is suitable 
for nonferromagnets; moreover, here curl A=B and 
not curl A=H. By virtue of the above, it is evident 
that for M = 0 and p=1, Eq. (21) transforms into 


the expression for F ,,, from Ref. 3. The equa- 
tion for ¥ obtained from Eq. (21) has the same 
form as that in Ref. 3. Variation of Eq. (21) with 
respect to A under the condition div A=0 leads to 
the expression 


AA = — = (vjs + ccurl M) , 
js = (— teh / 2m) (¥* yr— Pave a 


— (c2/me) Y* A, (22) 


This expression for A is in agreement with Eqs. 
(3) and (7) as it should be. 
If ¥ =const, as we can assume in films**4 , Eq. 
(22) takes the form: 
AA —|¥) [252A = — 4xcurl Mo, 
82 = 65/p = mc? / 4ne*p | Po |’, 


eal ow ie ap egeg ie | 


where Woo] = —a/ B is the concentration of 
“‘superconducting electrons’’ (see Ref. 3) for 
B=0. At the same time |W|? is the analogous 
Concentration in the general case (for B=0, evi- 
dently, Ee | cos by Equation (23) is equivalent 
to Eg. (8) if we consider that n =||2 =| 7) 2 
Ss 0 oO 

and the values of 6 in Eq. (8) and (23) coincide 
completely only for wi 1; inasmuch as for a 
large sample the latter equality does not take place 
in practice, we have not introduced different desig- 
nations for the quantities 6 in (8) and (23). 

Let us now consider a film of thickness 2d, which 
is parallel to a field H,. Taking the normal to 


the film along the z axis (at the center of the film, 
z=0), and the direction of the field H, along the 


y axis, we see that the potential A and the current 
density j, have components only along the x axis. 
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In this case, for A_ = A, we get 
x 


(aA / dz?) — (V5 /8) A =0, 
i (24) 
By = B =dA/dz=)H + 4nM,, 


where the film is considered uniformly magnetized 
(therefore curl M) = 0; thefield H and the magneti- 
zation M) are assumed also to be parallel to the 
y axis (like H, ). 
It follows fromEq. (24) and the boundary condi- 
tions (9) that in the film 
4 — DBi sh (Yoel) 
® ch (Pid/s) 
B, ch (‘Foz / 3} 
ch (¥,d/ 8)” 


(25) 


B= 


B= vu, + 45M. 


In the absence of an external field, B, =B 

= 47M, # 0, in contrast to nonferromagnets, in 
which, for H, =0, B=0, A=0 and 7, =0. Therefore, 
tin the latter case, for H, = 0, the quantity |¥,|? ate 
In ferromagnets, this is no longer so. The quantity 
WY, inthe film, both for, =0 and for H, # 0, 

is determined from the requirement of a minimumof 
the free energy of the film, in which, for, # 0, 


one ought also to take into account the interaction 
of the magnetic moment of the film with the external 


field. In other words, one must minimize the free 
energy (12), i.e., in the case under consideration 


of a film with V=const, the expression [see Ref. 


(21)]: 


(26) 


Considering Eq. (25) and the fact that FA: 
=/4r a” /B and |¥|? = —(0/B)|,|7, we get* 


*The quantity H is the critical field for a large 
specimen for My =0 and p= 1 (see Ref. 3, where this field 
is denoted by Ay ). We note that the restriction em- 


ployed in Ref. 3 , which is connected with the consi-_ 
deration only of the region close to T,, , is not essential 


and it can be diccarded: 
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Hf Bi th (¥,d / 8) 


2 
F,=F ake ay 
eee Sel Ya /3 
(0))s 
(Ho) 


: 8x 


Bi th (Y,d/3) 
= Fat geal “ways | 


¥o (Yo — 2) 


(H)2 : 
+e wiwg—2), 2 
Here, the total free energy in the normal state 
(referred to unit volume), which is not different 
from Eq. (11), is equal to 


ste 2nM2 
|i Saad ge te eI 7 3 
putes dt aes 
a SAO Sir 4x 


From the condition oF / Jv, =0, we find the 


equation for Wy : 


B, \2 4? (W? 1) ch? (Wyd/8 
(qo) -t ae ) ch? (¥od/8) (29) 


HO ~ 1 sh (28 9d/3) (ZF d/8) * 
Cc 
For the critical value of the induction BS which 


is determined from the condition F =F _ , we get 
Ss n 


eh 
Say — 
ne 

To find B., and Le (for B; = B,, ), we must solve 


Eqs. (29) and (30). 
Equations (29) and (30) differ from those used in 
Refs. 3 and 4 only by the replacement of H, and 


ae in Refs. 3,4 by B, /\Vp and Be / Np . More- 
over, the quantity 6 in Eqs. (29) and (30) differs 
from the 55 in Refs. 3,4 by the factor p!/? , 
Therefore it is not necessary to re-investigate 
Eqs. (29) and (30), and we only recall that for 

d < (5/2) & destruction of superconductivity leads 
to a transition of second order, in which V, = 0 


for the critical field. Here 


B/Vp =+V6(/d) Ho = HO 


Thy Bs (2— 4) 


1th (Wd SW od/3) 38) 


(31) 


where # (9) is the critical field for a film with the 
same values of 6, d and Hee but with M, =0 


and p=1. 
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If d >(\/5/2) 5, a transition of first order takes 
. e . md (Q) 
place, in which againB) //p=+H 0’. 


much as B = p line + 4a My 


Inas- 


, where H ,, is the 


critical value of the external field H, , we get 


M, >0:H,,(T) = Het (T)/V » —42M)/, (32) 
Mo <0: He,(T) = 42 | Mol /p HO(TY/V p. 


(33) 


Thus precisely the same result is obtained as in 
the case of large samples, but withthe natural 


replacement of He) T) by Fe (T). There- 


fore there is no need of repeating what was done in 
Sec. 2. As concerns Figs. | and 2, they, being 
schematic also remain in force, inasmuch as the 
differences in the temperature dependence of 

HD) on He) in this scheme is not essential. * 


However, in the quantitative relation, the situation 
changes sharply, for example, for /H © 0=400 Oe 
Cc 


5(0) =5x10-© and d= 2.5x10-7 (the thickness of 
the film 2d=50A), H ‘°) (0) ~ 20,000 Oe which is 
already greater than 47 My for large samples of 


Ni and Co. For very thin films, the value of 
47M . must decrease and furthermore, the possibility 


is not excluded of obtaining superconducting films 
of 2~3 times greater thinness than those used in 
the example treated.® Further, thin films must be 
uniform** and possess a relative large coercive 
force.’ Therefore use of the configuration with 


*Usually it is a satisfactory approximation to assume 
that 


(7) =H 
1M a eb OU ele ag 
8 (T) = 80) [1— (TIE MTA, 


whence the temperature dependence of Bee) in the case 
(31) is also clear. 

**By virtue of the polycrystalline composition of the 
films, it is perhaps expedient for obtaining sharp pictures 
to produce saturation of the film in a strong magnetic 


field. 
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M, <0 [see Eq. (33)] can lead to a signifi- 


cant increase in the probability of discovering 
the existence of superconductivity. Finally, inves- 
tigation of various ferromagnetic alloys especially 
with relatively small values of MY , opens up 
additional possibilities, in particular if we consider 
that, for films, by virtue of their lesser density 
and also because of the small thickness, the 
value of M, should be smaller than for large pieces 
of metal, 

If superconductivity will be discovered in very 
thin ferromagnetic films, then for further increase 
in the thickness of the film (for example, as a 
result of repeated saturation in the metal ) the 
superconductivity decreases, as only HE (T) 


remains smaller than 47M ‘A (we are dealing With 
the case M, > 0, the value of p is set equal to 


unity, as one should expect). 
K:xperiments to show the superconductivity of 
ferromagnets deserved, we think, a great deal 


of attention, although it is possible that they will 
not succeed. 
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Differential cross sections were measured for elastic scattering of neutrons by 580 mev 
protons in the angular region J = 35 to 180° (in the system of the center of inertia) with 
a 2° angular resolution. The character of the obtained co ( 3 ) dependency indicates 
that at “600 mev there arises in the neutron-proton system a noticeable interaction in 
states with orbital moments up to / = 6. The results obtained do not contradict the 


hypothesis of charge independences. 


(THERE exists at the present time a suffi- 
ciently large number of published papers per- 
taining to investigation of elastic collisions of 
neutrons with high energy (100 to 400 mev) pro- 
tons. However, the known experimental data refer 
to the energy region where the processes of meson 
formation are either completely absent, or the total 
cross section of meson formation in (n-p ) colli- 
sions Comprises a very small fraction of the total 
(n-p ) interaction cross section. It may be sup- 
posed!,2 that the increased probability of inelastic 
scattering observed in the region of higher energies* 
will have a noticeable influence on the character of 
elastic scattering of neutrons by protons. Experi- 
ments in measurements of differential cross sections 
for elastic scattering of neutrons by 580 mev protons 
were conducted using the synchrocyclotron of the 
Institute for Nuclear Problems, Academy of Sci- 
ences, USSR, in order to investigate the changes in 
the process of neutron scattering by protons at 
nuclear energies which exceed substantially the 


threshold of pion formation. This communication 
contains results of these experiments. 


1, EXPERIMENTAL ARRANGEMENT 


Measurement of differential cross sections in the 
scattering angle interval J = 35.5 — 180° (in the 
center of inertia system) was made by the method 
of recording the recoil protons from elastic (n-p ) 
collisions. Here the difference in the number of re- 
coil protons was determined at angles d = 0 to 70° 


for paraffin (CH, eo) and graphite (C) scatterers 


placed in the path of the neutron beam. The experi- 
mental arrangement is shown in Fig. 1. The neutron 


* The overall cross section of pion formation at 400 
mev is © 3% of the total (n-p) interaction cross section, 
and increases to 25-30% at 590 mev?. 


beam used in the experiments was obtained as a 
result of exchange scattering of 680 mev protons 
with a beryllium target. The energy distribution in 
the neutron beam had a maximum at 600 mev and a 
half width of ~130 mev°. The average energy of 
the neutrons for the detector threshold (450 mev) 
was found to be equal to 580 mev. The intensity 
of the neutron beam incident on the target was 

ax 104 neutron cm72 sec’ !. 

Discs of paraffin and graphite of equal stopping 
power for the recoil protons served as scatterers, 
The thickness of the scatterers was changed for 
measurements at different angles and in the recoil 
angle intervals ® = 0-15°, 25-60° and 60-70° (re- 
ferred to the laboratory system ) was for graphite 
scatterer,5; 3, 0.5 gram/cm? respectively. 

The detector consisted of three scintillation 
counters (7, 2, 3) connected for coincidence count- 
ing. The scintillation counters were operated with 
photomultipliers type FEU-19 and toluene crystals. 
The selected geometry insured a 2° angular resolu- 
tion. The energy threshold of the detector was set 
by a wolfram or copper filter placed between the two 
last counters of the detector. The thickness of the 
filter depended on the scattering angle and was 
selected to make the detector operate only if the 
neutron energy exceeded 450 mev. This made it 
possible to exclude the effect produced by lower 
energy particles which were present in sufficient 
quantity in the neutron beam. The counting char- 
acteristic of the detector had a plateau of 150-200 
volts. 

The process of measuring the angular distribution 
of recoil protons (in relative units ) was reduced to 
determining the number of charged particles which are 
emitted from the scatterer in a given direction as a 
result of (n-p) collisions, with a subsequent correc- 
tion for the admixture of mesons and the absorption 
of protons in the filter of the detector. 

The correction for the admixture of charged 7— 
mesons at angles ® > 60° was determined by means 
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Fic. 1. Arrangement of the apparatus. n—neutron beam; P — 
tterer; D—detector; 1, 2, 3—scintillation counters; F —filter; 


monitor. 


of a telescope consisting of three scintillation 
counters similar to the detector used in measuring 
the angular distribution of the charged particles, 
Evaluations made on the basis of data in Ref. 4 
showed that if the threshold of the detector is 
raised above the maximum energy of the recoil protons for 
a given angle ® > 60°, the detector will register 
only 7—mesons with a registration effectiveness of 
70 to 80%. Velocity selections of particles was 
used for separation of 7—mesons in measurements 
at angles ® <60°. For this, the first counter of 
the detector was replaced by a Cerenkov counter. 
Plexiglass was used as the radiator for the 


Cerenkov counter at angles ® = 30 to 60° and water 
for angles ® < 30°. The correction was determined 
by comparing the number of. particles registered by 
the detector under ordinary conditions in corre- 
sponding experiments on (n-p ) scattering cross 
section measurements with the number of particles 
registered by the detector when the first counter is 
replaced by a Cerenkov counter. The effectiveness 
of the Cerenkov counter was taken as 80% °, It 
should be noted that at proton recoil angles ® < 45° 
the maximum energy recoil protons could also have 
been registered by the Cerenkov counter. For this 
reason, when making measurements at the indicated 
angles, a portion of the filter used to lower the 
energy of the protons to the threshold value of the 
Cerenkov counter was placed in front of the detec- 
tor. 

To determine the corrections for nuclear absorp- 
tion by the method of coordinated telescopes* there 


* A method in which two telescopes are connected in 
coincidence and register simultaneously the scattered 


particle and the recoil particle. 


were registered the events of (p-p) collisions 
taking place in the scatterer placed in the 667 mev 
proton beam. The correction was determined as the 
ratio of (p-p) collisions recorded when the detect- 
ing telescope is operating without a filter to the 
number of registered collisions when a filter of a 
given thickness is present in the telescope. The 
geometry of the detector used in these experiments 
corresponded exactly to the experimental conditions 
when making measurements of differential (n-p ) 
scattering cross sections. 

The angle at which the telescope was set was 
selected so that the energy of scattered protons 
entering the telescope was equal to the average 
energy of the recoil proton at the angle for which 
the absorption correction is being measured. 

Absolute values of (n-p) scattering differential 
cross sections were determined by normalizing the 
obtained angular distribution of the recoil protons 
to the complete cross section of elastic scattering 
of neutrons by protons. The value of this cross 
section for 580 mev was obtained from the data con- 
tained in Ref. 6 as the difference between the total 
cross section for (n-p ) interaction a, ( np) = (36 
+2) x 10°?” cm? and the overall cross section for 
meson formation in (n-p ) collisions (np) = (10 
+2) x 10°?’ cm?, which amounts to (26.0 +3)X 
10°27 cm?. For normalization it was assumed that 


in the angular region 0 <35°(center of inertia sys- 
tem) the differential. (n-p) scattering cross section 
is substantially constant in magnitude and ‘is equal 
to the value of the cross section at 35° just as in 
the case of lower energies (300-400 mev ) where 

it has been confirmed by experiments”, 

It should be noted, however, that deviation of the 
true distribution from that assumed in normalizing 
cannot significantly distort the obtained results, 
since scattering in the angular region 0 < 9 < 35° 
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Fic. 2. Dependence of the differential cross section of angular (n-p ) scattering 
on the scattering angle (in the center of inertia system). 


constitutes only a very small portion of the total of 


(n-p ) elastic scattering cross section. If we 
assume the og, ( 9 ) curve to be symmetrical about 


the 90° point, this fraction does not exceed 20%. 


2. RESULTS OF MEASUREMENTS 


Results of the measurements are shown in Fig. 
2. The errors shown on the graph are the standard 
statistical errors in the determination of angular 
distribution for recoil protons. Not included are the 
errors in determining the total (n-p) elastic scat- 
tering cross section (12%) and some uncertainty in 
the normalization ( about 10% ) due to the absence 
of accurate data on the Gi ak 0 ) dependence in the 
region 0 <35°. 

The dependence of the obtained differential cross 
section on the scattering angle indicates that at 
580 mev as well as in the region of lower energies, 
exchange forces play an important role in the (n-p) 
interaction. The contributions of the usual and ex- 
change interactions to the total elastic scattering 
cross section are of the same order. The results 


also show that, with increase of energy, the nature 
of the scattering changes. The anisotropy of the 
scattering is increasing, the ratio of the cross sec- 
tions eae 180°) to o_3 (90°) reaches the value 


9 +1.2. The asymmetry of the curve Gare 0 ) about 
the angle J = 90° is clearly noticeable even in the 
angular region very close to ¥= 90°. 

Analysis of obtained results permits us to make 
the following conclusions: 

1. The results do not contradict the hypothesis 
of isotopic invariance. The values of differential 
scattering cross sections oe (90°) and a, , (90°) . 


for 580 mev nucleons satisfy sufficiently close the 
known relation 40, , (90°) > oe (90° ) which fol- 


lows from the above hypothesis; 

2. The contributions of the states of the (n-p) 
system with isotopic spins 7=0 and T = lto the scat 
tering cross section at 3 = 90° are of the same 
order of magnitude[o,, _,(90° )=3x10°27; O Pap (90°) 


= 1x 10°27 cm? sterad“!]. This is possibly 


164 


connected with the existence in both states (7 =0 
and 7 = 1) of a very strong interaction. It should 
be noted, however, that convincing proof in favor 

of this assumption can, seemingly, be obtained only 
by performing a complete phase analysis; 

3. The noticeable asymmetry of the curve a (3) 
about the angle 90° indicates that interference be- 
tween the waves corresponding to states 7 = 0 and 
T = 1 exerts a considerable influence on the nature 
of the scattering. It is interesting to note that at 
the neutron energy of 90 mev” where, according to 
the angular distribution of o ak v), it can be con- 
cluded that scattering is described by S, P and D 
waves, interference between waves corresponding 
to states J. =0 and T = 1 is practically absent, and 
the curve o__( ¢d ) is symmetrical about the angle 
9 = 90° 10° Thus, the asymmetry of the curve is 
apparently the result of interaction between two 
nucleons in system states characterized by high 


orbital moments | > 2; 
4. The absence of a relativistic theory of scat- 


tering does not permit a strict interpretation of the 
obtained data. In the nonrelativistic approximation, 
however, it can be shown!! that the highest number 
of the Legendre polynomial entering into the angular 
distribution is equal to 2/,.,,, where Eevee denotes 
the maximum value of the orbital moment of motion 
corresponding to the highest state in which, for a 
given nucleon energy, noticeable interaction takes 
place. Computations show that the angular distribu- 
tion o__( # ) can be approximated by the expression 


o, (0) [(1.29 £0.05) + (0.24 £0.13)P, 

+ (1.42 +0.2)P, — (0.87 +0.24)P, + (0.28 
+0.22)P,— (0.5 +0.16)P, + (0.14 +0.1)P, 

— (0.33 +0.1)P, + (0.19 +0.18)P, — (0.2 
+0.24)P, + (0.39 +0.26)P,, +(0.1 +0.19)P,, 
+ (0:25 +0.15)P ,,],where Poe 


__ are Legendre 


polynomials. Thus, the maximum value of the 
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orbital momentum corresponds tol, ~ 6. If we 
now make use of the target parameter concept, it 
is possible to evaluate roughly the effective size 
of the interaction region. An evaluation yields for 
the value of r 2.2 x 10°19 cm. 

In conclusion, the authors wish to express their 


thanks to Prof. V. P. Dzhelepov for his super- 
vision of this work and to Prof. M. G. Meshcheriakov 
for his discussion of and critical comments on the 
results. The authors are also very thankful to 
Miss G. H. Tentiukova for making the required 
computations. 
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Measurements were made of the branching ratio in the disintegration scheme of Po???) The 


probability of transition to the excited level Pb 


to be 1.2 +0.2x 107°. 


(with an energy of E = 800 kev) was found 


l FOR a long time after the discovery of Po? 
® it was considered that this radioactive isotope 
was a monochromatic « — radiator which did not 
emit any other radiation besides 5.3 mev u— 
particles. Only in 1930 Bothe and Becker’, while 
investigating y-radiation arising under the action of a.-rays 
from Po? !°, discovered that the same isotope emits a char- 
acteristic, very weak, y-radiation. A comparison with 
a Ra standard enabled the authors to obtain a 
rough evaluation of the absolute amount of this 
radiation (~ 107° quanta /«-disintegration Po? 
During succeeding years the radiation of Past fas 


ae 


not been the subject of study by experimental 
physicists. With the exception of the works of 
Curie and Joliot” and Bothe?, whose results were 
not too clear nor reliable, nothing has been pub- 
lished in literature concerning y—rays of Po?!° 
for 15 years following the discovery of Bothe and 
Becker. The question of y—radiation from Po?!° 
was again raised in 1946 in connection with the 
publication of the work of Chang4 who reported that 
there seems to exist a “‘thin structure’”’ spectrum of 
Po??°. Chang found in the energy region 3.5 to 
5.3 mev 12 lines of intensities from 1.3 x 10-4 

to 2x 10°° from the basic 5.3 mev line. These re- 
sults of Chang naturally aroused special interest 
concerning y—radiation of Po?!°, since they con- 
tradicted the little information on the intensity-and 
energies of y—rays from Po7?° available in phys- 
ics at that time. There appeared, therefore, after 
Chang’s communication, a series of papers?’ on 
the investigation of energy and intensity of y — 
radiation from Po”!®. It was concluded in these 
investigations that the energy of the nuclear radia- 
tion is 700 to 800 kev and its emission does not 
exceed 2x 10° y — quanta/ u.— disintegration of 
Po7!°. That the results of Chang were faulty was 
proven by the work of Wadey® and subsequent ex- 


periments of Haissinsky’. The appearance of 
short path a—particles was explained by the dif- 
fusion of the Po”!° atoms in the metal backing. 


In recent years there appeared several more 


10-1 Peer, 
0-15 on the study of y—radiation from 


sd its energy, absolute intensity, conversion 
coefficients and their relations for different shells. 
Results obtained by different authors are shown in 


Table I. 

The work of Benedetti and Minton deserves spe- 
cial attention. The authors were first to observe, 
by means of scintillation counters, short range 
u—particles coincident with the ~ 803 kev y— 
rays. The difference between the energy of the 
basic group «—particles of po" and that of the 
short range line corresponded, within the limits of 
experimental error, with the energy of the y—rays. 
The shape of the angular correlation curve between 
the short range alpha-particles and the y—rays 
(1 ~ A sin?2 «) and the lifetime of the excited 
state of Pb2°® (< 10°? sec) indicate d the presence 


of an electric quadrupole y—transition. Thus we 
can accept the disintegration scheme for Po?! 


shown in the diagram. 
E in Mev 
53 


Po 210 


08 


Pb 206 


The intensity of y—radiation from Po??° and, 
consequently the branching ratio in the disintegra- 
tion scheme of this isotope, were not reliably 
determined at that time. Results obtained by differ- 
ent authors vary considerably. Thus the following 
values were obtained: in Ref. 3, 0.8 to 1x107°; 
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TABLE I 


2 
y- Radiation Po 
SN eS ae 


acces Conversion coefficient 
mn 9 | ee 


Year of | Energy 
aoe the work ; Fy (kev) rel aK (lo) | %K/*L 
1sint. 
Alburger and Friedlander!" ae 800+6 1.80-40.14 <5 3.70. 
Cee Eee 1952 MSE al Eo) 
Barber and Helm]2 1952 804 ~ 20-30 
Pringle, Taylor et al, }3 ae ae 
Benedette and Minton (E, = 4500) 
a / 
Rioux eet 1952 ay ~9 
Present work ; 195 ; , 
Hare ard sudpcereet hia 16 1955 1.220; 06 
in Ref. 11, 1.8 + 0.14 x 10°°; in Ref. 12, 1.5 +0.4 50%. It is possible that the inaccuracy in the de- 


From the 
one can obtain the 


x 10°°; in Ref. 15, —1.6 £0.2x 10°. 
data of Benedetti and Minton ?* 
value 0.5 x 10°°. 
ment of the number of y— quanta in the disintegra- 
tion of Po?!° 
point of clarifying the multipole nature of this 

transition, since at the present time no definite 


A more or less accurate measure- 


would be of interest fromthe stand- 


conclusion can be made on this question. 

2. To determine the value of the branching 
ratio in the disintegration scheme of Po it is 
obviously necessary to determine, in additionto the 
disintegration rate of any single source of y— 
quanta, also the absolute activity (number of dis- 
integrations per second). In the case of polonium 
preparations of high activity (> 10 to 100 milli- 
curies ) the usually employed methods of u—measure- 
ments---ionization or impulse chamber and the 
luminescent counter method---can result in con- 
siderable errors not only due to diffusion and migra- 
tion of active atoms but also due to the absorption 
of particles in the active layer itself and their re- 
flection from the backing material, appearance of 
counts of not readily understood origin, etc. Be- 
sides, as we have shown, in the case of strong open 
sources of Po” - chemical-physical processes 
take place which are apparently connected with the 
formation of surface films of noticeable thickness. 
This phenomenon can distort to a considerable de- 
gree the values of activity for polonium sources ob- 
tained by the above-mentioned methods. A com- 
parison, carried out by us, of results of measuring 
activities of a series of strong Po?! sources in the 
calorimeter, in a luminescent arrangement and in 
an impulse chamber of a small solid angle, showed 
that «— measurements by the last two methods can 
give considerable errors reaching sometimes 30 to 


termination of the polonium content in the source is 
the cause of the diversity in the data on emission 
of y—quanta from Po?!° mentioned above. 

3. The source used by us was a preparation of 


210 Absence of any noticeable radioactive 


pure Po 
impurities was confirmed by long time (eight 
months duration ) calorimetric measurements of its 
disintegration curve as well as of the ‘absorption 
curve of its y—radiation in lead. The decrease of 
the activity of the source also corresponded to the 
half life of Po??® (138.5 days). 

The number of y— quanta emitted by the source 
in unit time was determined by comparison with a 
source of Co®° of known activity (N, = 19.3 £0.8 
x 10° disint/sec). These Be eS: were made 
with a standard B — counter B-1 with an additional 
2 mm aluminum filter. Sources of Fo21° and Co®® 
were placed at an accurately determined distance 
from the counter, and the two sources were, in 
addition, surrounded by 1 mm layer of lead. This 
was Thee to remove soft radiation of Po?!° jf 
present. This radiation, as measurements have 
shown, is not stopped by the 2mm alluminum filter. 
The results of two series of similar measurements 
are shown in Table II. Determination of the absolute 
activity of the source was made in a double static 
calorimeter used in the Radium Institute, Academy of 
Sciences, USSR, for the measurement of absolute 
activities of radioactive preparations!’, 


Results of these measurements are also shown in 
Table II. In processing the calorimetric data, the 
quantity of heat emitted by one Curie of Po??® in 
the calorimeter was taken as 32.01 x 107? watts, or 


Dileayd. mcal/hrl E OES 5.298 mev; one 


Curie = 3.7 x 10° disint/sec ]. Knowing the ratio 
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TABLE II 


Measurement of y-Radiation Intensity and Activity of the Po 


y- measurements 


210 
Source 


Calorimetric measurements 


Number of pulses per minute 


Date Y nA NyP(o?") |Quantity of heat Activity of source 
Po210 060 standard Ny (Co®**) Q, cal/hour Ng, mCu 
| 
11.VII 
12. VII 40746 40246 1.013-+40.035 sin vee 
M4.VII 42746 41846 4.024-£0.035 4.15 150.8 
2.VINI 3:78 135.3 
&V 3.58 130.4 
1.x aie 100.5 
DTT 4100.5 


ko = 1,017-+-0.035 Value of N,. averaged 150.3 mCu 


for 13. VII 


ky of the y—ray intensity of the calibrating source 
to that of the measured Po7?!° preparation and their 
absolute activities NV, and _, it was possible to 
find n, ---the number of 800 kev y — quanta emitted 
from Po210 per each 1—disintegration. It was 
thereby necessary to introduce also correction coef- 
ficients forthe difference in the sensitivity of our 
counter to y-radiation from Co®® and Po”!° —{,,; 


for the difference in absorption of these radiations in 


the millimeter lead foil surrounding both counters— 
k, ; and in the 2 mm. aluminum filter—A, . 
perimentally obtained values of these coefficients 
were equal respectively to: 1.56 +0.08; 1.043 + 

0.005 and 1.014 + 0.005, while the value obtained 


my Was 3 % : 5 = -5 
ve LX HPS) NL) ky hy hy hy = 1.16 x 10 
y — quanta / «—disint Poo” 

with a maximum possible error 14%. Considering 
the internal conversion of Po?!° y_radiation (E 
= 800 kev) in the K- and L-shells (1.07% 19°!) 
and rounding off the value of Ny and its error we 
have finally: 


WV = 1.240.210 y —transitions/ « disint Pot’: 


The values of the absolute number of y—transi- 
tions in Po2!°, and therefore the values of the 
branching ratio in the disintegration scheme of this 
isotope obtained by us were considerably less than 
those reported in Refs. 11, 12 and 15. Since the 
usual ionization or impulse chamber methods were 
used by these investigators to determine the ac- 
tivity of the polonium source, it was possible that 


The ex- 


some of the «—particles were not registered, as 
mentioned above, due to the diffusion of the active 
atoms into the backing material and absorption in 
the surface films. This could result in raising the 
value obtained for the absolute intensity of nuclear 
210 Tt should be mentioned that 
after the completion of our measurements there 
appeared in print a paper by Hayward, Hoppes and 
Mann!°(the results contained in this paper were entered 
into Table 1). The authors, who used a balanced ~ 
calorimeter to measure the absolute activity of the 
polonium preparation, obtained a value for the y— 
ray emission very close to ours, namely, 1.22x 1075, 


radiation from Po 


Measurement of the y—ray intensity was made by 
a comparison with a Co®® standard, using a scin- 
tillation counter with a NaI(T1) crystal. 

In conclusion it should be noted that the values 
obtained by different authors for the branching 
ratio in the Po??° disintegration scheme do not 
agree with the deductions of Benedetti and Minton 
concerning the quadrupole nature of y-radiation 
from Po?! Indeed, the penetration ratio for u- 
particles 5.3 and 4.5 mev and Aj = 2 computed 
according to Gamow’s theory as 3.2 x 10°°, is 
considerably larger than the experimental values 
for this ratio. The experimental value of the ratio 
of conversion coeffecients in the K and L shells, 
Op / Sra Se 0.5, obtained by Alburger and Fried- 
lander!® is evidence against the quadrupole nature 
of the y-transition in the disintegration scheme of 
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Theory of Classical Systems of Interacting Particles 
Obeying a Noncentral Interaction Law. I. 


A. E. GLAUBERMAN 
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(Submitted to JETP editor April 4, 1955) 
J. Exptl. Theoret. Phys.(U.S.S.R.) 31, 218-223 (August, 1956) 


The etd of systems of interacting particles with noncentral interaction law is con- 


sidered on t 


ed on the basis of Bogoliubov’s method. 
the distribution functions in the two simplest cases: for a 
metric diatomic neutral molecules and for a dipole crystal 


Successive approximations are obtained for 
as consisting of axially sym- 


provided the condition (32) holds]. 


T HE theory of systems with a noncentral in- 
teraction law between the particles is charac- 
terized by a number of special difficulties; however, 


in certain cases it can be constructed rather easily 
on the basis of Bogoliubov’s method. 


Let us consider the simplest possible case of a 
classical system, in which the interaction law be- 
tween the particles differs only slightly from the 
law of central short range forces. Such is the case 
for systems consisting of neutral diatomic molecules 
when their weak orientation interaction with each 
other is taken into account. 2 


We introduce the distribution function SG so nor- 


malized that 


(42V)* Fs (qi, - ) 


-> Ws; 91, 91, ..4, Oss) 


Xdq,...dq.dQ,... dQ, 


determines the probability of the location of the 
centers of mass of a chosen group of s molecules in 
the respective volumes dq, »+++,dq_ for orien- 


tations of these molecules determined by the ele- 
ments of solid angle dQ, ,...,dQ, , where 


q,;>-++,» Q, are vectors determining the position 
of the centers of mass of the molecules and the 


angles J py f° + -% gs , determine the orientation of 
the axes of the molecules relative to the chosen system 


of coordinates. The distribution functions thus determined 


characterize a system consisting of identical, sym- 
metric diatomic molecules and satisfy the equality 


Fel 465 8 1. 8s, 99 
= (4nV)°5\ Dydassr.. -ddndQs41.. - dQw: 


Dy (qi, +++ Qn; vy, Oi, «--- On, on) 


= Qw' exp (— Uy /9) 


is a Gibb’s configuration function and 


Un = » Li3 (qi, Gj 22, oi; 9;, $7), 


1<i<j<N 


where Lj; is the interaction potential and 


Qu =\exp(—Uy/@)dq,...dQy; 0 = AT. 


Beginning with the identities 


ODy/0qi + (Dn/8)OUn/0q; =0, («= 1, 2, 3), 
OD f2o* 4 (Dy 10) 00.109 = 0 ee 


in the usual way, considering equalities of the type 


OL 
ep aH 
0q; 

(q1---q,, Ver Bi, Gi + Bs, Poy Bstas Peay) 

x dq, ,dQs4, > 
OL 
=| af 
1 


(qi «2 '° q. Go439D Oy -+- Us, 95 Usto, s+) 
x dq, , dQst2, 


we get to the equations 


OF, 4 00, 4 \\ OL el 
— — = F, + ——\\ = Foiidq,, dQsyi 
aq° ae re) aq? sor 4nOv aq? Sst 
=O) 12,3 
OR: 4 OU, 
— io 
age | Cage * (2) 
1 Oly sty $3 
nev ja Feoqidq,, dQs44 = 0, a i Y 


(v=V/N ). We limit ourselves here to a considera- 
tion of an interaction potential of the following 


type: 
Ly2 = ® (| qi — 4) (3) 
x [1 Sie Abyi,2 (H, 91) Bo, 0), 


where ® is the interaction potential which corre- 
sponds to short range central forces and 7, , are 
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terms taking into account the dependence of the 
interaction on the orientation of the particles. Al- 
though we have written explicitly only the dependence 
of Yi» on the pairs of variables 3 ,, 9, and 


8 9. Py which determine the orientation of the . 


axes of the molecules in space, this function actually 


depend th i i 
pends on the pairs of variables 08 Peep ae 


also. These latter determine the orientation of the 
line of centers of the pair of particles under con- 


sideration; \ denotes the parameter whose smallness 
determines the weakness of the orienting effects in 


the system under consideration.” 

Limiting ourselves to a consideration of systems 
with sufficiently low density, we employ an ex- 
pansion in powers of the latter: 

‘ji ot oad Ber (4) 
F,=Fs;+v IF otu Nis ee 
The corresponding groups of the systems of equa- 
tions will have the form 


are 


il OU , 0 (5) 
Li apes ee ay «a = 
aoe ee ie aie, 
ore 4 0U 
Ge 
gaz ' © age pogo Gey 
OF. 1s Fee par (6) 
aq? (e) 0 . Ss 4r@ 
Daten ine A 
aq? Lest ( =+ AY), 544) Fspidq,  dQs4, = 0, 
OF. AOU sae i 
Poa eS 
ast al i 


() 
x \\ aoe Dy sti (1 + AY), 541) Feyidq,, dQs4, a0 


and so forth. Here, 


Us= > Oj (\a,—4,) (7) 


1<i<j<s 
x (1 + Adi; (92, G1, 97, 97) 


can be written in the form of a sum U = Ux 22 AUS, 


where 


U3= >) (\q,—4,)). 


1<icj<s 


Uz») 


1<i<j<s 


(14, —4,|) 9:7 (9, ¢:, 97, 9). 


Now, for each of the systems, we consider an ex- 
pansion in powers of the small parameter A : 
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POR POPs BFE (8) 


The corresponding systems of equations in this 
case are described in the following way: 


a s) af 
OF; ae tile aU; j eee = 0, = ad 0 (5a) 
agi an Oi0q7 a9 
or 4 aU, 01 4 out a (5b) 
a Ona O 97% ies == 03 
04q, 0q, 0g; 
OF’; | 1 OS eae as 
0st Q a9? Se etc. 
oF? 4 aus pe (6b) 
ey @ aq s 
0q, 0q, 
: OD ea 00 gfe 
T i \\ “0q2 Fsyidq,, dQ<.41 = 0; a = 
1 
11 4 
Ue 41 OU, tet) dl out FY 
x Ss == 
0g; A) oq; (6) qt a S 
4 O05 544 
a 4n0 \\ dqy Fs4idq,, dQs44 


1 0 
of Zr® \\ aq (®y,s41¥1,s+1) Fsjidq,, dQ.41 =0, 


11 L 
OF s 1 Us Fe 
i) a s 

ast = 8 aa 


il 0 
a ers \\ 307 (1,541 91st) Fsidg, , dQ.1, = 0 


and so on. The solution of the system (5a) is, 
evidently, 


00 07 
F; =C,exp (— U;/9), (9) 
where C , is a constant which is determined by the 


condition of the decay of the correlation 


Ps(Qitae Gs D1, Ors cheesy ee) 


(10) 
an Il ath, 33, ~,) 0 
1<i<s 


for all |q ped. | -® and the normalization condi- 
tion 
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3 4 
lim o> \\ F,(q,9,¢) dqdQ = 1. (11) 


find from the second of the equations of (5b) 
that 


FO — —(U/@).F®, (12) 


This expression automatically satisfies the first 
equation of (5b). 

The general solution of (5b) can be written for- 
mally as 


Bae (US VRS ANCas(q, 2 q.), 
where g. is determined upon substitution in the 
first equation of (5b) and is equal to é.= roe : 
However, it is easy to prove directly that preser- 
vation in the solution of terms of the type 
Cg. (q, »+++q, ), both in (12) and in all subse- 


quent approximations, would reduce to the corre- 
sponding determination of the normalization con- 


stant; in what follows, we shall neglect these 
terms. 


Proceeding stepwise from one system of equa- 
tions to the other, we find 


FO =1/,(UYOPFY. 
/[.(UY/9)F a 


Further, 


FY = exp (— U3/9) (14) 


x Vf IT a +Fa;—4.,.))-1 


1<i<s 


— 2 Flqa;—4es, D} A Bie 


l<i<s 


(15) 


rece 
** in i Dj cti¥i,cpal 341d sp1dQs41 


as’ exp(—U$/9), 


1 eal 10 (16) 


\\ a> D;,s4r9i,st) Fs4idq,, ,dQs+1 


i 


1 
a 470? 


a. exp (— U,/@), 


where 


F (|4; — 4,,,|) =exp (-- ® ((q, —q,,,)/8) 1; 
i and ree are constants. Carrying forward 

the Computation, it is easy to determine a much 
higher approximation. Knowledge of the first terms 
of the series described here is sufficient that we 
can, using unitary and binary distribution functions, 
estimate the effect of noncentral forces on the 
equilibrium properties of the system under consi- 
deration. 

Calculation of the mean and free energies of the 
system can be carried out in the usual fashion and 
can be compared with the results of the corre- 
sponding calculation for purely central interaction 
on the one hand, and with experimental data for 
diatomic gases on the other. 

As a second problem of known simplicity, we 
consider a molecular crystal consisting of mole- 
cules which possess a permanent dipale moment.* 

Let us consider a dipole crystal of cubic struc- 
ture, at the lattice points of which are located di- 
pole molecules with moments P; (x ide es 

The set of angular coordinates which determine 
the orientation of each dipole ( 3 ,, ?; ) will be 


denoted by @, , the interaction potential of two 


dipoles Pa, a, is written in the form 


Da; a, = Pa Pap ta; ap, (eZ) 


—5 
—3(Pa Fa jay) (Pa,tajay) Fazan» 
where the indices a, denote the types of mole- 


cules. The type characteristics are introduced in 
the following way. The dipole crystal, in which the 
centers of mass of the dipole molecules are rigidly 
fixed at the lattice points, will be considered as 

a system of particles of different types. The type 
of particle is determined by the lattice vector of 
that point at which the center of mass of the mole- 
cule is located. In Eq. (17) the type character- 
istics appear in the form of numerical factors in 
connection with the equality 


Np 18 
rage, = \te, tap | — diary oe 


*The case of a gas consisting of molecules with con- 
stant quadrupole moments can easily be considered if the 
law of interaction of two quadrupoles is taken in the form 


Pap = (8Qy Q/169) 
X [i —5 cos®9, — 5 cos’, — 15 cos’ $, cos? 9, 
+2 (sin 9, sin 9, cos (9, — @,) — 4c0s 4, cos $,) 7], 


where Q is the quadrupole moment of a cylindrically 
symmetrical molecule. 


where d is the lattice constant, / is an integer. 
They also follow from the cosines of the angles 
which determine the direction of the lines of cen- 
ters of the two dipoles under consideration. In 
such a model the dipole crystal is an ‘orientation’ 
gas or liquid at the temperature which exceeds the 
temperature of orientation flow. 

We introduce the distribution function re : 


9 


ot 


so normalized that 


(Grier (Oy, 22 0,)dQyee. dOs, 


dQ, = sin 9,d9ido;, 
is the probability that the direction of the dipole 
moments in the chosen group of s-dipoles lies 
within elements of solid angles dQ, ... dQ. for 


arbitrary orientations of the other dipoles. 
Considering the functional defined on a class of 


arbitrary regular functions Ui gO eae os Uy (On ) 
given on the surface of the unit sphere 
= \ Dw IL ( +4Uz, (0;))d2,... dQn, 
1<a;<N 


and making use of the identity 


(where p= AT, a=1,2,0;,1= 9 ; and @?= oy Jit 


is easy to express the equations in functional 
derivatives 


OmOL 1 


FAC ee Raa 21 
a0f SU, 6, 44 (21) 
dD, ay 82L 
a RSET tne Ae ee) a — 0 
1<a2<N 00, 804,050 2.8, 


Carrying out the functional differentiation and re- 
placing in the final calculation the derivative func- 


tions i i 

n U by zero, we obtain a system of equations 

for the distribution functions introduced above 
taking into account the relations 


(65L/6U 2,6, ees 6U.0.)o = Fa,...a, (8, see 95] (22) 


this system can be written in the form 
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0U 
OF ga, Sia poodle — (23) 
= aa 
oer Ne 00; 
o® 
1 AvAs+1 
u eae > 902 * Fa,...a54,4Qs+1 = 0, 
1<a54,<N 1 
(A544 #41)... a5) 
where U | is the potential energy of the 


system See chosen dipoles. All the calculations in 
this case are entirely analogous to those used by 
Bogoliubov for the distribution function of the 
positions of molecules in a gas or liquid.! 

We write the interaction potential in the form 


(24) 
Da,a,/t4 = {Yaa 


and will consider the quantity y = p? /d>u (p is 
the dipole moment of the molecule; for sim licity 
we assume that the magnitudes of the dipole mo- 
ments of all the molecules are identical) as a 
parameter which is characteristic for the system 
under consideration. 

If at first we do not consider the effect of the 
external electric field, and assume the inequality 
y << 1 to be satisfied, then the equation 


é :; OU g,..a, z (25) 
00° Ce Ne 150" Bre ochites 
OY 
6 CATE 
We VD pgs Pete ea 
1<054)<N 1 


Uay...ads = My PAjAk 


can be solved with the help of an expansion in 
powers of the small parameter y . Writing 


F 7 in the form 
Ginc ane s 


Lae = ea eds ta Wrath =a a (26) 


we find 


0 
Faia j= Const 


If the normalization condition is written in the 
form 


Ce ie toe (27) 


Ss 


(a= 0) Biles tae 
= ] follows from this equality. 


> 


then F ° 
a). 2 & 


The equation for ioe has the form 


1 2 +@y 
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fe} 1 iz als as (28) 
AOR Ones) 3 
aor 00* 
26 Meter aa a 
in Te \ i ya 00% a ja = @) 
1<a54,<N : 
and since, for the dipole potential, 
\ agenda Cotas.) identically, 
we get 
(29) 


ut 
re as 


Ss 


‘3 
=U a 


Ss 


, 


in agreement with the normalization condition. The 
second approximation is found in a similar way and 


has the form 


(30) 


N 


As44 ai 


2 
‘ dQ. 1) eon ) 


st s 


where, in accord with the normalization condition, 
the constant K must be given by 


(2) prog 44 hea 2 A 
Ores 2 ea yy Ya; a,a22, eu dQ5(31) 
aja 
1c N s ‘ f 

1 1,2 
ry x \ >> > uv oc dQ, antes dQ} 
SSeiacr 


Here we have studied the properties of the dipole 
potential yw. In similar fashion the constants for 
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further approximations can be determined, but 
their calculation is not so simple. 


In the presence of an external homogeneous 


electric field E and upon fulfillment of the condi- 
tion 


repel 
4 p’ {2 = (32) 


the computation scheme does not undergo any 
change. 


These expressions for the distribution function 
permit us to construct a theory of the equilibrium 
properties of the dipole crystals under considera- 
tion. Numerical calculations and comparison with 
experiment, and also comparison with other theories 
which apply to the two very simple cases con- 
sidered by us will be given in a subsequent paper. 
Separate consideration is necessary forthe con- 
struction of a theory in the case of violation of the 
relation (32), while this case has the greatest 
interest. We hope in the near future to publish 
results which apply to this variant. 

For the second of the problems considered by us 
the considerations developed above can without es- 
sential change be applied for the purpose of con- 
structing a semiclassical theory of ferromagnetic 
bodies without use of the ‘‘sphericalizing”’ ap- 
proximation. 


IN. N. Bogliubov, Problems of dynamical theory in 
statistical physics, Moscow, 1946. 


2c, Zener, Phys. Rev. 37, 556(1931). 
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Relaxation between Electrons and the Crystalline Lattice” 


M. I. KAGANOV, I. M. LiFSHITz AND L. V. TANATAROV 
Physico-technical Institute, Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor April 29, 1955) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 232-237 (August, 1956) 


The relaxation between the electrons of a metal and the crystalline lattice (phonons) is 
considered. The state of the electrons and the lattice is described by equilibrium Fermi and 
Bose functions with different temperatures. The heat transfer coefficient connected with 
the ‘‘Cerenkov” radiation of sound waves by the electrons has been determined. 


THERE have appeared recently several experi- 


1. mental!»? and theoretical?’* papers illumi- 
nating the investigation of deviations from Ohm’s 
law in metals. The departures from a linear rela- 
tion betweenthe curent/ and the field £, noted by 


*Work presented at the Scientific Council, Physico- 
technical Institute, Academy of Sciences, Ukrainian 
SSR, December 12, 1953. In the preparation of the 
work for publication, papers were studied which ap- 
peared in print during the subsequent two years. 
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Borovik,! are observed in the presence of a large 
current when the mean energy of the electrons dif- 
fers appreciably from that which corresponds to the 
lattice temperature 7’. Since the time required to 
establish equilibrium in the electron gas is much 
less than the time for achieving equilibrium between 
the electrons and the lattice,* we can consider that 
the electron gas is in a state of equilibrium, i.e., 
its state is described by the ordinary Fermi distri- 
bution function 


n = [1 +exp(e—¢)/kO] 4, (1) 


fy = (3Mq / 8x)"'* (2eh)? / 2m, 


ny is the conduction electron density, m isthe effec- 


tive electronic mass. The electron temperature © 
here differs from the lattice temperature (© > 7 ). 

A similar state of partial equilibrium can arise 
not only in the passage of electric current through 
the metal. For example, in the passage of fast 
charged particles through material, the energy of the 
particle is spent in direct interaction withthe ions 
of the lattice (nuclear collisions) and by inter- 
action with electrons (ionization, polarization). 
Here a major part of the energy of the particles is 
spent in interaction with the electrons (~ 90% for 
fission fragments, see Ref. 6). As a result, large 
local temperature differences arise between the 
electrons and the lattice. Subsequently, the trans- 
fer of energy from the electrons to the lattice takes 
place by means of a relaxation nechanism, de- 
scribed below.* 

The temperature regimes ofthe electron gas (the 
maximum temperature difference between the elec- 
tronsand the lattice, the relaxation time) are deter- 
mined by the source of the heat and by the coef- 
ficient of heat transfer from the electrons to the 
lattice. At high temperatures (7 >> i : Bi the 


Debye temperature) the problem was solved by 
Ginzburg and Shabanskii.* In the present work a 
method is used which permits us to find the heat 
transfer coefficient for arbitrary temperatures. 


2. Let us compute the amount of energy trans- 


ferred by the electrons (per unit volume) to the 
lattice in unit time (77). Evidently, ** / 


U =\ Ne hog (Qn) deeV. (2) 


*A separate publication will be devoted to consider- 
ation of the interaction of nuclear radiation with matter. 


** We use the method developed by Akhiezer and Pomer- 


anchuk? for the calculation of the spin-lattice exchange 
energy. 


nonfunction takes place because of the “‘creation’ 
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Here = change (per unit time) in the number of 
phonons with wave vector f and energy hw, =hsf 
(per unit volume), s= sound velocity, V= volume of 
the crystal. We designate the probability (per se- 


cond) of transition of the electron from a state with 
wave vector k into a state with wave vector k” by 


Wb le thos — Gy’ ); the 6-function obeys 


the law of energy conservation * 


Wa, wi = (2U? [oVs?) op; f=k—k’. (3) 
Then® 
Ne => \ Wx. k’ {(V¢ —- 1) Nir (1 aS Ny) 
= Neng (1 — f’)} (4) 


X 6 (ey + he, — Sqr) (2)73 Qdeyr. 


As is seen from (3) and (4), the change in the pho- 


9 


and ‘‘annihilation’’ of the phonons. Similar-proc-- 
esses can exist, since the velocities of the elec-. 
trons are greater than the velocity of sound, which 
guarantees simultaneous fulfillment of the laws of 
conservation of momentum and energy. This shows 
that the creation of the phonon in the quantum- 
mechanical description corresponds to Cerenkov 
radiation of sound waves by electrons in the clas- 
sical view (see below). 

For identical temperatures of electrons and 
phonons (lattice) the expression under the integral 


vanishes identically for the equilibrium distri- 
bution function. In our case, when 7 4 © and 


Ne a pereorler ce 1 et (5) 


we have 


j m® U? he, ghalkT __ ,hajke 
Ne= 


anh'eV > (eholkr —1) (eholko __ 1) * (6) 


For computation, ve have considered that ¢ 


=f 2 42 / 2m and that Pecae ms* /2 andk®. The 


latter conditions are always satisfied beforehand. 


For Bi, for which ea gy 
0 


, this limits the region 
of application of Eq. (6) to low temperatures. 


*The following notation is used: p= density of the 
material (p= M/d°, M is the mass Shthe lattice atom, 

= lattice volume); U= constant interaction of the elec- 
tron with the lattice that appears in the expression for 
the time to travel the mean bes ath (see, for example, 
Refs.8,9 where it is denoted by C). 
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Substituting (6) in (2) and integrating, we get 


2 m2U2(kT,)° 
Gry htps* (7) 
xtdx 


TI T/T 
ep) 
TS Ale ea | 708 pi 4 : 
0 0 
In the limiting case of low temperatures ( 7, © 
<<T) ), we have 


U= 


FF 2De. mUMkT») C8 —T 
et es. iT (8) 
fact: \ a aia 
5 e* > 1 2 
0 
in the opposite case, at high temperatures 
Goe>> I, ), 
D = mUr(eT,)) O— T 
ee TT eee (9) 


Comparing Eqs. (8) and (9) withthe expressions for 
the time of flight (Ref. 9, p. 184), we get for low 


temperatures, 


U = (2n?/ 15) ms? ny {1 /7(8) — 1/2 (T)}, (10) 


and for high, 


U = (x? /6) ms? ny {1 /2(0)—1/s(L)}. (11) 


Here, we understand by 7(@ ) and 7(7') the time 
of free flight of electrons under the condition that 
the lattice temperature coincides with the electron 


temperature and is equal respectively to © or 7; 
n, is the number of electrons per unit volume. 

If the temperature difference © — 7’ is much less 
than the lattice temperature 7’, then 


irs = ms?ng @—T (12) 
a5 (CL) fh 

(Tz fy. 6 T <7); 

(13) 


et as?n, (0 — T 
Te OS CA i ee be 


S| 


ae 1 OI); 


The latter expression differs from Eq. (4) of Ref. 4 
by the appearance of the factor 7? / 6 in place of 
the 2 in the earlier expression. 

If the lattice temperature is much less than the 
temperature of the electrons (hardly a practical 
case), then 


_2n* ms? fy 
= ye a(S) 
7. ©) 


(OTT <e70); 
= (14) 
TURES CIE 5 j 

aoe (o> 15:01 << 8), 

3. Equation (13) can be obtained by purely 
classical means. Let us consider for this purpose 
the radiation of sound waves by an electron moving 
through the lattice with constant velocity v. 
Similar consideration was given by Buckingham 
but the method used was excessively complicated. 

The equations for excited vibrations of the 


10 


elastic continuum have the form 


u, — s? Au, = — (U / 9) V8 (r — vd), (15) 


u, is the longitudinal component of the displace- 
ment vector; the transverse component is equal to 
zero identically, since the actual force on the 
part of the electron is “‘longitudinal’’ [curl F= 0; 
F= —(U/p) V8 (r — vt ), the 5-character of the 
force shows that the electron, as a consequence of 
the screening action of the atom, lies within the 
limits of single cell] . 

The energy losses of the electron can be com- 
puted as the work done by the force exerted by 
the electron on the medium (cf. with Ref. 11), 


d Sy vat 

Fe = U\ tu Va (r — ve) dV. (16) 
Expanding the 6-function in a Fourier integral, 

we determine the Fourier components of the dis- 

placement vector from (15): 


iU ew! (ot—kr) ; 
Uk = omy kK pagar} O = OR. (17) 
Hence 
. —i (wt—kr) 
u = paiacl Ee at,. (18) 


e (27)? \” w?— s*k? 


Differentiating (18) with respect to the time and 
substituting in Eq. (16), making use of the properties 
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electric field E. Step-by-step solution of the prob- 
lem reduces to the solution of a system of kinetic 
equations for the electronic and phonon distribution 
functions, in analogy with the known work of 
Davydov on semiconductors.!* A similar cal- 
culation for metals has been given recently.° 
However the method, applied by the author, meets 
with several objections although the results ob- 
tained in Ref. 5 are evidently correct (see below) 
for not too high fields, i.e., for small differences 
of the electron and phonon temperatures. 


1 Ss 
Curve] = = a8 a fane- 
1—/@), Yu 
tion of «, curve 2— x2 Sei? as a func- 
tion of w 


If the difference of temperatures © — T is small 
in comparison with the lattice temperature 7’, then 
for the determination of the temperature of the elec- 
trons it is necessary to make use of the heat bal- 
ance equation 


are Octal (26) 


2 “ E Sie 
[o=(n/2) kn, kT/ €, is the electronic specific 
heat, q is the strength of the heat source]. In this 
case one Can regard the phonon temperature as 
given, since the specific heat of the lattice down 
to very low temperatures (<, 1° K)is appreciably 


larger than the specific heat of the electrons. In 
our case, q= aE? = j* /a, where o= ne? T/m is 
the real conductivity of the metal. Within the 
limits of applicability of Matthiessen’s rule? 


Lf/r=1/2(T)+1/¢ (27) 


imp 


where 7, 18 time of free flight relative to the 
impurity. From Eq. (26), making use of Eqs. (12) 
and (13), we find the equilibrium temperature of the 
electrons (for which9 = 0): 


R(O—T) 6 2 RT 
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KOT) 8 (ae. kT 


Eq Am? \ €4 L ms? 


(T<T,);(28) 


2 


Eq Te 


ms? (> 1). Oe 


£9 


Here 1 =1(T )v) a Oe Ue 


have been obtained coincide, with accuracy to 
within a numerical factor, with the expressions 
found in Ref. 5 [Eq. (12) ] and in Ref. 4. 
Equation (28) cannot be regarded as correct 
down to absolute zero. It is evident from (14) that 


the heat emission will take place even for r =0. 
This leads to the following value of the equili- 


brium electron temperature: 


. The expressions that 


(30) 


A (chee ae 
G; = Jey { e o | . 


| 2n® e See 


By Ly is meant the value of the length of mean 


free path at the Debye temperature.* 

Making use of Eq. (26), it is easy to find the 
relaxation time £, (it is identical withthe time re- 
quired to establish temperature equilibrium) 
ac (T) (kT)? / ms? 2. (31) 


ty = 


Here « =3/4 for T << be and %= 3 for 12> rhs : 


° 
Since & /k~10* , Vie 10° s, then ty becomes 
of the same order as T(7') for T ~ 10° K. It is 
evident that our consideration would be invalid 
below this temperature if the metal did not contain 
impurities. However, for low temperatures, 
T(T ) >> Tpractically always, so that even in this 
case the relaxation time (time for the transfer of 
energy from the electrons to the lattice) is signi- 
ficantly greater than the time for establishing the 
temperature inside the electron gas (for details, 
see Ref. 4). 

If we consider that the lattice is maintained all 
the time at very low temperature (7' = 0), then the 
established temperature is determined by Eq. (30) 
while the process of equalizing the temperature 
takes place according to the following law: 

89=0,(1+ t/t)—'!s, 
fo ~ (AT 0) (ms? 29)—"!s % (Lf Lo)" 


The effect of the departure of the electron tempera- 


ture from the phonon temperature on the electrical 


*This is a purely formal definition: T(T) ) = i7T aye 
x 7(T). By T(T) is understood the expression for the 
time of free flight, which is valid for temperatures 
considerably less than the Debye temperature. 
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of the 5-function, we find 


de oe iU2 k? odt, 
dt Coast (19) 


The integration is carried out over all k-space. In 
order that the integral have meaning, it is neces- 
sary to consider that s has a small imaginary 


addition (which later is made to approach zero ) which 


corresponds to sound absorption in the medium. 
Here s (-w) = s*(@ ). With the help of the latter 
equality, Eq. (19) can be written as 


ict. WU S8) 
dt ——— (2m)? pv ay 
pie ‘ : * 
: x2 + w?/ y?) xd xw dw 
X 2Rei| wo (1 — s?/02) — s?xi* 
0 0 


We transformed to a cylindrical coordinate system 
with its axis along the vector v, x,, is the maxi- 
mum value of the component x of the wave vector 
k. We integrated over x up to the upper limit x 

m 
keeping in mind the fact that for very short waves 
(over very short distances), the crystal cannot be 
regarded as continuous. Evidently x must be of 


the order of 7 /d (d= lattice constant). For a more 
accurate choice of the value of x, see below. 


Integrating first over x, and noting that the 
component which does not contain the logarithm is 


known to be equal to zero, we get 


de 2 


co 
i 


Sab ie 
4 Rei \ ode In [i+ apereyaa|- 
0 


It is evident from Eq. (21) that the real contribu- 
tion to the loss is made by those frequencies for 


which 


5c, 
L-+- a [53/04 — 1] <0. (22) 
Then 
0 (v<s), 
de 
Gi 1 U2x4 (23) 
Serena 


The latter expression coincides with the expres- 
sion obtained in Ref. 10. 

The divergence which takes place for v=s 
(and, it would seem, which has no analog in 
Cerenkov radiation of electromagnetic waves), is 


evidently connected with the fact that we have not 
taken dispersion into account (the dependence of 
the sound velocity on the frequency). Actually, it 
is evident from Eq. (22) that the divergence at 

v=s is brought about by the fact that the limiting 
frequency becomes infinite (i.e., the frequency be- 
low which Eq. (22) is satisfied). Account of dis- 
persion leads to finiteness of the limiting fre- 
quency for all values of the particle velocity.* For 


example, if we choose the dependence of the sound 
velocity on the frequency in the form 


S = 89 (1 —w/ 2), (24) 


which corresponds to account of quadratic terms in 

the dependence of the frequency @ on the wave 

vector f, then the limiting frequency ©),,, is deter- 
im 


mined by the equation and is finite for all values of 
1 S 


0 
—-—— = 
1—@,)/ Uv ary 


2 62 
at XmSo 


the electron’s velocity (see Figure). We note that, 
with account of dispersion, there is always a re- 
gion in which condition (22) is satisfied, i.e., there 
is a region of Cerenkov radiation of sound for any 
velocity. This is connected with the fact that, 
according to the assumption of Eq. (24), the 
velocity of sound for high frequencies (a ~ Wy ) 
falls to zero (cf. Ref. 13). 

It is evident that in the transfer of energy from 
the electron to the lattice, only those electrons 


take part which are located close to the Fermi 
surface, 


Leek, 
ee Osa (O—T)k (25) 
Ge aa eo 


We omit the factor (les2 Vi J , Since s<< v 
(v5 is the limiting velocity of the electrons). We 


choose % , 80 that Eq. (25) coincides with Eq.(9). 
Making use of the expression for ¢ p and T 


=f ms/ dk we obtain 
he = or) ae Os 


which agrees in order of magnitude with the limit- 
ing wave vector 7/d. 

4. Up to now we have considered the temperature 
of the electrons as given. For its computation it 
is necessary to give a mechanism of heating the 
electrons. Let us consider the effect of a strong 


<—le 
*We recall that without account of dispersion, the 
energy losses of the electron in Cerenkov radiation also 
become infinite, ~ and for the same reason. 
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conductivity and the thermoelectric emission is 
considered in further detail in Ref. 4. 

In conclusion the authors take this occasion to 
express their gratitude to E. S. Borovik for dis- 
cussions on the problem. 
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In an electrodynamic model where the Dirac y matrices are replaced by c-numbers, there 
is no vacuum polarization and the equations for the Green’s function of an electron in an 
external field can be solved by quadratures. The Green’s function with radiative corrections 
is then easily obtained by functional integration. The expression obtained for the Green’s 
function after renormalization is manifestly analytic and has no infinities. 


1. INTRODUCTION 


S EVERAL papers!~® have recently appeared 
on functional integration as applied to quan- 
tum field theory. This method is pee from 
two points of view: first, the mathematical ap- 
paratus seems the most adequate way of describing 
a field as a system with an infinite number of de- 
grees of freedom, so that within the mathematical 
scheme one can obtain solutions of the field equa- 
tions in closed form: while secondly the functional 
integration method does not assume the coupling 
constant to be small, so that one may make other 
approximations than those founded on perturbation 
theory. 

However, although it has been possible to ex- 
press the fundamental quantities in the theory as 
functional integrals, the method has not been able 
to produce concrete physical results because so 
far only the gaussian functional could be integrated. 

From a methodological point of view, it is in- 
teresting at this stage to consider several simple 
models where the integration can be carried out. 

In Refs. 1 and 8, functional integration methods 
were applied to the interaction between an infinitely 
heavy nucleon and a scalar meson field, Ref. 1 
considering a neutral and Ref.8 a charged field. 

In the present paper, we consider, as an example 
where the calculations can be carried out in full, the 
the Bloch-Nordsieck model in electrodynamics. As 
is well known, Bloch and Nordsieck proposed to 
avoid the infrared catastrophe in the interaction of 
particles with light at low frequencies by an ap- 
proximate method not based on perturbation theory. 
It turned out that their zero order approximation 
was equivalent to replacing the Dirac y matrices 


by c-numbers u, 


(1) 


fee a ee 


Here 


geal I “for «= 0, 


\—1 for «=1, 2, 3. 


We shall look at this model from the Green’s 
function point of view, and start with the representa- 
tion, obtained in Ref. 3, for the Green’s function 
of an electron as a functional integral depending 


(2) 


on the Green’s function of an electron in a classical 
external field. The integral will be calculated and 
then renormalized in the following sections. 

First note that there is no vacuum polarization 
in this model, so that we may immediately assume 


<S>F, (3) 


= exp lV ae\ a\ dxG (x, x| XA) uA (x)}= if 


0 


Formula (3) is the well-known expression for the 
average of the S-matrix in a Fermi vacuum (see, for 
example Ref. 3); we use the Feynman notation 

for the scalar product of four-vectors: 


ab = g**a,b, = Ayb, —a-b. 


That there is no vacuum polarization is clear 
from the following considerations. The Green’s 


function S® (x—x*) for a free electron is deter- 
mined in the present case by the first order equa- 
tion 


[it (0/OX2) — m] S¢ (x — x’) = — 6(x — x’) 
(4) 


and has one pole, not two as in ordinary e lectro- 
dynamics: 


o—ip(x—x’) 


dp. (5) 


c , 4 
S'(* —*') = a \ 


m—up—ie 
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Hence S¢ (x—x’)=0 fort’> t, 
retarded Green’s function. Then, in the matrix 
element corresponding to a diagram of the type 


i.e., this is a 


one of the electron lines will correspond to S° 

x (x-x*)=0. Similarly, all more complicated dia- 
grams corresponding to vacuum polarization will 
be zero. Physically, the absence of a second pole 
in the Green’s function means that there are no 
antiparticles in the theory, and hence that pairs 
cannot be created. Since the contribution of 
closed loops is zero, the photon Green’s function 
in this model is identical with its zero order ap- 
proximation in the perturbation theory. 


2. GREEN’S FUNCTION FOR AN ELECTRON 
IN AN EXTERNAL FIELD 


In the present case, the Green’s function for 
an electron in a given external field is determined 


by the equatian 
[ite (0 / OX«) — V 4neg**UaAa (x) — m] 


x G(x, x/|A) = —8(x — x’), (6) 


which can be solved by quadratures. To do this, 
we use Fock’s proper time method !° , which in- 
volves the formula 
Hi —j \ dyeily—ev_ (a) 
0 

For our special case 

H = iu, (0/ 0x.) (8) 

— Y 4x eg**u.Aq (x) — 


so that the solution of (8) can be written symboli- 
cally 


Girox A) =7 \dvexp | iv (iu. as (9) 
3 (eg 


— V 4reg**u,A, (x) —m + ie ha (x—2’). 


Introducing a new unknown function 


Ui) exp {iy (ius — 


_ Vamege*u,Aa (x) —m+ iz )| a(x— x’), 


(10) 


we find that it satisfies the differential equation 


JOU) eo 
ins = (ius a rik 


== 42 epg Aa) ete } U (v) 


with the initial condition with respect to the proper 
time parameter v 


U (0) =s v=): (12) 
Taking the Fourier transform of the & function 

8 (x — x") = (2n)-4 \ e-inls—«) dp (13) 
we seek,a solution of (11) in the form 


U (0) = (2n)4l exp {S(p, yh dp. (14) 


The function S (p, v ) satisfies the equation 


ORS 4 0s re 
a em errs V 45 eg**u.Aa (x) —m-+ is 
(15) 
with the initial condition 
S (v; p) v=o = — ip (x — x’). (16) 


Finally, the substitution 
S = —ip(x—x')—i(m—up—ie)v+R, 


(17) 


leads to the following equation for R 


__ , aR 


lease = lU« 


(6) a 
= —V tr eu**u,Ag(x) (18) 


and the initial condition 


RO) =0. a9) 


Equation (18), with the initial condition (19), is 


easily solved by Fourier transforms. The result 
is 


GREEN? 


Saree 
~~! Gry 


Rx \ dkwA () ew the dyrelatv, (20) 


= 0 
Gee x 1A) =1\ dy 
(x, x’ | A) ie 


exp {— ip (x — x’) —i(m — up —is)v + R(y| A)}. 


3. THE ELECTRON GREEN’S FUNCTION WITH 
RADIATIVE CORRECTIONS 


As was shown in Ref. 3, the Green’s function 


with radiative corrections can be written as the 
ratio of two functional integrals: 


= YS 
oO asip (22) 
\G (x, x’ | A) exp {i j Ly xt <S. >p,dA 

\ exp { ifLgdx} <S >, 5A 
Here { iy dx is the action function for an electro- 
magnetic field and can be written 


\ Lode 


(23) 


le ied 


= omy \ A, (k) D® (h, R’) Aa (k’) dkdk’, 


where 


Dy (kk) = D' (2) o(k 


S FUNCTION 18] 


where for convenience we have written 
y 

Wa (k) = V 4x eu, e—ikx \ dy’ etuky® 

> 
0 


The functional integral (25) is of the gaussian type 


and can easily be calculated with the help of the 
transformation 


(27) 


Aa(k) = Ai (R) + \ F, (k’)D® (k, k’) dk". (98) 


With this substitution the integral takes the form 
Vexp {R (| A) kexp{i v2: dx} aA 


i 


2 (2n)A 


(29) 
= cexp \- 


\ go" Fa (k) D® (k, b’) Fa (k’) dkdk’ S 
Then, using (25) and (27), we obtain 


\exp {R (| A) bexp \i \Ly dx\ 6A (30) 
ie? 
= C exp \- 2(2n)> 


v v 


\ dkD® (k) \ dy,e-ivk Vacant 
+k’), 0 0 
(24 Noting now that the infinite constant c cancels 
D° (k) = —1/(R + és). in (25), we finally obtain the following expression 
In our case we have the important simpification pee Orem Oe 
ae = |. ann... 
a G (x — x’) = i\dvexp (— ip (x—+’/) 
Hence we obtain 0 
: : 31 
GC <) —i(m—up—ie)y +f}, BY 
where 
les: o\G (x, x’ | A) exp {i (Lj dx| oA, 
i () (32) 
where the denominator of formula (22), which is a _ 


constant, has been denoted by c . From the form 
OLG ( x,x 7 A ) it is clear that in order to cal- 
culate (25) it is sufficient to find 


je {RO iA) Je ay, (26) 
rv \ et l= oar \ertFe (k) Aa (k) dk 


reo? aa as / , Pls 
+ sami\8 Ag (k) D (k, b’) Aa (R’) dedk’} 2A, 


f (v) = exp {— oe \ deD® (k) jan | 
0 0 


=exp {— Tomy \deD® (k) ( aren | de eiukn| 
0 0 


Since D° (&) is even with res 
last formula, (32), can be put int 


ect tok , the 
e form 


f 


1 


dy,ei#hve } ; 


v 
o 


(33) 
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In momentum space, the Green’s function becomes 
(34) 
GAD) = i\ dy exp {i (up — m- ic)v + f (y)}. 
0 


Taking, then, w=p/|p|, the Green’s function is 
Cc 


GIP) = i\dvexp {i(|p|—m-+is)v +7 (y)}. 


0 


(35) 


4. RENORMALIZATION OF THE GREEN’S 
FUNCTION 


There are infinities in the expression we have 
obtained for the Green’s function. We use the | 
Pauli-Villars regularization method , With one 
auxiliary mass M, to renormalize. To deal with 
the infrared catastrophe we introduce also the 
photon ‘‘mass’’ A. Then we adopt the photon 
Green’s function 


(36) 
D? (kt) = (02— 8 — is) — (MPP — i). 


At the end of the calculation we must go to the 
limits M ~ © and’A~0. Hence in carrying out the 
integration (33), it is sufficient to obtain asym- 
ptotic values for A ~ 0. 

Carrying out the integration onv, andv, , we 
obtain for f ( v ) the expression 


f(y) (37) 


ae } a ee) Ge 
See 2 — kh? —ie — M? —k? — ie} (uk)? 

e2 1 4 4 
ciyay capi \ de (sere Se uk 


ie2 4 4 eiuky 
as (27)3 \ ae = eo (uk)? * 


The last integral remains finite as M ~©, as does 
the second for A ~0, so in these last two we can 

go to the indicated limits immediately. All the 
integrals can be calculated easily using the formula 


yale i\ eixa—eady (38) 
6 


and integrating first over k, then over the auxiliary 
variable «1. The result is 


SIRDZIN SKII 


i (vy) = — (ie?/2) Mv 
4 (2/5) In(M fA) + in (vd). (39) 


We note that \ cancels out and the result is finite 
ales): 

The first term, proportional to iv , gives the 
radiative correction to the mass of .the electron, 
and diverges linearly as M > © . It can be included 
in the effective mass of the electron, the renor- 
malized mass being 


Mm, == m-+ (e?/2n) M. (40) 
We write that part, f (v), of f (vy ) which 


remains after mass renormalization in the form 
f (v) = (2/5) In(M /m,) + (e2/ =) In (myy).(41) 


The term independent of v diverges logarithmically 
as IM -© , and determines the renormalization 
constant for the Green’s function 


Z = (M /m,)"". (42) 
Hence renormalization has removed all infinities 
from the theory and we obtain the following renor- 
malized Green’s function Cr Gp): 


Gy (p) = ZG (p), (43) 

Gy (p) (44) 

= t (m,)?" \ dvexp {i (| p|— my + is) vy} vein, 
0 


To evaluate the integral we make the substitution 


x=|m,—|p|ly, (45) 


Neglecting terms of order e” / 7, we finally obtain 


G, (p) = (m, — | p|)4|1—|p[/m,|-. (46)* 


In conclusion, I should like to express my deep 
gratitude to N. N. Bogoliubov, under whose guidance 
the present work was done. 


: : CAA 
*Selection of the coupling Dae in transverse form 


would have led to a factor 3/2 in the exponent of (46). 
This can be shown with the aid of a gauge transformation. 
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A method is considered for obtaining nonstationary solutions of Boltzmann’s kinetic 
equation. This method is free from the limitations of the Chapman-Enskog method. By 
way of an example, the dispersion of plane sound waves in a monatomic gas is con- 


sidered. 


' IN recent times the most widely used method 
‘“ ® of solution of the Boltzmann equation has been 
the method of Chapman-Enskog’. However, this 
method is not applicable for a series of problems. 
Let us consider, for example, one such problem -- 
the problem of the dispersion of plane sound waves 
in a monatomic gas without consideration of the 
internal degrees of freedom of the atoms. Let the 
frequency of vibration of the external source be 
sufficiently low in comparison with the ‘‘character- 
istic frequency’’ of the gas, i-e., in comparison 
with the mean frequency of atomic collisions. Such 
a problem can be solved by making use of the equa- 
tions of Navier-Stokes and Burnett2, i.e., by making 
use of different approximations than those of the 
Chapman-Enskog method. If the frequency of vibra- 
tion of the external source is comparable with or 
larger than the “characteristic frequency” of the 
gas, then these approximations lose their meaning. 
Actually, we use as the small parameter of the 
method of successive approximation employed in 
obtaining the equations of Navier-Stokes, Burnett, 
the ratio At_/ At, where At is a characteristic 
time interval for the process under consideration, 


for example, the period of vibration, At_ is the re- 
laxation time of the gas. Thus we have as the con- 
dition of applicability of the Chapman-Enskog 
method the relation 

Uy BAN ah in (1) 
Another method is necessary, consequently, to 
obtain a solution differing widely from the quasi- 
equilibrium solution of the Boltzmann equation. 
Such a possibility is given by the method of . 
“‘moments’ (see, for example, Ref. 3). 

Let us formulate a modification of this method. 
We use as the zeroth approximation the stationary 
solution of the Boltzmann equation. Then the first 
approximation gives the deviation of the density, 
velocity and temperature from the stationary dis- 
tribution, and also the corresponding viscous force 
and heat flow. As conditions for the application of 
this method of small perturbations we have the 
relations 


aan 


? ? 
Po £9 
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2 are, respectively, the 


where py, Oo = AT y= My 
particle density and temperature in the stationary 
state; m is the mass of an atom of the gas; k is 
the Boltzmann constant; Ap, Au,;, AO, Pip S; 


are the deviations of the density, velocity and tem- 
perature from the stationary state and also the 


viscosity tensor and the heat flow (first approxima- 
tion). 
Thus we have the kinetic equation of Boltzmann: 


sea Loaf av 
ob ee Ox; as | m du; Ox; (3) 


where F', is the Boltzmann collision integral, V 
is the potential of the external field. We set 


I(r, v, t)=folt, v) +fitr,v,t)+..., 


V (cr, f) = V(t) + Vit, 2) 4+--.- (4) 
Then, substituting (4) in (3), we get a system of 
equations of successive approximations of the de- 
scribed method: 


—Ofo / 1 Of) OVo . (5) 
ee 
BF tai io OF pose ee eae 
ats + HTS B (o> m OU; OX; m QU; Ox; 


The normalization conditions for the function f are 
written in the following way: 


= \ fav; # 
AF mut 3 C 0" : 
a Ensen 0+ = Ra 
' cA lets 1? 
Ny = = \mowjidv; Sis ey F Iav. 


From Eqs. (4) and (6) there stems the possibility of 
the following normalization for the functions of the 
different approximations: 


po (t) = | fo dv: Ao(r, t) = 
Po Upi = 2% fodvV; Uo: Ao + p, Au; = ‘ PVs 


with similar relations for @, II;;, S.. 

In many problems (in Se eas in the problem 
noted above on the propagation of sound waves) 
we can set Vy = 0. Then the equation of zeroth 
approximation (5), with account of (7), has the well- 
known solutions of Maxwell: 


\ Fidvs (7) 
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fy = poco *(2n) Pexp {—v? / 2ci}, (8) 


where p,, c. are constants, Uy; =0. 
We now write the equation of the first approxima- 
tion of (5) , introducing dimensionless functions 


and variables: 


Go (8) = (25)~*/ne 5"; fo (V) = P0653 Bo (6); 
f(r, v, t) = Q Cy Bille Geb) Vie 


We get* 
ag ¢, O88 1 O20 OV; 
Ot + Co 515 = Fs, (Zo, £1) El eora MC 0g; Or oa) 


We shall seek the solution of (10) in the form of an 
expansion in Hermite ee 


=H) Yael 


n=0 i, 75: 


2 mea 


where the coefficients « are unknown functions, 


Epes ep are theorthonormal Hermite polynomials, 
i exainple, 

H® — = 1G HY, = Gj 7 03 
HP aan Si H®, = i gj br — &i Ojk — &j0 Oin — Er 9;j- 


Because of the orthonormality of these polynomials, 
we have the relation 


4 @ 
4 (m) n Ny ( m G 
nt) ge TO dE Binns a = | H™ gy, dé (19) 


Here the indices i, j, ... are omitted. 

Substituting (11) in (10), we obtain a system of 
linear differential equations for the unknown func-, 
tions a”, This same system can be obtained 
by multiplying Eq. (10) by H™) and integrating 
over €& We then get 


| HO” OX dé ea. \é g Hom - ‘dé (13) 


=| Re Fs (Zo, G1) dé. 


We get for the first term in Eq. (13) [keeping Eq. 
(12) in mind] 


Oo) 


Og: 
(m) 7AL — 
| HO sed = - (14) 


To transform the second term in Eq. (13), we make 


use of relations of the form 


* In view of the fact that the term which takes into 
account the external field is not essential in what fol- 
lows, it is omitted, 
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Hey: a Hr), (15) 


aes Eqs. (11), (12) and (15), we get 


ome me H™ g, dé 
= C5 (a Meee (16) 


We can write the right hand side of Eq. (13) in 
the form 


oc 


ene F B (So £1) d§ = Co, Y} 
n=2 


1 (n) 
a ni “ts i 
ate Pace 


.. \B5Go(E) HEP. Ef dgigolE) V". 


co 


y{”), os = (n) E 
hea }§:— | Ed mA de{H;, mea (59) 
0 


HY, ABAD, Es) HO), .. de AD 


if we apply Eq. (11) and the laws of conservation 
of energy and momentum. The integrals Le (n) 
t,],- 


were computed (see, for example, Ref. 3), ee 
upon we obtained 


C > 
Y?= - eh calead| — 3; Wj}, 


yin) = = awl Bij +W; Din + W; i9jn] 


—3 (ww, WV ;+-w:0@;W,.+ wo, W iJ}, 18) 
where 
C= Cy ZEW [eds sin? 6 cos? 6, 
" w=[k—Ek W =e EL. 


Further calculations are carried out only for 
Maxwell molecules with interaction action ®(r) 


= br-4. Then 


C = 0.6841 86/m. (19) 


Further simple calculations lead to the following 
values of the integrals in Eq. (17): 


Cg (2) 2). (20) 
{ds wo (E.) YP = = (uj Sp HP — BHT}; 


\ dese (E:) 


58 (3) 5 
= 3,, Hijk — HY 8, — HP 8, — HE 8;)}, 


where, for example, H, (3) H, Yi H., (3) 
+H. 3). a 
133 

Now we can write down for the unknown functions 
a(™) a set of differential equations which are 
equivalent to the Boltzmann equation of the first 
Fg oe aes (10). Actually, taking into account 

qs. (13), (14), (16), (17) and (20), we get, with 


accuracy to terms at fourth order: 


(m) 
ae amd +t 


a ey 
ae + 60 ax, {% Balm} 


= Coy 2 {alt deg, H™ (3; Sp HY? 


i,j,k 


My 2 or ps (21) 


x] dao (919, — HS, — HS, — H®%,)) } 


We describe these equations in more detail for the 
very simple case of one dimensional flow. Here, | we 
choose as unknown functions five coefficients « 


from (11): 


of2) = — (2) (3) — (3) = &(3), (22) 


(0) gf). &(2) 
Oty Oy’, Oy 33.7 All 122 133° 


The physical meaning of these functions is made 
clear from conditions (6) and (7), which, along with 
Eq. (12), give 
(9) = Ap / po, a(1) 
Sp af? = AO / pc? 
"/o («ig + %ji) = Pi; | Poh 
a(3) = 3S; / dpc} — 3Ap / po; 
(Wij = p+ Pit--s 
Keeping in mind (22) and (12), we get from (21) the 


following system: 


= Au; / Co, 


(0) a (1) 0 0 pi 
a Co Peat io + €0 55 2 es + af) = 0; 
2001 4 6 2 (Delt) 4 a8) = 2Cpo (2x2 —e1)> 

2 1 
2 + Co . 3 29) = Cy (411 — M22); es 
do.) 0 


Oe tn Go ax 5 2303 a= 2tho9) = — 2Cpya'*) 
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by setting Ho” successively equal to 


(2). 
ll> 


ee HO aes 


Hai eT 
(The indices which are superfluous for the one di- 
mensional case have been omitted.) 

The system (23) determines the functions a!” if the 
corresponding initial and boundary conditions are given. 
A solution of the Boltzmann equation in the form 
(11) is found by the same approximation. This 
solution will no longer be limited by the condition 
(1). Thus the method considered here of small per- 
turbations is free from the limitation of the Chapman 
and Enskog method. 

2. As an example, let us consider the problem 
of the dispersion of plane sound waves in a mona- 
tomic gas without regard to internal degrees of 
freedom of the gas atoms. This problem has been 
considered by a number of authors (see Refs. 4-7). 
The starting point for these researches is the Burnett 
equation”. Thus in these researches there were 
analyzed only the quasi-equilibrium solutions, the 
limitation of which follows from the requirement 
(1) of the method of Chapman-Enskog. 

We consider this problem, not limiting ourselves 
to quasi-equilibrium solutions. For this purpose, 
we employ the system of equations (23), which is 
SHOE or the one dimensional flow of gas. We 
write the corresponding system for the Fourier com- 
ponents of the unknown functions a) from (23) 
as 


Ua) + a6) = 0, Ua) + o,, + 0 =O; (24) 
Ua + 2a) 4 (8) = — §2U 9 (chan — 044,); 
Ute, + 1/3 a8) = — (Uy («11 — aap); 


Ua) + 9/5 04, + 8/5 hoy = 12U 5 a8). 


Here U = w/kco, Uy = wo/key, @) = eps a<”) 
denotes the Fourier components of the corresponding 
functions from (23), w is the vibration frequency, 
k the wave vector. 

Equating the determinant of this system to zero, 


we obtain the necessary dispersion equation 


(U® — */, US + 3U) —iU, (5U* — 16U? + 5) 


— 2U2U (3U?— 5) =0. (25) 


We now assume that is a given quantity and in- 
troduce the variable p = o/@ 9. 
The nontrivial solutions of this equation are 
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U=+4[g(-B+ VB 7AD) |". 
A = p.2 — 6— idp, 
BA 10— 0? len wD or rea} 


We write them in the form* 


U,=e His, Ul =o 448, 


Introducing the phase velocity c and the absorption 
coefficient x with the aid of the formulas 


C=O, RE, = ales 


we finally obtain the solution of the dispersion 
equation for dimensionless velocity and absorption: 


Cy =Ce/Co= 9 (¥); Xl, = 4 Co / Wy = % (1), 
1 (¥) = [(%)? + (8x)?] /e3; 


2 (+) = pBs /[(%+)? + (Bs)?]- (27) 


Numerical evaluation leads to the results plotted 
in the Figure. 

(eos 

Ue od. 1 


’ 
Curve 1—c_, Te 


,d—x , 4— 


ie) 


To evaluate the results we need approximate 
formulas for the case p << 1: 


(28) 
c= V/s (1 +0.1194p2); cy = Vp (1—0,.3500p), 
x. = 0.1807 p2; x, = Vp (1—0,3500 p). 


Thus the dispersion equation (25) has two solu- 
tions for the velocity and attenuation of small per- 
turbations of the neutral gas. 


* The sign + in front of the general square root has 
been omitted, since the choice of this Sign is connected 
with the choice of the direction of propagation of the 
wave, 
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Let us consider the solution c’_, x “_ (see the Stokes-Navier, the third approximation of Burnett). 
Figure) . As @ > 0, it undergoes transition into In order to be convinced of this, we Compare our 
expressions known from the theory of continuous results with the corresponding theoretical4-? and 


media: c”_ = v573, x” =0. pee we obtain the experimental results’ (see the Table). Thus the 

usual expression ¢ = (5RT/3M) 1/2 for the sound solution actually contains in it, as a special case 

velocity in a monatomic gas. the various hydrodynamic approximations. The 
_The solution just obtained contains in it the connection assumed in hydrodynamics between the 

higher approximations of the Chapman-Enskog pressure and the velocity gradient is not assumed 

method (for example, the second approximation of in our method but is obtained in a special case 

(w > 0). 


Comparison of Theoretical values of sound velocity with Experimental 
(for argon at 0° and sound velocity @/2a7 = 970.68 Ke; 
a = 308.23 m/sec. 


Values of c/a (m/sec). 


pressure p 
inem Hg , according to | according to | according to 
a a Nanier-Stokes Burnett Eq. (27). 
78.40 4 il 4 1 
47.10 4 4 dl 1 
22.30 4 if 4 1 
43.50 4 4 4 1 
IE1O 1,002 4 4 1 
4,30 1.006 1 it 1.004 
3.30 1.008 1.001 1,004 1,002 
2.45 1.008 1.004 4.002 1.003 
1.80 1,016 4.002 4.002 1,005 
4500 1,028 1.003 4,005 1,007 
0,65 1,058 1.019 1.028 1.043 
0.34 1,139 1.054 ARAKOS) 1.144 
Or22 1.259 A139 1.246 1.281 
Increase in the vibration frequency leads to a zero as (w/o ya 
comparatively large increase in the sound propaga- In conclusion I express my gratitude to Acade- 
tion velocity and to a simultaneous increase in the mician N. N. Bogoliubov for his discussion of the 
absorption . For sufficiently high frequencies results. 
(o> 5@,)s 1/x% ~ 2A (A = mean free path length). 
Consequently, this solution gives an analytic de- ; 
scription of the Lebedev effect®which consists in S. Chapman and T. Cowling, The mathematical 
ne theory of nonuniform gases, Cambridge, 1939. 
the presence of a frequency limit for the propaga- : 
tion of ultrasound in neutral gases. This limit is D. Burnett, Proc. Lond. Mathem. Soc. 39, 385 
a function of the gas density: the lower the gas pies 40, 382 (1935). 
density, the lower the frequencies of vibration that ; H. Grad, Comm. Pure Appl. Math. 2, 407 (1949). 
cannot be propagated in the gas. H. Primakoff, J. Acoust. Soc. Am. 14, 14 (1942). 
Let us consider the second solution c. The : H. S, Tsein and R. Schamberg, J. Acoust. Soc. Am, 
fact of two solutions has already been pointed out 18, 334 (1946). 
in the literature (see, for example, Ref. 3). How- Ort AY Lindsay, Am. J. Phys. 16, 371 (1948). 
ever, in rarefied eeehied only o single wave is ob- : R. Boyer, J. Acoust. Soc. Am. 23, 176 (1951). 


c . This corresponds 
cred oral istbances, ‘This comeeponds| 0) i 


+ > % 4 Actually, the 
solution 044% does not give ee 
in practice: c’, =x, and the damping %’, for 


@0 tends to zero as (w/o), while x*_ tends to Translated by R. T. Beyer 
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The question of the character of the phase transition from the nonferrolectric to 
the ferroelectric phase is discussed. The influence of an electric field on the tempera- 


ture for the phase change is considered. 


It is shown that in the case of a first order phase 


change, a shift in the transformation point takes place. and the amount of the shift is cal- 
culated. The temperature dependence of the dielectric permeability is found for the case 
of a second order phase change. It is shown that in such a transformation an ‘‘induced 


piezoeffect’? must appear, which consists in t 


under application of an electric field. The 


he appearance of piezoelectric properties 
nduced piezomoduli’”’ are calculated. 


—— ae 


1, INTRODUCTION 


I N spite of the large number of works devoted to 
the theory of barium titanate, it is still far from 
completion. This refers, in the first place, to the 
microtheory of ferroelectric phenomena, but neither 
can the thermodynamical theory evolved by Ginz- 
burg’ and developed in Refs. 2-6 be considered 
fully complete. On the one hand, there are still 
questions not considered in these works and on the 
other, there is a need to compare the existing 
theories among themselves. 

In Ref. 1, there are discussed two variants of a 
theory which is in conformance with the experi- 
mentally observed facts. According to the first 
version, the phase transition at 120° should be con- 
sidered as a second order phase change, but close 
to a phase change of first order. According to the 
second version it should be considered as a first 


order change, but close to a change of second order. 


In Refs. 2 and 3, this phase change is considered 
as a first order change, while in Refs. 4-6, as a 
second order change. 

An attempt was made’ to settle the question 
about the character of the phase transformation 
from the nonferroelectric phase by way of investi- 
gation of the dependence of the dielectric permea- 
bility near the Curie point on the strength of a 
steady electric field. The author found that the 
experimental data are in good agreement with the 
theory2 and on that basis concluded that the phase 
change under investigation must be considered as 
a change of first order. As will be pointed below, 
however, (see Sec. 2) experimental data obtained 
by other authors rather favors the hypothesis that 
the phase transformation we are speaking of must 
be regarded as a phase change of second order. 

If one again takes into account that even the 
other experimental results quoted by the various 
authors differ sharply among themselves (for in- 
stance, the thermal behavior of the spontaneous 


polarization, the constant in the Curie-Weiss law, 
the jump in specific heat) and depend most strongly 
on the technique of preparation of the specimens 
and on their chemical purity, the idea suggests it- 
self that the character of the phase change of 
which we speak is likewise also determined by these 
factors and was different in the works of the different 
authors. The distinction between the theories ‘~® 
is not only in the question of the character of the 
phase change under discussion. These theories 
differ further in that they operate with different 
thermodynamic functions. In Refs. 1, 4 and 5, the 
thermodynamic potential is considered, while in 
Refs. 2 and6, the free energy is considered. 

Just as in the treatment proposed by Tandan® 
for phase changes of second order, the conditions 
of thermodynamic equilibrium of a system are ob- 
tained by considering the conditions for a minimum 
of the appropriate thermodynamic function, written 
down for a thermodynamically nonequili brium states. 
Insofar as in all the works ~° the behavior of a 
crystal is studied in a given electric field and 
under a given system of stresses (homogeneous), 
the appropriate thermodynamic function is pre- 
cisely the thermodynamic potential. Utilization 
of the free energy, however, and application of the 
general formulas of the thermodynamics of quasi- 
statistical processes leads practically to the same 
results as are obtained by consideration of the 
thermodynamic optential of nonequilibrium states. 
As long as the stresses (or deformations) are not 
taken into account, this is obvious. Writing down 
nonequilibrium thermodynamic potential in the form 


O(P , T)=¥(P , T)—P - E, where ¥(P, T) is 


a polynomial in powers of P ,, and finding Ls from 


the condition of a minimum for ®, we have the 
equations 


OW/OP; = E;, i= 1, 273, 


which conform with the thermodynamic identities for 
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quasi-statistical processes, if we take W to be the 
free energy. In the calculation of the elastic 
stresses an analogous situation occurs. We satisfy 
ourselves on this by comparing Refs. 5 and 6.* In 
Ref. 6 there is used an expansion of some charac- 
teristic function ® into components of the polariza- 
tion vector P, and components of the elastic de- 


formation tensor uj. Although the authors call 
this function the thermodynamic potential, it is more 
proper to restrict this designation to the function 
hase 
ee ADI be abe 
i,k 
and to regard the function ® + P * E as the free 


energy (for quasi-statistical processes), since it 
complies with the conditions** 


0(® +P.E) /OP; = E;; (1) 


O(® +P-E)/duin = — 3 jp. 


The authors maintain that the resolution into com- 
ponents u., permits taking account of the effect 
of electroSfriction on the properties of a ferroelectric 
to a greater degree than the earlier applied ex- 
pansion | of the thermodynamic potential into com- 
ponents 0;,- We cannot agree with such a statement, 
however, since actually the increases in precision 
obtained in Ref. 6 are illusory. In order to be con- 
vinced of this, it is sufficient to transform the for- 
mulas obtained in Ref. 6. 

Equations (1) and (2), when developed, have the 


form: 


[x + 8,P% + 8, (P¥ + P2) (2) 


+ quite + Qia(Uyy + Uzz)] 2P x 
+ aa (UryPy + UrzP2) = Ex; 
[a+ BPS + B2(Pz + Pr) 

+ qutlyy + is (Uzz + Uxx)] 2Py 
+ daa (UyzP2 + Uye Pr) = Ey; 


[x + B,P2 + B. (Px + P3) aie ii Uzz 
+ Gio (Ure + Uyy)] OP, +4aa (UzxP x + UzyPy) = Ez; 


*We note that the theories /~® , apart from the differ- 
ence in the thermodynamic functions utilized, further 
differ in the extent of the expansions employed and in 
notation. Thus, in Ref. 2, only one invariant of 6th 
order is utilized while in Ref. 4 all three of such in- 
variants are taken into account. 

** More often, one writes OV/du ;, = top, but owing 


to the arbitrariness of the condition which establishes 
the positiveness of the components g ;; , the manner of 


writing employed in Eq. (1) is also feasible. 
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Cylicx + Cyp (Uzz + Uyy) + Gy,P% (3) 
+ Gio (Py + P2) = — 3253 
Crilyy + Cy (Ure + Uzz) 
+ quPy + iz (P? + P2) = — ayy; 
C1122 +P Cyg (Uyy + Uex) + g4,P? 
+ Gia (Px + Py) = — 9223 
Caglyy + 2guaP xP y = — Oxy} 
Cagllyz + 2daaP yPz = — oy,; 
Cagllzx + 2GagP2P, = —- 62. 


Solving the system of Eqs. (3) with respect to 
us and substituting the obtained expressions into 
Eqs. (2), we obtain a system not essentially dif- 
ferent from (1,4). ** in notation and in the signs of 
the o_|. 

In order that the system Eqs. (2) agree with 
Eqs. (1,4),*** (accurately with respect to the 


signs of the o,,> with regard to which see foot- 


note*) it is necessary to assume 


oF ca —- fat Sy + 4411912512 (4) 


ge 250 (Sy + Sy9)], 
Bo = Bs = By + (S11 — S12) (Fir — iz)” 


2 2 
— S44Jaa — 2944 | Caa- 


The coefficients denoted by 8 3 and B ° in Eqs. 
(4) are the B, and Bs of Ref. 6. The other symbols 


have the following meaning:* 


Sip = (Cry + C19) / (Cry + 2C 2) (C1, — Cyp); (5) 
Sip = C19 / (C12 — Cx1) (Cra + 2Ci2); 
Sa4 = Dice ee 


**Here and further on, the subscript after an equation 
number refers to the reference from which the equation 
is taken. 

***F quation (1.4) in Ref.5 contains misprints. 


*The quantities % 1 » %» %3 which figure in Ref. 5, 
appear to correspond, respectively, to the quantities 
0 33°03, 1.5 from Ref. 6. 
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%y = — (212812 + 411811); (6) 


% = — [(Gir + 12) Siz + G12S11]3 


%3 = — 2aa / Cag- 


From the agreement of Eqs. (2) with the Eqs. 
(1,4) of Ref. 5 it follows that their consequences, 
examined in Refs. 4 and 5 from one side and in 
Ref. 6 from the other, must likewise also be iden- 
tical. As a matter of fact, the formulas for the de- 
gree of spontaneous polarization, spontaneous de- 
formation, longitudinal and transverse dielectric 
permeability, piezoelectric moduli and for the de- 
pendence of the Curie point on pressure, differ, as 
can be seen, only in notation**. 

Thus, contrary to the opinion of the authors®, 
the use of the free energy and its resolution into 
components u ; is formally equivalent to the use 
of the thermodynamic potential and its resolution 
into components a,,-ltwould be in error to discern 
an advantage in the first of these methods in that 
it allows the determination of the structure of the 
coefficients 8, and B,- In fact 8, and 6, must 
be continuous tier one of temperature, while BS 


and B . can change discontinuously at points of 
phase transformation, in connection with the dis- 
continuous changes of the elastic moduli s,,- 
Herein must be found a reflection of the fact that 
the condition for thermodynamic equilibrium for 
given temperature and stresses g.,, is the minimum 
of the thermodynamic potential, and not that of 

the free energy. 

Completing the comparison of Refs. 4 and 5 with 
Ref. 6, we note one essential difference in the con- 
clusions. In Ref. 5 it is asserted that for a crystal 
with x, > 0, a unidirectional compression (as well 
as an elongation) must raise the Curie point, while 
in Ref. 6 the opposite is maintained. The origin 
of this disagreement is as such: In Ref. 5 it was 
shown that the state of a crystal compressed along 
the z axis with polarization directed also along 
the z axis does not correspond to the absolute 
minimum of the thermodynamic potential. The 
absolute minimum corresponds to the direction of 
polarization along the x or y axis. Therefore, as 
ideal crystal must transform under compression 
into the other phase*, with which the increase 
in the Curie point is also associated. This effect 
is not considered in Ref. 6. In a real crystal, the 


**The equation for di. , Eq. (20)© and the third of 
Eqs. (4.1)* do not @gree, apparently due to the inac- 
curacy of Eq, (20). 


* Also tetragonal, but with a different direction of the 
vector P, 
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turning of the spontaneous polarization vector is 
hindered and therefore one can expect ‘‘thermal 
hysteresis’’. On cooling a previously heated and 
compressed crystal the transition from the non- 
ferroelectric phase into the ferroelectric must pro- 
ceed at higher temperatures than the reverse transi- 
tion in the heating of a crystal compressed along 

an axis which coincides in direction with the vector 


P. 


2. THE DEPENDENCE OF CERTAIN PROPERTIES 
OF A CRYSTAL NEAR A PHASE TRANSFORMATION 
POINT ON THE CHARACTER OF THAT 
TRANSFORMATION 


The question of the properties of a crystal in 
the neighborhood of the phase transformation point 
in the presence of an electric field and, in parti- 
cular, the question of the shift of the transforma- 
tion point was raised and discussed in Ref. 7. 
This work, however, does not contain a detailed 
examination of the question. 

In the case of a phase transformation of the 
first kind there occurs both a shift in the trans- 
formation point and a change in the jump of the 
dielectric permeability at this point. In the case 
of a phase transformation of the second kind, the 
phenomenon bears a different character. The fact 
is, that for a phase transformation of the second 
kind in the absence of a field, changes in crystal 
symmetry come about which are also manifested 
in the appearance of spontaneous polarization. 
The application of a field, however, promotes the 
appearance of polarization and consequently, also 
a change in symmetry at temper atures above the 


Curie point. That particular Curie point ceases 
to be more or less discrete in the presence of a 


field and, strictly speaking it is generally meaning- 
less to speak of a phase transition in this case 
insofar as all the properties of the crystal vary 
smoothly with temperature*. In particular, the die- 
lectric permeability also varies continuously, upon 
which its maximum point is displaced by the applied 
field. We examine both of these cases, considering 
terms of sixth degree in the expansion of ®. 


A. PHASE TRANSITION OF THE FIRST KIND 


The transformation point is determined from the 
condition of the equality of the thermodynamic 
potentials in the nonferroelectric phase | and in 
the ferroelectric phase II. They have the form** 


*This circumstance was pointed out to us bya Vents 
Ginzburg. 


**The notation is the same as in Ref, 4, 
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O; = O + «P37 + 3/, 8, Pt (7) 
+1/,%,PI—PrE; O1=® 


+ @Pir + 1/s Pir + 1/3 Pur — Pu E. 
Setting in the first phase P, = xE = E/2a and 
restricting ourselves everywhere in the calcula- 
tions to terms which contain £ no higher than to 
the second power, we get 


®; = ®, — E? / 4a. (8) 


Comparing Eqs. (7) and (8) and taking into con- 


sideration that P|, satisfies the equation 
(qzPtr + B,Pit + «) 2Py == E, (9) 
we obtain 


Ye ByP* + ?/,aP2 — 5/, PE == — E?/ 4a (10) 


(here and below, the index II of P is dropped). 
Assuming P >> E, the solution of Eq. (10) can 
be written in the form 
P=Y— 4a/8, + CE + DE?, (11) 


Ces 2), &, (12) 


D = — (51/1282) f/— 8, / 4c. 


On the other hand, the solution of Eq. (9) can, 
under the same assumption, be written in the form 
P=P,+AE+ BE’, (13) 


A — 4 (8,P5 + 2a)? (14) 


B = — A? (78}P5 + 10x) / Po (28; Po + 42). 


Here P , is the solution to Eq. (9) for £ = 0: 


Peay ea ean o> 


At the transformation point, the values of P 
determined from Eqs. (11) and (13) must coincide. 
In the calculation of the shift of the transformation 
point, we restrict ourselves to first order in E. 
Then for the determination of the amount of this 
shift we obtain 


Ve 4e) bot CE = Pye AE. (16) 


We denote o« and B, at the transformation point 
for E = 0 by a, and Bie and the value Hh te at 
this point by jig 


Pop = V — 409/81) = V— 38/4. 17) 

Denoting the transformation point by 7, and the 

shift of the transformation point by AT’ |, expand- 
(ese 


ing a and f, into series in AT , near G) and B, 
0 


and restricting ourselves to linear terms, we find 
after substitution of these expansions in Eq. (16) 


AT, = E | Poo (% — 2008, / By), (18) 


where « and f, are the values of the derivatives 
with respect to T at the point (7), . Thus 

; : Cull 
the sign of the shift of the transformation point 
is determined by the sign of the quantity (a 
ad 20 p idee For BaTiO,, as numerical esti- 


mates show (see below), the second term is con- 
siderably smaller in absolute value than the first. 
Consequently the transformation point is shifted 
in the direction of higher temperatures by the field 
and the magnitude of the shift is equal to 


AT po E Po, o: (19) 


We now find the jump of x at the transformation 
point. First of all, from Eq. (13) we find 


x= (°—1)/47 = (0P/0E)r =A+2BE. (99) 


In order to find the value of x for T = 7, on the 
low temperature side it is necessary to expand A 
and B into series in A7 and to substitute the 
value of AT. from Eq. (18), whereupon it is ob- 
viously sufficient for the calculation of B to termi- 
nate with terms of zero degree, and for the calcu- 


lation of A, with terms linear in AT,: Performing 
the expansion, we find 
As [1+47.(2 2-4 Ne 
Xo i) Bio (21) 
Roe eee 
128 o2 hast 


Substituting the value of AT’, in A, we find from 
Eq. (20) 


Ee (22) 


e .8a, 


eee Sue Bi / Bio | 
doy 4e 16 0% / ty—281/Big J” 


We find the value of x on the high temperature side 
from 


n= (sh), ah (ttn). 


Substituting here AT, from Eq. (18); we get 
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4 (23) 


0 Bio E 
2a8 


From Eqs. (22) and (23) it is seen that applica- 
tion of an electric field somewhat reduces the jump 


of x at the transformation point, which conforr s 
in the absence of a field to the ‘‘rule of four’’ , 


B. PHASE TRANSITION OF THE SECOND KIND 


As was explained above, in the application of 
a field, the phase transition is ‘‘washed out’’. In 
this case it is meaningless to speak of the dielec- 
tric permeability at the transition point, but it is 
expedient to set up the problem of finding P and 
« for temperatures in the neighborhood of the Curie 
point*!°, Since in this temperature range one can 
disregard the term in P® in Eq. (9), the problem 
reduces to the finding of the solution of the 
equation 


BP? + oP = E/2 (24) 
and to finding the susceptibility 
* = (OP /OE)7=1/5(38,P?+-a)1, (25) 


The solution of Eq. (24) can be easily studied by 
means of tables.” The dependence of x on E for 
T=const. is seen immediately from Eq. (25): 


(Ox / OE) = — 38,P /2(38,P? +«)®< 0. (26)** 


For a fixed temperature x decreases with an increase 
in E*The detailed dependence x (Z) can be fol- 
lowed by the use of the tables, but we are confining 
ourselves only to the observations made. 

The function x (7) for E=const. is of great in- 
terest. 

The function y (q), is shown in Fig. 1 where 


*By the Curie point, naturally, is understood the 
temperature which corresponds to the phase transition 
for E=0, i.e., the temperature for which o=0. 

** The positiveness of the denominator in Eq (26) 


follows from the fact that the solution of Eq. (24) satis- 
fies minimum ®, 


*** The decrease of % with increase in E has been noted 
in the literature. 
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Yo (iB S| Aisi aoe eres 


are plotted by use of the tables.” From the graph 


it is seen that y has a maximum =0.21 for q~1.2. 


We disregard the temperature dependence of By és 


Then the relation obtained can be written in the 
following form: 


max (BrE® / 4)'ls = 0.33; (27) 


(%)cmemax = 0 75 (8, E2)'l. 


Thus, application of a field displaces the point of 
maximum x into the region of higher temperatures, 
whereupon this displacement is proportional to 

IO So ', while the maximum value of is inversely 
proportional to E 2/3 If we denote the amount 
of the shift of temperature which corresponds to 
the maximum, by AT=T 


max 
aa linear dependence on temperature, o=u(T—T ). 
c 3 


we can get from Eq. (27) 


—T ; and assume for 


*max AT = const =~ 0.25 / a. (28) 


With 8, temperature dependent, these simple 
relations no longer hold. In this case however, it 
is not difficult to calculate the function x (7) for 
E=constant by means of the tables. In Fig. 2 
several curves for various values of E are shown. 
In their construction, a linear dependence of « 
and 8, on temperature was assumed*: 


*The value of the constant in a is known from Ref. 10. 
As regards the coefficient in B_| , using the numbers 
given, a satisfactory agreement of several theoretical 
formulas” with the experimental results 


was suc- 
cessfully obtained. 
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G0 100 10 120 130 


140 150 160 70 180 


Fic. 2 1—E=0, 2 —E=500, 3—E=1000, 4— E= 2000, 
5 — E = 2500 V/cm 


% = 5-10-5(t — 120); 


B, = [1.4-10-§ — 1.9- 107? (t — 120)] em4/p sec’. 


The curves in Fig. 2, in their qualitative shape, 
are very close to the experimental curves obtained 
in Ref. 12. In any event, it appears very probable 
that these latter curves can be interpreted only 
regarding the phase change as a transition of the 
second kind. Unfortunately, a quantitative com- 
parison is not possible since the curves of Ref. 

12 were obtained for polycrystals and alsosince this 
work does not contain a sufficiently complete des- 
cription of the properties of the specimens studied. 


3. INDUCED PIEZOEFFECT 


In the neighborhood of the Curie point, a crystal 
in which a phase transformation of the second kind 
occurs must be ‘“‘friable’’, i.e., very compliant with 
respect to external influences. One can expect that 
one of the manifestations of this friability should 
be an effect where a crystal which, at a given tem- 
perature, does not have piezoelectric properties, 
acquires them upon application of an electric 
field. We shall call such an effect an induced 
piezoeffect. We maintain the same designation also 
for the more general case when a crystal, before the 
application of an electric field, possesses a piezo- 


effect characterized by a certain matrix of piezo- 
moduli and application of a field leads to the 
emergence of new piezomoduli (and to the modifi- 
cation of the old ones). 

The phenomenon of induced piezoeffect should 
also be observed for a BaTiO, crystal near the 
Curie point, both above and below this point. 

Let the stress component oe in the presence 


of the electric field component E, , Bive rise to 
the appearance of the induced polarization 
(Pi)ina = Cijns Ont Ej. 

We shall call the coefficients C ikl (symmetri- 
cal in the indices k,l ) the induced piezomoduli. 
They are easy to find by use of the formulas of 
Ref. 5, where the components of the polarizability 


tensor m in the presence of elastic stresses 
7), are calculated. In particular 


Cijnt = O?P; / OE; Asp, = Oxi; / OSp16 


In actuality, however, the calculation of the induced 
piezomoduli according to the formulas of Ref. 5 
still does not give correct expressions for the 
induced piezomoduli, since in the expansion of the 
thermodynamic potential used in Ref. 5,certain terms 
which play an essential role in the investigation 

of the question were not considered. Qn taking 


194 L. P. KHOLODENKO 


them into consideration the thermodynamic poten- 
tial of a crystal with cubic symmetry assumes the 
form: 


D = OD, + (a,P% + aP%, + a,P3) (29) 


+ 1/,8,P* + By (Pi Py + Py Pz + P2 Ps) 
as (Plea == PyEy; Se ExPz) 


— 2x (642PxPy + Oo3P yPz ais 33;P2P x) 
— 203 [912 (PxEy + PyEx) 


+ S95 (PyEz 45 P2E y) + 31 (PZEx an PE;)I 
— eS (ot ae S59 =F 333) 
— S42 (F11922 + 522933 -+ 433941) 


2 2 2 
— 15 S44 (S12 + S23 + 331), 
where the notation 


Ey = Ex + [81911 + % (422 + 933)] Ex; (30) 
Ey = Ey + [8,599 + 3 (S33 + 31,)] Ey; 


Ey = Ez + [81433 + 8, (4, + So9)] Ez. 


is used. Here om Oo and 6, are the coeffi- 


cients with the invariants not treated in Ref. 5. 

The remaining notation agrees with that used in 

Ref. 5. a wary 
The necessary conditions for a minimum o 

® have the form: 


2 2 (3) 
2P x [a + B,P? + Bo ( y tz) 


= Ex + 2ks (912Py + %31P2z) 
+ 26, (9,,Ey + 93,Ez) 


etc. In order to determine the induced piezomoduli 


from this, it is convenient to calculate them one 


after another. Thus, for the calculation of C ee 


we seto,, # 0, and all the remaining components 
7,, equal to zero and Egoks tll Ey =f =0. 


We examine, at first, temperatures above and not 
too close to the Curie point. Then it is possible 
to assume 


Py =x Ey + Cy E4943; Py = P,=0. 


Substituting this in Eq. (31) and taking into 
consideration that x,, = 1/2 u, we find, disre- 
garding terms of higher order 


(32) 
Ca = 8, / 2a + ty 207: 


The remaining piezomoduli are calculated in an 
analogous way. 

The results obtained can be formulated in the 
form of the following rules. 

1. Only those induced piezomoduli are different 
from zero for which all indices consist of repeated 
numbers. Piezomoduli, the indices of which con- 
tain some number only once, are equal to zero. 

2. The nonzero inducedpiezomoduli are ex- 
pressed by a two term formula, the first term of 
which is proportional to 1/a, and the second pro- 
portional to 1/a. 

3. The coefficients with 1/a and 1/a? for the 
moduli corresponding to elongations (compressions), 
are equal to os / 2 and x Wye respectively,\when the 
elongation (compression) coincides with |the direction 
of the electric field, and are equal to Os /2 and 
%, /2, respectively when the elongation (compres- 
sion) is perpendicular to the direction of theelectric 
field. 

4. The coefficients with 1/a and 1/a? for the 
moduli corresponding to shear are equal to 6, / 2 
and ee /4, respectively. 

We now consider temperatures below the Curie 
point. The calculation of the induced piezomoduli 
is carried out analogously to the case where 
Tek ¢ « Lhe difference is merely in that the 


general piezomoduli @;,1 are now not equal to 


zero and a spontaneous polarization Po exists. 
With nonzero components FE andgo 
] 


kl and the 


choice of the direction of spontaneous polarization 
along the z axis, there should be substituted in 


Eq. (31): 


Px = jE; + dyeitet + Cijnt Ej opt (33) 


and analogous expressions for Py and P . The 


results of the calculation reduce to the following: 
1) as in the case for J7> T ~ 7 all of the induced 


piezomoduli whose indices contain even a single 
nonrepeated number are equal to zero. 2) Replace- 


ment of the index 1 by 2, and vice versa, in the first 
and second pair of indices does not change the 
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value of the modulus. The essentially different, 
nonzero, induced piezomoduli are equal to 


Gents = 8, / 4a — x, | 402; 
(34) 
C3311 = — 83 / 4a — x / 40? 


Ciis3 = — 508, / 28% 


+ (Bi / 283 @) [x2 — > (8: + Be) / Bil; 
2Cisis = — 638, / Bax — xs (28, + Be) 8, / 485 a; 
Cr = — 3,8, / 28,0 
+ (B, / 283 a?) [181 — 2 (81 + Be)]; 

Ci122 = — (81 / 2%35) (82 + %2/); 
2Coinr = —8s81 / Boe + xsBi / 283075 


2C 131 = — 85 / 2% — xs (Bp + 28,) By / 40°63. 


In conclusion we note that there must also exist 
an effect inverse to the induced piezoeffect. From 
the thermodynamic formula* 


d® = — P; dE; — ug dsp (35) 
there follows the well-known relation 
OP; / Ocn1 = Oty, / OE. (36) 


It contains in itself, along with the inverse piezo- 
effect also the inverse induced piezoeffect. Sub- 


stituting in Eq. (36) 


(Pi)ina = *ijEj + dinttet + CijniEjont, (37) 


*Here, we keep in mind the equilibrium thermodynamic 
potential. 


we find 


Unt = (Uri)o + GintE; + CijniEiE;. (38) 


Thus the effect inverse to the induced piezoeffect 


‘is electrostriction and the coefficients Cy skl are 
| 


the coefficients of electrostriction.° 


F’or deformations of elongation (compression) 
there correspond k=]; but theft also i=j (otherwise 
C ikl = 0). Consequently, such deformations 
depend quadratically on the component of field 
intensity. To shear deformations there correspond 
k # 1; but then, i=k and j=l. Consequently, 
shear deformations arise only in the presence of 
two components. In the general case when the direc- 
tions of the vectors Pe and E make an arbitrary 


angle, both extension (compression) and shear 
occur. 
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The interaction between electrons and phonons ina homopolar semiconductor is taken 
into account in the examination of the stationary electron distribution, and is not considered 


as being merely the cause of transitions between stationary states of ““free 


’? electrons and 


phonons. The limiting cases of high and of low temperatures are investigated. It is shown 
that because of the interaction between electrons and phonons a perfectly pure semiconductor 
has a conductivity different from zero at the temperature of absolute zero. 


E the existing theory of homopolar semiconduc- 
tors the interaction of the current carriers with 
the vibrations of the crystalline lattice is taken 
into account only in the consideration of non- 
equilibrium processes: it is considered that it 
only induces transitions between the stationary 
states of electrons in a rigid lattice, determining 
for example Joule heat losses, etc. However, 
such a procedure is not entirely logical, since 
actually the interaction with the lattice vibrations 
always takes place; consequently, in taking it 
into account as the cause which induces the transi- 
tions we——in the same a pproximation—destroy 
the consistency of the concept of the states be- 
tween which these transitions take place. The 
above means that strictly speaking the interaction 
between electrons and phonons should be taken 
into account even in the determination of the energy 
spectrum and of the density matrix for the electrons 
in the lattice, i.e., in the solution of the equili- 
brium problem. It should be emphasized that the 
necessity to do so arises logically not only inthe 
case of SEO coupling between the electrons and 
the phonons, *2 but also inthe case of weak 
coupling which may be taken into account by means 
of some form of perturbation theory. As will be 
seen below, in this last case the interaction of 
electrons and holes with the lattice vibrations 
leads to changes inthe density matrix which are 
not large quantitatively, but which are (at low 
temperatures ) of considerable significance in 
principle. 

Unfortunately the formulation of the problem in 
a general form suitable for arbitrary temperatures 
is very complicated. Therefore we shall restrict 
ourselves here only to the limiting cases of high 
and of low temperatures (strictly speaking in the 
second case we will be concerned with a semi- 
conductor at absolute zero). We shall consider 
a semiconductor having intrinsic conductivity 


and with spherical surfaces of constant energy; we 
will take into account only the interaction with 
the acoustic lattice vibrations and, for the sake 
of simplicity, we shall take the coupling constant 
to be the same both for the conduction electrons 
and for the holes. Naturally such a model is not 
too suitable for exact calculations (in particular 
the zero point optical vibrations should, without 
any doubt, be taken into account); however, the 
principle of the fundamental result which we shall 
obtain will not be affected by these approximations. 
Under the above approximations there exists 
no interaction with transverse waves and the 
Lagrangian for the interaction between the 
electrons and the longitudinal acoustic lattice 
vibrations has the form? (we use the interaction 
representation and we set h = c= i 
velocity of sound): BT enh Meteaentt 


Lint =\L (x dx 
AO a 


L(={eDiM)%~+ ooo  & 


9 = OAL) Oven. 


Here wW (x) and A (x) are the quantized wave func- 
tions of the “‘noninteracting’’ electron and phonon 
fields, p (x) is the “‘external charge density’’, 
x= 1x, xo}, %q is the time, s is the spin index, 
g is the coupling constant (which in the system 
of units adopted has the dimensions of length ). 
In the usual units g has the form: 


g = Jan "Co#VVo/M, 


where V is the volume of the elementary cell, M 
is the mass of the atom of the lattice, C isa 
constant which occurs in the theory of electrical 


(3) 
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conductivity. 4 

Inasmuch as all the operators in which we will 
be interested will turn out to be diagonal in the 
spin indices the latter will not be explicitly indi- 
cated in what follows. 


2. SEMICONDUCTOR AT ABSOLUTE ZERO 

The ‘‘single particle’’ density matrix for the 
electrons and holes at absolute zero can be found 
most simply by calculating Green’s function for 
the electron field interacting with phonons. The 
appropriate methods were developed in an earlier 


paper of the author.> As was shown there,® the 
Green’s function for the electrons 


G (x,y) = By TAP) SH 
is determined by the equation 
G (x, y) = iK (x, y) (4) 
—ig \ dzK (x, z) G (z, y) a(z) 
= i\ de dx’K (x, z) AE (z, x’) G(x’, y), 
where 
AE (x, 2’) (5) 


da (x) eNO Sis Za) 
So (zy 2 (2 2") Saiz’)? 


= ig\ de’ az. 
a(x) = — id In ¢S)o/8p (x), (6) 


in which S$ is the S-matrix, T is the symbol repre- 
senting a T-product, €...> 9 is an average over 
the ‘‘ground state in the absence of interaction.” 

The expansion of AE in a series in powers of 
the coupling constant leads in the second order 
in g to the following linear equation for the 
Green’s function [for p (x)=0] : 


G (x,y) =iK (x, 9) () 
=e. \ dz dz’K (x, z) F (z’,2) K (2’,2) G (2, y): 
K (x,y) = TAY (2) 8 (W320 


F (x, y) = <T {9 (x) 9(y)}o- 


In the present case we have 


£Neg) (8) 


= x \ aff exp {i (f, x —y) —if | x» — yo | } 


(f is the quasimomentum of the phonon, f < fe : 
where f, is the Debye upper limit); 


(2) = (2x) "2 (9) 


x \ dp {exp {ipx — iW, (p) x} a (p) 
+ 6° (p) exp {ipx — iW, (p) x)}}, 


a*, a, b*, b are the Fermi operators for the creation 
and annihilation of conduction electrons and of 
holes in the valence band; 


W.-(p) = Wy + p?/ 2m’, (10) 
Wa. (p) = — p?/2m**, 


W, is the width of the forbidden band (calculated 


in the absence of interaction with phonons), m* 
and m** are respectively the effective masses of 
the conduction electron and of the hole in the 
valence band (in a rigid lattice). 

Noting that 


<a" (p)a(p)>o= <b" (p)b(p)>o=0, 1) 
we obtain 


i 
(27)* 


K (x, y) = lim \ dpe’ (p, xy) (12) 
e—0 
--co 


= A poe ‘Po %—¥) Ke (D, Po); 


—o 


Kz (P, Po) = (2p) — We — W2) / (Po — We + #8) 
X (Po — Wy —ie). 


Equation (7) can be solved easily. Setting 
; i yi (13) 
G (x,y) = lim Gaye \ P2Po 
x exp {i (P, X — y} — (Po (%o — Yo)} Ge (P, Po): 


we obtain 
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i (2p) — W, — W,) (14) 
Ge (Ps Po) = (GW, Fi) Gy Wye) Fg Epo — We WF Bad ” 
F (P, Bo) =| F (= 2) K (x) efoto dx dx (15) 
= {FB +) mfp — 3 e+) 
+o in | tag near 
fala? +(p + min] aoa ee pee 
ele + (p+ mi) In | eo 
+ [Et — ao mn a 
+7 [PE — 02 (p+ m")| in| oP 
—b [0 + (—p + m*))|In] oP Pa 
— die + (—p-+ my] In| SE Pa ee ae. 
To reduce the length of the above expression, the f(D, Po) = —2im*fA(1 ty) /n?, 


following notation has been introduced 


a am’ (p+ p+" — Wo + is); (16) 


b? = 2m" (pp —p +7 — Wo + ie) 


c? = 2m** (po + p + mn — ie); 


aA m** : : 
p20" (p+ =) 
y=m"/m*; p=|pl. 

The ‘‘single electron’’ and the “‘single hole 
density matrices are obtained from (13) by means of 
formula (2.5) of the author’s earlier paper.° 

We note that in order of magnitude we have (if 
m* , m** are of the order of an electron mass, and 
the width of the forbidden band is approximately 
1 ev): fee LOe em7!; m*, m**~ 105 em}; 
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Wie 10° cm™!. Therefore, approximately, — 


++ Since this expression diverges as fo “©, it is clear 


that high frequency phonons play the principal role, and 


that therefore all our results have only a highly quali- 
tative meaning. 


The integral over p, in (13) can easily be evalua- 


‘ ? 


ted, and we obtain for the ‘‘single electron’ 
density matrix in the p-representation the expres- 
sion 


18 
p (P, P’) ee 
=8(p—p') 28" {[ pp + Wo] + 4g 
p* = 2x "gm" f8 (1 + 1). ~ 


The poles of the function (14), W, and W, , deter- 


mine (for € ~ 0) the spectrum of the elementary 
excitations of the system. We have 


VW, = "/e {We + Wo— 2 20) 


+V(W.— W,)? + 464}, 
We =*/2{We + Wy — 28? 


ral V (W- <=] W.)? —- 464}, 
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As in the unperturbed problem we obtain here 


two allowed bands separated by a forbidden region 
of width 


AW=VWoet 46°, (21) 


Thus, as should be expected, the excitation 
spectrum has a typical ‘‘semiconductor”’ form. This 
to a certain extent justifies the qualitative con- 
clusions of the band theory (as applied to the 
present case). However, it is essential to note 
that, as may be seen from (18), due to the inter- 
action between electrons and phonons the density 
matrix does not have a “‘stepwise”’ character. 

As is well known,® this suffices to produce the 
result that an arbitrarily small external electric 
field will give rise to a current. We emphasize 
that we are now discussing the ground state, and 
that consequently by definition the current car- 
riers in the present case are not the elementary 
excitations which might arise by thermal means 
in an equilibrium system. (The latter naturally 
might also have served as current carriers, but 
at absolute zero they are absent.) 

One may without difficulty compute the ‘‘effect- 


ive concentration’”’ 


n* of the current carriers in the 
ground state of the semiconductor under considera- 


tion. In our approximation 


n= (2/3n') pin (1 + Wo/4sty"*, (22) 
where p| is a certain maximum value of the abso- 


lute magnitude of the quasimomentum of the elec- 
tron. 

A precise evaluation of n* is difficult, as it is 
very difficult to determine p,,. It is only clear 
that under the ordinary experimental conditions the 
quantity n* is small compared to the density of the 
excitation of the semiconductor type and does not 
manifest itself in any noticeable way. However, 
at sufficiently low temperatures, when the conducti- 
vity determined by current carrying excitations 
(and which apparently is the only type that has 
been observed until now) practically disappears, the 
resistance of the semiconductor should not in- 
crease without limit: because of the presence of 
current carriers in the ground state the conductivity 
of the semiconductor must remain finite (though 
small). In other words, because of the interaction 
between the electrons and the zero point vibrations 


of the lattice the semiconductor becomes ‘“‘metallized’ 


at low temperatures. We emphasize that this refers 
to any arbitrary semiconductor, and is not connected 
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with the presence of impurities. Unfortunately we 
do not know of any experimental work the results 
of which might be unambiguously interpreted along 
the lines of the arguments presented above. In our 
opinion the carrying out of appropriate investi- 
gations might be of definite interest, although ap- 
parently this would not be a simple matter (single 
crystals should be used which do not have any im- 
purities in order to avoid effects connected with 
“impurity bands’? 7 ), 


3. HOMOPOLAR SEMICONDUCTOR AT HIGH 
TEMPERATURES 


At high temperatures, taking into account the 
interaction between the electrons and the phonons 
in a consistent way does not lead to such funda- 
mentally significant results as at low tempera- 
tures: however, it is apparently necessary to take 
it into account for the investigation of kinetic 
processes in semiconductors without the use of 
the kinetic equation. Indeed, it is well known 
(see, for example Refs. 8,9 ) that the criterion 
for the applicability of the kinetic equation is 
fulfilled rather poorly in semiconductors. If we 
desire to construct a theory without making use 
of the kinetic equation it seems to us that we 
should first of all investigate the equilibrium 
properties of the system of conduction electrons 
(and holes ) interacting with phonons. This 
section is devoted to the above topic. 

Following Landau and Lifshitz! we shall say 
that those temperatures are high for which kT 
appreciably exceeds the average energy of the 
interaction between electrons and phonons 
(evaluated per electron). In this case in order 
to investigate equilibrium systems of electrons 
interacting with lattice vibrations it is natural 
to use thermodynamic perturbation theory !° with 
the one difference that in this case it turns out 
to be more convenient to compute not the free 
energy F’, but the thermodynamic potential 
Q =F —pN, where p is the chemical potential 
and NV is the average number of particles in the 
system. The expression for 0) (including terms 
up to second order) is obtained in the same way 
as the corresponding formula for F (see Ref. 10, 


Sec. 32): 


tetas 4 (70 | Hint | 2)? Q, — EY) (23) 
OS De 7} sO) © EO) 
SEO SES kT 
—exp — 
ae 2kT 


Here Qo is the thermodynamic potential of 
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the system of “‘free’’ electrons and phonons; 


n, mare the sets of indices (in this case the 
occupation numbers of the electron and phonon 
states ) which characterize the states of the 
unperturbed system with energies E() and E() : 


The Hamiltonian of the interaction lene is 


obtained from (1) and (2), it being sufficient in 
the present case to consider separately only 


the conduction electrons or the holes. 
Setting 


p (x) = (Qn) "2 (24) 


x | exp {ipx — iW. (p) x0} a (p) dp, 


we obtain 


o 1 — exp 
Ae i \aP dt -f 


A 1 -— exp 
AQ, = £5\\ dp df- f 


Here the function F (p, f ) is determined by the 
relation 


W.(p+f)—vp 


(29) 
F (pf) =|exp "a7 


+1| 
x o——— — oh | [eee 


A similar result is naturally obtained also for 
the phonon-hole gas. 
Since AQ, and AQ, are obtained in the given 


approximation by adding together quantities corre- 
sponding to various electron states it is possible 
to introduce the thermodynamic potential 0 (p) 

for electrons having a momentum p and a momentum 
distribution function forthe electrons ® » <p); 


®.(p) = — 02 (p) / dp. as 


From (26)— (29) we obtain 
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Hine = ig (2n2)—"" es 


x dp dif'* [a* (p) a (p +f) & (f) exp {—i [We (p) 
— We (p + f) — f] Xo} 
— a" (p) a (p — f) & (f) exp {— i [We (p) 
—We(p—f) + fl xo}], 
where f=|f|, & (f) and &(f) are the Bose opera- 


tors for creation and annihilation of a phonon with 
the quasimomentum f. The matrix elements (25) 
are well known, and carrying out the summation we 
obtain (evaluating Q per unit volume): 


QO = 0, + AQ, + AQ,, (26) 
W..(p + f) — W, (p) +f W, (Pp) —u 
aE RIA Sane MERE eG (27) 
W,(p+f)—W,(p) +f Fp, i 
W,(p+f)— W,(p) —Ff a We(p)—ut+f 
RT ria (28) 
W,(p + f) — W,. (p) —f F (p, f) 


®, (p) = lexp ea i] 


g27 460 
T G8 O(—u) 


exp WePt NWO) tF 


1 — exp ———_____ 
nd kT 
x at-fF09, | Wo (e+f—W. (P=) +f 


4 — exp W, (p+ f)— W, (p) —f 


kT 
Wp Wa ieee 


= 82 (p) + A®(p). 


In the general case the evaluation of the integral 
leads to quite awkward expressions, If we restrict 


ourselves to only the nondegenerate case we may 
write in place of (29) 


] oa (p, f) (32) 
PAO? {[2u — W, (p + f) — W, (p)]/ kT} 
exp (F/kT)—1 i 
and integrate the resulting expression approxi- 
mately, having in mind that because of the appearance 
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of the factor exp { —f ? /2m* kT } only small 
values of f are of importance. We then obtain: 


—W ZS é 
A® (p) = 827m" fo exp =e 29 ch « 2,33) 


5 aE 
—($+2 + Zee specs, 


XZ 


Het fi 8a\[o(4—3) 


+olo+3)} 


where 
x 


2 —t? 44, 
® (x) = =\e dt; 


0 


(34) 


2 = fo/V2m*kT; «= 2p/V 2m°kT. 


In order of magnitude (at room temperature) z,~ 20, 


and « ~ 1 (for the most interesting values of p ). 
Therefore (33) takes on the approximate form: 


— x 3 2 
A® (p)~—2Vag*m'f, (1+) 8) 
ee ee Wirt the 
X exp pent. B (2). 


Remembering that the principal term in the distri- 
bution function is in this case equal to 

exp {[p-W. (p)] /AT }, we find the electron 
density in the conduction band (whose statistical 
weight is 2G ); 


N- 7 2G (2x) ° (2nm° kT)" et W,) | kT ae 


x {1 —6,9g?m' fo (zo)}. 


Thus, in the given approximation the influence 

of the phonon-electron interaction on the position 
of the level of the chemical potential reduces 
simply to a ‘‘renormaliztion’’ ofthe effective mass: 


m —>m; = m' [1 —6.9g?m'f® (2). (37) 


The latter therefore becomes dependent on the 
temperature, increasing with increasing tempera- 
ture. However, we wish to emphasize that for 
the calculation of various statistical quantities 
which characterize the semiconductor (for example 
the magnetic susceptibility, etc.) the ‘‘renormali- 
zation’’ alone is not sufficient— one should also 
use the improved distribution function. 
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The analytic dependence of the position of the Fermi level on the temperature and on 
the composition of a semiconductor in the case of low trap density has been found in the 
form of approximate formulas. With the aid of these expressions an investigation is made of 
the dependence on the above factors of the lifetime of nonequilibrium charge carriers in a 
semiconductor for small deviations from thermodynamic equilibrium which permits one to_ 
improve the formula for the determination of the binding energy of electrons and of holes in 


the traps. 


a 


1, INTRODUCTION 


aie lifetime Tof the nonequilibrium charge car- 
riers is one of the fundamental electrophysical 


characteristics of a semiconductor. For a low 
density of recombination centers (traps) and for 
small deviations from thermodynamic equilibrium, 7 
is expressed by the formula of Shockley and Read! 


T = To (Mp + My)/(My + Po) 
+ To (Po + Pr)/(Po + Mo): 


(1) 


Here nV exp{(E—F)/kT}, pqv 1exp {FE ))/kT } 
are the electron and hole densities in thermodynamic 
equilibrium; 


ny = N.exp {— (Ey— E;)/RT}, 


pi = Nyexp {—(E,—E, kT} (2) 
are quantities which have the dimensions of 
density and which are numerically equal to the 
equilibrium electron and hole densities when the 


Fermi level F coincides with the energy levels 
of the traps; 


tp = 1/A,N zp, tao = 1/AN,, (3) 


where NV, is the density of traps, A, and A, 


are respectively the probabilities of capture by the 
trap of an electron and of a hole. 

The dependence of the lifetime, and also of 
other elecirophysical characteristics (conducti- 
vity, Hall coefficient) on the temperature and on 
the composition of the semiconductor is expressed 


not only explicitly through 7, E pH, Ee is 
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etc.,but also implicitly through the Fermi level F’. 
Conseque ntly it is first of all necessary to deter- 
mine the law for the variation with temperature 

of the position of the Fermi level in semiconductors 
of different compositions. We shall take a definite 
composition of the semiconductor to mean that we 
are given the properties of the basic material, and 
also the densities and the characteristics of all 
the impurities and structural defects which it 
contains. In contrast to Refs. 2—5*, where the 
problem of the Fermi level is investigated by 
special graphical methods which require the con- 
struction for each new composition of its own 
family of curves, the present article gives an anal- 
ytic solution of the problem and presents the result 
in the form of sufficiently simple approximate ex- 
pressions useful for calculations in specific cases. 


2. CALCULATION OF THE POSITION OF THE 
FERM LEVEL 


The por ae of the Fermi level under condi- 
tions of thermodynamic equilibrium is obtained from 
the normalization condition 

foo) 


\ VE) F(E)dE = No, 


—o 


f(E) = [ele-Mer 4 y, (4) 


where NV (E) is the level density , and NS is the 


total electron density at a given point of the semi- 
conductor. 


Assuming that in the forbidden band there exist 
in the general case local levels ot S different 
types with binding energies equal respectively to 


E, (i=1,2,3,..., 5) for which N (E) =N, 5(E-E ,), 


*The formulas for F, obtained in Refs. 5-8, refer to a 
very special case which is realized, as is shown below, 
only within a very small range of temperatures. 
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we obtain from (4) 


\ N(E) f(E)dE 
+I 


2 


Ss 


N (E) f(E)dE + SI Nif (Ei) =No, (5) 


where the integrals ] and 2 are taken respectively 
over the lower and the upper bands. In terms of 
densities, Eq. (5) takes the form: 


Ss 
n+Ny—pt dm=No, 


i=1 


(6) 


where Nis is the total number of levels in the 


lower band. 


If of the S types of local levels S, are of the 


donor type (i.e., they are occupied by electrons 
in the electrically neutral condition ), then 
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S; 
Nose > PN nia: (7) 
i=1 


where N, is the density of donor levels of the ith 


type, and p is the electric charge density at the 
given point. Substituting (7) into (6) and restricting 
ourselves to the electrically neutral case we obtain 
the equation 


Ss S, 
n+ >y1—p=)>\Ni, (8) 
1 1 


which determines F. 
For non-degenerate semiconductors defined by the 
conditions 


(E,—FYkT D1, (FE VATS 1, (9) 


the distribution of electrons in the upper band and 
the distribution of holes in the lower band corre- 
spond to Boltzmann statistics 


n= \ N(E)j(E)dE =| N (E) exp {— (E — F)/kT} dE 
im 


Eu 


a) 
p= \ N(E)f(E)aeE ~ \ 


ory 


l 


Here E, and E, are respectively the top of the 
lower band and the bottom of the upper band 


(Fig. 1); 
E 
l 
we \ N (E)exp {— (Ey — E)/AT} aE 
= 2 (Qnm,kT /h?)', 
Ne= \ N (E)exp {— (E — E,\/AT} aE 
Fy 
= 2 (2nm,kT/h®) (11) 


are the reduced values of the level densities in 
the bands; m, and m, are the effective masses 
of the electron and of the hole. 
Selecting for the zero of energies the position of 
the Fermi level in a pure semiconductor (see F'ig. 1) 


N(EVeg ete gl = Neue ye 


= Neexp {— (F,, — F)/kT}, 
E 


(10) 
Po =o (Ey + E,) + YokT In (Ny/No) 
i ‘/ (Eu <a F)) aa a4 RT In (1m,/m,), (12) 


which is determined by the condition n=p ( all NV; 
=0) and introducing the notation 


9 = (F —Fo)/RTo; ©; = (Ey — FoW/bT 0: 
eu= (Fu — Fo)kTo; 
= (Ei — Fel =e aye" » 
a; = i119; y = e910; y; = Ni/Nyo; 8 =T/T5; 
x == (No/N3)'2 = (m,/m,)"'s; 


No = VN, (To) Na (To); (13) 
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Conduction band 


(2) 


Valence band 


(1) 


Ge. Ik Energy diagram of a semiconductor. - 


Clit os 61=£;—Fo; 6u= Ey—Fo, (14) 


whereT, = 300° K we shall bring Eq. (8) to the 


following form: 


S Si 
xQ?l2 Y MG 1 3]o 
“8 at Sires — x Oly = 1% Os) 


1 


In the general case this equation is of order $+ 2 
with respect to y. We note , however, that 


for (E; — F)/kT > 1, 
Te) nee 


0; [= | (16) 


Bea ee a 


Consequently, if the difference in the binding 
energies of the electrons on local levels of different 
types is much larger than £7, then (15) represents 
an equation of order not higher than the third. 

The quantity y introduced in place of the Fermi 
level has a simple physical meaning 


Yy ——4 e(F—F,)IRT (17) 


= (N2/N,)'texp {(2F — E,— E,)/2kT} = Yn/p. 


For a semiconductor whose energy diagram is 
given in Fig. 1 equation (15) may be written as 
follows: 

Vd 4 


v a 
xQ22 > fe A es CNC ce ES fs sabe 
Ge tsa ip = taaylag pee 


(18) 
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The number of electrons in traps is assumed to be 
negligibly small because of the low density of 
traps. 

In the following we shall restrict ourselves to an 
investigation of semiconductors with a small acti- 
vation energy for both donors and acceptors. A 
typical example of such semiconductors is germani- 
um® , 


|E,—Eql|~0,04er, [B,—E,|~0,04 ev, 


(19) 


for which all the following calculations have been 
carried out. 

Let us consider the n-type of germanium 
vy —v, 7? 0. Since the position of the Fermi 
level in pure germanium has been chosen as the 
zero of energy, the Fermi level in the case under 
investigation is positive at all temperatures 
(ep al) and tends to zero for ® >> 1. 

Let us first of all show that in n-type germanium 
one may take a, /y << _ 1 at all experimental 


temperatures, i. e., one may neglect the density of 
holes on acceptor levels. The ratio a ms /y is 


determined by 
%a/Y = exp {(¢2 — )/0} <exp {e,/8} 
= (m,/m,)**exp {[E,a —Y/2 (Ey, + E))\/kT}. 


(20) 


The distance of acceptor levels from the middle 
of the band is ~ 0.3 ev; consequently a, / y 
is certainly less than 0.0] up to temperatures 
5002: 

We shall denote by the term low temperature 
region that range of temperatures within which 
one can neglect the density of holes in the valence 
band in comparison with the density of electrons 
in the conduction band. We shall determine the 
upper limit ©, of the temperatures in this 


region from the condition p/n =0.01, i.e., y=10 
[ see Gl) 


In the low temperature region Eq. (18) takes 
on the following form: 


xO? l2 a2 2 vd =o 
Its solution is 
Y = (%,/2x8") {[(va + xB ea /o,,\2 (22) 


+ Ar (ai/0,) 8° (vy — va) }* — (va + eo, [ee 
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The low temperature region 0 < © <@, may be 


divided into three temperature intervals in which 

different approximate expressions for y are possible, 
Near absolute zero where one may neglect in 

(21) the density of free electrons p= »@°/2 y ce 


by 


Se | eee ae ead 
Va a(¥—¥,) a 


Mama | (23) 


u 


i a as 


The boundary of this temperature interval ©, is 


determined from the equation 


@;> exp {— (e, _— 24\/0,} (24) 
a hee vi/(vq — Ya) x, if 1 OG, 
0.01 va/x, if Vy< Qa: 

Let us now assume in Eq. (21) 
vy! (y/%g+ 1)= v7 (1 = y/%,), (25) 


which corresponds to assuming a low degree of 
occupancy of donor levels. In such a case, 


Y = %, (vg — Va)/(Vg + xB" ho /e,). (26) 


Turning to Eq. (18) and demanding that the 
error introduced by the approximation into the free 
electron density should not exceed 1% we obtain 
the formula 


{1 — va)/2xO3%0,/e,, = 0.01, (27) 


which determines the lower boundary of the tempera 
tures in the interval under consideration. 


Now substituting y= 10 into expression (26) we 
determine oF — the common upper limit of the whole 


low temperature region: 


Vd Ns Ne a ae 
a, Vy -PHOR(H /a,) = Oy (Vg — Ya)/xOF? = 10. (28) 


Va has been neglected in the denominator because 
already at @= 0.4 N. x @°/? Cy jain > 10!7cm,~3 
and from (28) it follows that @,; ~ |. Consequently 
at the usual impurity densities ©; does not de- 
pend on @, , i.e., on the magnitude of the binding 


energy of the electron on impurity levels. 
We see that ©, < 8, in all cases for actually 
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occurring values of the binding energy of the electron 
on traps. Consequently there exists a finite tempera- 
ture interval in the low temperature region in which 
expression (22) for y can be approximated by the 
expression (26). A more exact form for y in this 
interval is given by the following: 


Ye (y= Ya) (Vy x0"ox, /ar,)} 


{1 ++ (¥y — va)/(4x0""ar,/a,)}- (29) 


At temperatures ©, < © < @, the general 
formula (22) should be used. 

We now proceed to investigate the high tempera- 
ture region, i.e., the region © > ©, . In doing so 
we must take into account in Eq. (18) the density of 
holes in the valence band. 


FIG. 2. Dependence of the position of the Fermi 
level on the temperature. 1—Ng = (5c Oe Cia, NV. 


= 7.5x10 19 em” ; 2-N, =7.5x10"4 cm, Nj=7.5 


x 1013 cm? ; 3—Nj= 7.5x10!5em73 , No= 6.75 x10}5¢m-3 


As a consequence of the fact that 0, > oF ; 


Eq. (18) can be written as follows: 


x (y/«,) “Fy; (y/a,;\ — Ba, hy = V1 — Ya: (30) 


Its solution has the following form: 


7 a "Ie 
y= ae [sens + (v, —»}] os 4 — ro} ; 


(31) 
where we have taken into account that for © > 6, te 
n@3/ 2 Cae et pe AEOE 0-0, Eq. (31) is 
the same as (26). 
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In the high temperature region we shall pick out 


two temperatures: ©, , which corresponds to the 


impurity conductivity being equal to the intrinsic 
conductivity | =2(vy —v, ) ] , and 0, , which 


corresponds to the intrinsic conductivity 


[ p= 100(v, = Bi sy) ke 0, and oF are determined 
by the formulas: 


B30. /«,, a) (v, —— Ya)”, 
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These temperatures characterize the transition 
from the impurity to the intrinsic conductivity. 


Figures 2 and 3 show the result of the calculation 
of the position of the Fermi level and of the density 


v according to the above formulas. The boundaries 
of the temperature intervals are shown there also. 
For a p-type semiconductor all the results ob- 
tained above also hold, only N,; and N_ should 
be interchanged. om should be replaced by —C, : 


—o, by ©, , f by -f, ©, by = ©), & by == 


a ? 
[(v,—va)/284°] exp {s,/04} = 0.01. (32) and x by 1/ x. 
Fic. 3. Temperature dependence of the density of 
charge carriers. ]— N =7.5x10*Pem"?, N =6.78x107 cm; 
2—-Nd = 7.5x10"4em'’, N= 7.5x107? cm 3; 3— Ng 
=7.5 x 105m", N =6.75x10'°cm’®, 
In concluding this section we note that the 4 c 
direct use of the formula for extrinsic semiconduc- 100/6 < y/x, <0.016y,/¥, (35) 
Site UO Siu 
LORS Ss ek 


o = Aexp {— (E,, — E,W/2kT} (33) 


as applied to germanium may lead to quite incorrect 
values of the ionization levels of the impurities 


a = Ey in the interpretation of experimental 


data. Formula (33) follows from (21) if the term 
v, is neglected, and ify / o g °° 1, which leads 
to. 


y = V yx O~"" exp {(e, + ¢,)/20}; 
o= 0 Iny — SES (s, a eis (34) 


Conditions under which these neglections will 
hold with an accuracy to5% for concentrations 


show that (33) may hold only in the case of very 
strongly extrinsic germanium: vy /v >> 1040.67 


i.e., at least for vai 103 p 
a 


Moreover, it follows from (35) that in this case also, 
the approximation (34), which leads to (33), holds 


only within a very limited temperature interval. 
For Wy = 1.0x10 +> cme »V = 7.5 x 1077 em” 
and 6 = 10% the region in which (33) is applicable 
is limited to the interval 34° K< T < 48°K. 


3. LIFETIME 


Introducing dimensionless quantities (13) and 
adopting as the unit of time To aie 70 ), we 


can reduce formula (1) to the following form: 
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eee (1 + o,/y) (4 + v/a pv) 


is ye : (36) 
where 
T 
,= =e ow =exp {s,/0}. 


PO 
The system of equations (36) and (18) represents 
a parametric expression of the dependence of the 


lifetime on the temperature and on the composition 
of a semiconductor. In the low temperature region 


(Ors oF ) in place of (18) one should use (22), 
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while in the high temperature region (Q > OTs) 


one should use formula (31). 
Figure 4 shows the result of eliminating y from 


the system of equations (36) and (18) for ve 
= 10}8 em? , Na= 104 cm? , +=1, y =1 and for the 


other parameters determined by (19). The curve / 
shows the dependence of 7* on the temperature in 


the case that the recombination levels are situated 
at the same height as the donors e a ey Si es 
u 


= 0.04 ev. Curve // corresponds to 


ee 
eae 


7 Yo 


Fic. 4. Temperature dependence of the lifetime 
for different positions of the traps. 


as. =a S, = 0.22 ev, while curve /// corresponds,to 
ae = oF = 0.375 ev. In the latter case the trap 


levels are situated in the middle of the forbidden 
band.* 

We have shown separately the behavior of lg 7* 
at temperatures close to absolute zero (© < ©, ). 


In addition to the continuation of the graph for 

c - S = 0.04 ev (curve 1, left hand scale ) we 
have also shown here the graph for the case when the 
trap levels are situated closer to the conduction 
band than the donor levels (curve 2, right hand 
scale, which corresponds to ty - =, = 0.02 ev). 


As may be seen from Fig. 4, the lifetime of 
nonequilibrium carriers does not vary monotoni- 
cally with temperature. As the temperature is 
increased 7* increases at first, then reaches a 


maximum, then decreases. If | «, | > €g » then 


*We note that »=1, i.e., the middle of the forbidden 
band coincides with the position of the Fermi level 
in pure germanium. 


T * increases also as @ ~0 (see curve 2). An 
exception occurs in the case when the recombina- 
tion levels are situated in the middle of the for- 
bidden band (more cccurately when e, = 0, i.e., 
when the traps coincide with the positionof the Fermi 
level in pure germanium). For such a position of 
the traps 7* increases monotonically, and then 
stays at a constant value (see curve /I// ). 

Let us elucidate the physical meaning of the 
results obtained above. The relaxation of the non- 
equilibrium electron density is determined by two 
processes:]) the recombination of excess elec- 
trons with equilibrium empty traps, and 2) the recom- 
bination of equilibrium electrons with excess 
empty traps. For small deviations from thermody- 
namic equilibrium we can neglect the quadratic 
effect——the recombination of excess electrons with 
excess traps. The mathematica! formulation of the 
above appears as follows: 


— dn’ /dt == Ae’ N a + (An LF Be) Non (37) 
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where A and Bare respectively the probabilties 
€ € 


per unit time for the recombination and the thermal 


release of an electron, n and n“ are the eR dae 
7 


and excess electron densities, V,, and NV’, are 


the equilibrium and excess empty trap densities. 
The second term on the right hand side of (37) con- 
tains the expression B NV’ because the appear- 


ance of the excess density of empty traps Nis not 
only speeds up the recombination of electrons, but 
also slows down their ejection from the traps back 
into the conduction band. 
the hole we have 


—dp'[dt = A,0'N.. + (Ao + B,) 


In a similar way, for 
Evidently the excess density of filled traps is 
given by 


SNES (39) 


Ne 

Under the conditions of stationary pair formation 
and of low trap density under which formula (1) 
was obtained, the lifetinie of nonequilibrium carriers 
represents essentially the average time for the 
disappearance of an electron-hole pair, and not for 
the disappearance of either one of these two parti- 
cles. The act of the recombination ofthe electron- 
hole pair is made up of two elementary transitions 
1) of an electron into an empty trap and 2) of a 
hole into an occupied trap. As a result of sucha 
process the electron-hole pair disappears, while 
the degree of occupancy of the traps is not changed. 
The lifetime is determined fundamentally by the 
slower one of the two transitions. However, a 
simple addition of the characteristic times of the 
elementary acts cannot be used, asthis would 
correspond to such conditions under which the re- 
combination of one of the particles, for example a 
hole, would become possible only after the re- 
combination of the other particle, for example, an 
electron, had already occurred. 

If the characteristic times of the elementary 
transitions of anelectron and of a hole are quanti- 
ties of different orders of magnitude, then the 
lifetime Tis equal to the larger one of these two 
characteristic times. In the general case the 
value of the lifetime of the electron-hole pair is 
influenced by the fact that the transitions of both 
particles to traps may occur not only one following 
another, but also simultaneously. Instead of a 
singlevaiued dependence, a correlation exists 
between the transitions (the transition of the elec- 
tron may occur either simultaneously with or after 
the transitionof the hole, etc.). For the stationary 
case, when the rate of recombination is equal to 
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the rate of pair formation (illumination or injection) 
this correlation finds its expression in Eqs. (1) 
and (36). 

We now proceed to the examination of individual 
specific cases. We shall restrict ourselves to an 
investigation of n-type germanium. The results 
which we shall obtain can be easily adapted also to 
the case of p-type germanium. 

EXAMPLE 1. The traps are situated in the 
upper half of the forbidden band below the donors 
(Fig. 5a). Near absolute zero all \the traps are 
filled, and the lifetime of the hole is equal to 7 


or to unity in dimensionless units. Since the 

Fermi level y= €, > 1€., since it is close to the 
conduction band, the trap which becomes vacant after 
the recombination of a hole is filled almost immedi- 
ately (in a time smaller than Zs - ) by some elec- 


trons. The lifetime jis determined by the recombi- 
nation time of the hole, i.e., T* = 1. As the tem- 
perature is increased, a partial emptying of the 
traps takes place. The density of filled traps is 
decreased, and consequently the probability of 
recombination for holes is also decreased. Conse- 
quently the lifetime is increased. An increase in 
the temperature leads to an increase. in the free 
electron density and for €, > Oto a considerable 
increase in the number of vacant traps. Therefore 
the characteristic time for an elementary electron 
transition is very small and has no effect on the 
value of T. 

Calculations using formulas (36) and (22) show 
that over a sufficiently wide interval to the right 
of the maximum 


c* = [x0"/(¥, — va) Lexp-{— (e, — €,) 8}. (40) 


From (40) it follows that 


din <*/d (1/8) = —(e4—2,) —28. (41) 
Under the condition that 
(¢,— &,)/8 Sy (42) 


‘the slope of the curve of the dependence of the 
lifetime on the temperature plotted in terms of 1/@, 
In T* is simply equal to the distance of the 
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Pig.5. Energy diagram of n-type germanium for 


€ 


t > 0. On the right-hand side of the diagram is shown 
the dependence on the temperature of the Fermi level, 
with the energies of the traps in both cases a and b 


indicated on the vertical axis. 


recombination levels from the bottom of the 
conduction band. This gives the possibility of a 
direct experimental determination of the binding 
energy of the electron on recombination levels. 
It should be noted that such a method of deter- 
mining €, —€, is by no means always possible 


Indeed, in (42) one may take 0, PAE T2300 7 KE), 


since the temperature range under investigation is 
adjacent to the temperature ©, , beyond which an 


appreciable intrinsic conductivity appears in 
germanium which then leads to a decrease of 7* . 
Noting that the unit of energy is kT = 0.026 ev, 


we obtain from (42) 


Aé.= 6u— 0.04 ev. 
Ge= Gu Or (43) 


Consequently, only in the case when the traps 
are situated in the immediate vicinity of the middle 


of the forbidden band (A es ~ 0.37 ev ) may the 


binding energy of an electron on a trap be determined 
sufficiently accurately from the slope of the curve 
of In Tplotted against 1/7. In the general case 
the neglect of the term 3/2 © in (41) may lead 
to a considerable error in the determination of 
Scien 
Let us now turn to Fig. 4. The slope of the 
curve / to the right of @, is equal to 1.19. Going 
over to natural logarithms and to dimensional 
units we find that the slope of the curve corresponds 
to 0.068 and not to 0.04 ev. If one determines the 
electron binding energy from the slope of the 
curve in this case one will make an error of 72%. 
In order to determine the position of the traps from 


the experimental data on the lifetime one should 
construct in the region of the density plateau the 
curve showing the dependence of In (77' -3/2 ) 


on 1/T. 
As may be seen from (40), at temperatures to the 


right of ©, (O< O, ), the following exact 
equality holds: 
d In(t*/0''*) 
d (1/0) 


dln (</T'!) 
d (1/T) 


= — (6u— 6 VF. 


The corresponding curve is shown dotted in Fig. 4. 


Its slope in dimensional units is equal to 0.04 ev, 
which exactly corresponds to the position of the 


traps. 
The considerations outlined above have not been 


taken into account by Hall.’? If one introduces 
the necessary correction for @ 3/2 | then the 


position of the traps determined from Hall’s 
experimental data turns out to be equal to 0.22 
and not to 0.18 ev, which corresponds to an 
error of 20% committed by Hall. 

At temperatures higher than ey , the density of 
thermally generated(equilibrium) holes first appears 
and rapidly increases.. If for © < 0, the lifetime 
was determined largely by the process of the recom- 
bination of excess holes with the equilibrium 


filled traps 


= (6/6 hi lor 


(44) 


— dp'/dt = Atp’N, » (45) 
[ see (38) ] , then for @ > ©, the process of the 


recombination of equilibrium holes with excess 
filled traps also begins to play an essential 
role. As long as the lifetime was determined by 
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the first term in (38), it increased wihh increasing 
temperature, because the probability of recombi- 
nation correspondingly decreased due to a decrease 


of Ney 


the second term of Eq. (38) predominates, 7 de- 
creases with temperature, because the probability 
of recombination increases with increasing p . This 


In the region of high temperatures, in which 


explains the non-monotonic character and the maxi- 
mum of the curves giving the temperature depen- 
dence of T*. 

The above investigation shows that fore, > 0 


the lifetime of the electron-hole pair is fundamentally’ 
determined by the time of a transition to a trap of 
that one of the components of the pair which belongs 
to the minority current carriers in germanium of a 
given conductivity type. An increase in Tby several 
orders of magnitude in comparison with Te Heat 
intermediate temperatures is determined by the fact 
that in this temperature range the degree of occu- 
pancy of traps is small, i.e., the probability of 
capture of a hole is small. For @ 70, fz VC, 


and for 8 ~® Nie ~1/2N,, as a result of which 
0 ) 


If «, = 0, then in n-type germanium (y > 1) we 
have for all © 


Tbecomes of the order of T ; ( or T 
P n 


aN, < Nya < N,. (46) 


The occupancy of traps remains quite high at any 
temperature and therefore 7* is small (see curve 


Ill, Fig. 4). Moreover, in the region of intrinsic 


conductivity (y = 1 ) N ft = 1/2 ye Therefore 


for es 0 the dependence of In T* on |/ @, instead 
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of having a maximum and a falling off at high tem- 
peratures, acquires a plateau. 

EXAMPLE 2. The traps are situated above 
the donors (Fig. 5b). The temperature dependence 
of 7* differs from the one discussed above only for 


@< 6, 


companied by an increase of T* ( see curve 2 in 
Fig. 4). The reason for this is the following. 
Ife, > €q >» then for O= 0 all the traps are 


where a decrease of temperature is ac- 


vacant, since ye, as © ~0. Therefore the proba- 


bility of hole capture at @= 0 is equal to zero and 
correspondingly T= ©. In this case as the tempera- 
ture is raised the degree to whichthe traps are 
filled at first increases, and only then begins to 
decrease, while for €, < €4 Nie decreases begin- 


ning with @=0. Fore, > €,, in the temperature 
range up to @, , Ni increases with increasing 


temperature and consequently Tdecreases. 
Fore, =€q the degree to which the traps are 


filled remains practically constant up to ~ 0, ; 


as aresult of which 


* 


oo = t,/Tpo se vig — va) = const. (47) 


The ratio (v ee) [V4 is equal to the degree 


to which the donors are filled, and consequently 
to the degree to which the traps are filled which 
have the same energy as the donors. 

EXAMPLE 3. The traps are situated in the 
lower half of the forbidden band (Fig. 6 ). The 
character of the temperature dependence is quali- 
tatively the same as fore, > 0. An analysis 


of the formulas shows that for y = 1 ,7depends only 
on|e | 
t 


| Conduction band | Conduction band 
? 
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FIG. 6. Energy diagram for n-type germanium for é, < 0. 


*By comparison with T,9 im p-type germanium. 
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Ife, < €, (Fig. 6a) then 7* increases mono- 


tonically in the low temperature region, then goes 
through a maximum, and falls off in the high tem- 
perature region. The general form of the function 
T* (@ ) is the same as that shown in Fig. 4 
(curves / and //). However, the physical character 
of the processes which determine the temperature 
dependence of 7* is quite different. This may be 
seen already from the fact that the temperature de- 
pendence is contained in terms which include as 
a factor y , i.e., the lifetime is determined not by 
the process of recombination of holes (minority 
carriers), but by the process of recombination of 
electrons (majority carriers), 

As may be seen from Fig. 6 for ¢, = Othe 
occupancy of traps inn -type germanium ( yp >0) 
remains at all actual temperatures close to unity, 
and only for © > @, it tends in the limit to 
one-half. Therefore, practically at all temperatures 
the capture of a hole by a trap occurs during a time 
Tne On the other hand, the transition of an elec- 
tron into a trap requires a considerably longer time 


than T,9 » Since the traps are almost entirely oc- 


cupied he electrons. 

In accordance with the above, the dominant role 
in Eq. (37) is played by the second term on the 
right-hand side; in other words the rate at which 


the process of disappearance of pairs takes place 
is determined by the recombination of equilibrium 


electrons n with excess empty trapsN%,,_ ; 


’ / 
—dn'/dt ~ AnN, «. (48) 
As n increases, the lifetime Tdecreases, while 
when oe is increased 7 decreased. 


The temperature dependence of Tis determined by 
which of these two factors dominates. 

In the temperature interval from oO. to ©, , 
which corresponds to the saturation of impurity 


conductivity ,7~ const, while VN”, , will decrease 


as the temperature increases, because of the thermal 
ejection of electrons from the valence band into 
empty traps. In other words, here the principal role 


is played by the thermal barrie aa which oonsists 
of the fact that a hole captured by a trap is ejected 
back into the valence band before an electron from 
the conduction band has time to enter this trap. 
As aresult Tin this case increases with tempera- 
ture. 

As the temperature goes through © an appreci- 


ble density of equilibrium holes appears both in 
the valence band and in the traps which leads to 
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a decrease in Tjust as in the case €, 7 0 which 
was considered in detail above. 

The principal difference of the physical pro- 
cesses taking place in n-type germanium for 
€, > Oande, < 0 consists of the following. 


For €, > Othe lifetime is determined primarily 


by the characteristic time of the elementary act of 
the transition of a hole into a trap. At intermediate 
temperatures this may exceed Fi by a large 


factor as a result of the fact that a large fraction of 
the traps is vacant which makes the recombination 
of the minority carriers more difficult. For é, S00, 
the lifetime is determined mainly by the character- 
istic time of the elementary act of the transition of 
an electron into a trap. At intermediate temperatures 
this may exceed 7,, by a large factor because of 


the fact that a thermal barrier is created at the traps: 
the vacant traps are filled by electrons from the 
valence band which makes the recombination of 
conduction electrons (majority carriers) more 
difficult. 

In the general case the lifetime is determined 
primarily by the characteristic time of the elementary 
transitions of the minority carriers when the traps 
are situated in the same half of the forbidden 
band as the levels of the dominant impurity 
Ve > 0 in n-type germanium; €, < 0 in p-type 
germanium). The lifetime is determined primarily 
by the characteristic time of the elementary transi- 
tions of the majority carriers when the traps are 
situated in the other half of the forbidden band 
(e, < Oinn-type germanium, €, > 0 in p-type 
germani um). 

The further are the recombination levels situated 
from the middle of the forbidden band, the greater 
is the role played by the effect of the emptying of 


the traps , or by the thermal barrier , and therefore 
the larger will be the value of the lifetime Tat 
intermediate temperatures in comparison with 
Geer ae a This can be seen from Fig. 4 where 
12 
for ca — S = 0.04 ev (curve / ) the value of 7 
u 


approaches ~ 5x104 7 po » for Cut ee =O, 22 eV 
#: e102 To? and for Ss = 0 Tdoes not ex- 
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We have investigated bipolar diffusion in the presence of traps, taking into consideration 
the dependence of minority carrier lifetime on the population of the traps, and have estab- 
lished criteria for the validity of the linear recombination law. An equation was derived for 
the concentration distribution of minority carriers which obey a nonlinear recombination law 


ie papers on the bipolar diffusion of current car- 
riersinsemiconductors it is usually assumed that 

when the concentration of minority carriers p is 

considerably lower than the equilibrium concentra- 


tion of majority carriers no » a linear recombination 


law with a definite lifetime Tholds true. However, 
the linear recombination law can possibly be vio- 
lated even when p<<n) 
presence of hole-trapping levels which are widely 
separated from the valence band (for definiteness 
the semiconductor will hereafter be assumed to be 


This will occur in the 


n-type), in which case the holes will have a long 
lifetime on these levels before recombination. Thus 


the concentration of trapped holes and consequently, 
the number of recombinations with electrons will 


no longer be a linear function of the number of 

free holes. Lashkarev’ has found a criterion for 
the validity of a linear recombination law in this 
case. However, he did not in the same paper consi- 
der bipolar diffusion in the case of nonlinear re- 
combination. 


Semiconductor energy scheme: ny 


= concentration of electrons on donors; ny and ns 


= concentrations of holes on acceptors and in traps. Arrows indicate the directions 
of electron transitions. Transition probabilities are indicated alongside the arrows. 


Additional holes can be created either by irra- 
diation of the semiconductor or by injection through 
ap—n junction. Our further discussion will 
concern radiation—induced ‘‘photoholes’’ without 
limiting its generality. 

The figure shows schematically the location of 
the usual donor levels 1, the acceptor levels 2 
and the deep traps 3. Inscriptions alongside the 
arrows show the number of corresponding transi- 
tions per unit time. In Ref. 2 an expression has 
been derived for the divergence of the electronic 
current, ej , given by the difference between 


the numbers of excitations and recombinations of 


conduction electrons, when only acceptor and 

donor levels are present. A more general expression 
can be obtained similarly when deep traps are 
present. Just as in Ref. 2, where it is assumed 
that there is a relatively rapid exchange between 
donor levels and the (electron conduction band, and 
between acceptor levels and the valence band, it 
can be assumed that the recombination of captured 
holes with conduction electrons goes through a 
““bottleneck’’, but that capture and liberation of 
holes take place much more rapidly. Then instead 


of Eq. (8) of Ref. 2, we obtain 
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div j_ (1) 
Ost l vd2 uds 
Nea, Ps Ray a 


where i, vt and pi are the concentrations of 
donors, acceptors and deep traps; and NJt and zt 
are the concentrations of free electrons and traps. 
The meaning of the recombination coefficients 


= — [B+ ](Wz—9), 


B,6,,5, and 5, is clear from the Figure. In 


addition, we have used the notation 
GS (B_/N) e-AIkT » Qy = (B,/%) e—FaslhT 
b=(B Bj) enol Be 2h (Quima RT), 


(2) 


assuming that Ji <<B + and that 2 , and i) ; 
are not too large compared with kT’, we neglect 

z and N compared with a, . When to (1) are added 
the equations which define the electron current j_ 
and the hole current j , as well as Poisson’s 
equation we obtain a complete set of equations; 


for the one-dimensional case and with dimensionless 
quantities, these are 


dN/d: = Ny + 2, (3a) 
dz/dz = — zy— (hk — 9)/K, (3b) 
(3c) 


(v) 


D ; 
ez =| (Nz— 6), 


H2/(z + as) + (w), 
=|A+ (3d) 


where 


9 = — j_/R9 x; k= T/eMI_%; y = (e/xkT) dV /adx, 


ee V TEA (4) 
SR mme 
A = € E oy e, Se s vie _eud; 
4reu_ Cn cae D= 4reu_ ~ 


Here / is the current density, J. anduw_ are the 


diffusion coefficient and mobility for electrons, V 
is the electric potential, €=xx is a dimensionless 
coordinate, ¢ is the dielectric constant and K 
=u,/u_. The quantities v and p in brackets may 
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be omitted when acceptors and hole traps contain- 
ing electrons are neutral (we consider ionized 
donors to be positively charged). 

When we confine ourselves to illumination under 
which the concentration of photocurrent carriers is 
considerably smaller than the concentration of 
dark carriers, the case under consideration of 
possible saturation of traps by photoholes can be 
realized in practice, clearly, only in an impurity 
semiconductor (z nays Sea inee ). Therefore 
we shall assume that everywhere b << 1 and 
fa SS Mi 

In accordance with the usual experimental ar- 
rangement, when there is no current through the 
specimen (subject to a photoelectromotive force) 
 =0, while yand z can be considered small first 
order quantities. Since in a large part of its 
volume the specimen can be considered almost 
exactly neutral, it follows from Eq. (3c) that 


N=1+z2—(y)—(p) + pe/(z +43). (5) 


Eliminating N and dz/ dé from (3a), (3b) and (5) 
we obtain the field y which we substitute in (2b): 


(6) 


Udsz (Zz -+ as) *+ (I— K) z | 
14- 22 — (v) — (uw) + wz (z+ a3) * + pagz (2 + a3)? | 


See 

K 
Since za, /(z ta, )? < 1/4, whenp <1 

—(y ) —(v), the fraction within the square brackets 

can be omitted as an approximation by comparison 

Walthe le== ((a)e= (u). 

The above inequality denotes that the trap con- 

centration is smaller than the conduction electron 


for oe 0, as can be seen from (5). Following the 
indicated simplification we obtain instead of (6) 


dz/d: = o/K. (7) 


Eliminating the electronic current ofro 
and (3d), we have oq ah ge 


mma KAA heer) 
x E CORIO aes (8) 
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We determine the dark concentration of holes 7 fication the equation can be reduced to quadrature 


from the condition that the right-hand side of With the boundary conditions ¢ = ¢= 0 for f= © 
Hato) vanishes and we set 2c = a PR and y= 4 for € = 0, the solution is 
we obtain the equation * 
ig =o ; EB /r\ (11) 
Oe c= —l\ ayy FO, 
pee COS eae) EO) ale) 22 ) 
: za w(Z+9) (9) F (C) = BC? + 2p2¢ (12) 
{z + as) (z + a3 + 0) Ze aeHes , 
nate : 9 | 68a’ 4. YP (ZF oe 
where z_ is defined by the relation + 2/6 1a, + we (2 3a’, )| In ; 
Gs 
“ ~ aay ae D (a@,—2) 2A 
z{1— (vy)—(p se elge ==.0; 10 Lei acne REE: 
Cl eC A orev ei SOLD ae ae 
The next-to-last term in the second bracket of (9) 
can be omitted by comparison with 1 — (v )—(), Here the following notation has been introduced: 


just as was done in Eq. (6). Following such simpli- 


a’, = a, + 2; B = [(A/K) (1 —(r) — (p) + » + 22) + D/KY; 


= (1/K6*) [Ay (2— 3) + D(L — 0) —(#) +e — as + 2). oe 
The constant of integration € 9 is determined from The integral in (11) tan be calculated in the 
Eqs. (7) and (11) for the point € = 0 in terms of two limiting cases. 
the hole current density —~ > Which enters an 1. The case of small photohole densities 
unilluminated semiconducting region fromthe (E <<a 5 ). Then, expanding F (€) in powers of 
illuminated region € < 0. In particular, when ill- Gi a’, and stopping at the quadratic terms, we 


umination is produced by a narrow luminous probe 


obtain after integration 
whose width is considerably smaller than the 4 


diffusion length, =e is egal to half the number C = Ce—*, a ~ 
of holes created by light in unit time in a unit a Diy = ae \ as 
area which is perpendicular to the € axis. This = E (4 a | ( => ()) = (Wate ts vay : 


CH . d b 
OU A alae! le apaaeliat 1/ ais the dimensionless diffusion length. 


VF (oo) = — o/K. (14) 2. The case of high photohole densities (¢>> a’, : 


In this case only the first two terms of Eq. (12) can 
be retained. Integration then gives 


f= (2 + 1)ch 8 — 2% see —1|. (16) 
ei her me Y . 
According to (14) C=C) = — %/K«. (18) 
BVe + 20> = — 4 /K. (17) As can be seen from (16), ¢'is a diminishing 
When € , >> a’, it is possible to use (16) function of é as far as the point €,;,, Which is 
approximately in the region ¢ > a’, and (15) defined by the equation 
foro < am , and to determine the constant C ch oem (Co/x) + 1; (19) 


in (15) from the continuity of € at the point ¢=a’, , 
where both criteria are in agreement. When at this point ¢ and dé /dé vanish simultaneously. 


a << a’, Eq. (15) is valid everywhere and The solution has physical meaning only in this 
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case and can be connected continuously with the 
solution in (15). 
From a comparison of (15) and (16) it can be 


seen that for € < a”, the concentration decreases 
exponentially with the exponent o€ , while for 


E< a’, it decreases more slowly whan an expo- 


nential with the exponent 8 €. At the same time 
we have from the definitions of « and B: / 


eee ‘ 
pt -~| 1—(v) —(p) + 22+ 5 | 
a 8B + Ka, | ( ) as 3 
pAa,—z (20) 
Ke ha. 
When a’, is small « can be very much larger than 
f. Thus, when a’, << ], in the region a’, <(G— “01, 


which is usually considered linear, the linear re- 
combination law can be violated seriously and the 
mean hole lifetime can increase. This must evi- 
dently occur frequently in semiconductors. Thus, 
for example, for Jt = 10!© em-3 eee! 3 == 0.3 ev 


and at room temperature, a 3 = 0.014 (m, / m,) 3/2 


Consequently, in investigations of photo- 
conduction and the photoelectromotive force even 
in the ‘‘linear region’’, where the concentration of 
light-induced carriers comprises only a small 
percentage of the concentration of dark carriers, 


the condition ¢ << a’, can be violated, at least 


near the illuminated region. To fulfill the linear 
recombination law throughout the crystal it fol- 
lows from (15) and (18) that the following condition 
must be satisfied: 
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Be ales: —9,/nr 1. Bo payer) » (21) 
wi te <B,(e so il eg | Jr ) 
where J and @ are the intensity and frequency of 
the incident light, y is the quantum yield of the 
photoconductive effect, / is the width of the illu- 
minated region along the x-axis and d is the 
thickness of the specimen. 

When the trapping levels 3 are located close to 
the middle of the forbidden zone and the probability 
of hole capture is of the same order as the proba- 
bility of recombination between a captured hole 
and an electron, instead of the last term in 


the square bracket of Eq. (1), a calculation gives 


Ss 
(63 + N) (83/83) + a3-+ z (22) 
where 
b, = (B_/M) e-O-Ba)Rr (23) 


since Vy ~" li tor 5, es Be it is always possible 
to neglect z in the denominator within the linear 
region (z <<1), and there will be no effects 
associated with trap saturation. > 

The authors consider it their pleasant duty 
to acknowledge their indebtedness to E. G. 


Miseliuk, who made them aware of this problem. 


lV, &. Lashkarov, Izv. Akad. Nauk SSSR, Ser. Fiz. 
16, 186 (1952); K. B. Tolpygo and I. G. Zaslavskaia, 
J. Tech. Phys. (U.S.S.R.) 25, 955 (1955). 
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The hydrodynamic theory of multiple particle production developed by L. D. Landau is 
based on introducing two stages of liquid breakup ——unidimensional motion and conical 
breakup. The validity range of the second stage is exceedingly difficult to estimate. This 
work investigates a variant of hydrodynamic theory, in which only the unidimensional stage 
is considered. This variant is shown to give very good approximation for final temperatures 


r.. ~ 1.5 u— Qu. At Ty ~ w the unidimensional approximation (particularly for slow 


secondary particles) gives a result that is merely of the right order of magnitude. The 
dependence of the fastest particle on T;, is also investigated. It turns out that the condi- 


tion T; & p must be satisfied for the calculated velocity to agree with the experimentally- 
observed one. This leads to the preliminary deduction that when T;, ~ p the interaction 
cross section of the secondary particles (apparently pi-mesons ) is of the same order of 


magnitude as the geometric cross section. 


Landau,! on the basis of an idea expressed 
® by Fermi,? developed a hydrodynamic theory 
for the interaction of high-energy particles. The 
characteristic parameter of the theory is the value 
of the final temperature 7, , determined by the 


cross section o for the interaction of the secondary 
particles. Landau assumes 7’, ~ p * ( is the 
meson mass). However, this choice is by no 


means unique; if the cross section o diminishes with 


diminishing energy, T’,, may become much greater 
than z.* Qn the other hand, if the cross section is 
o~1/p,thenT, ~ p».* The value of o is thus 
closely linked to the value of the final temperature. 
To date there are no direct experimental data con- 
cerning the character of the meson—meson interac- 
tion. One must therefore choose a dif ferent path, 
namely: first obtain the value of 7, by comparing 


the results of the hydrodynamic theory with the 
experimental data, and then deduce the magnitude 
ofo. 

We shall consider in this investigation the varia- 
tion of the energy characteristics of the elementary 
act with 7, . We encounter here the very diffi- 


cult problem of accounting for the lateral breakup 
of the liquid. The conical breakup introduced by 
Landau for this purpose is a rather rough approxi- 
mation, the validity of which is moreover difficult 
to estimate. We shall therefore consider another 
approximation that is more advantageous for our 


*We employ here a system of units in which h=c=M 
=] (M is the nucleon mass). The temperature 1s 
expressed in energy units. 


purposes; in the calculation of the energy charac- 
teristics ( more accurately, the four-velocity u ), 
we neglect the lateral breakup entirely (quasi- 
unidimensional approximation ). 

2. For our purpose it is quite important to in- 
vestigate the portion of nuclear matter carrying the 
principal energy fraction (the so-called leading 
edge). However, it is precisely to this section 
that the Landau results are inapplicable, for the 
condition € >> A* on which his solution is based 
is not satisfied here. We therefore first obtain 
a solution for the forward front. The remaining 
computations are based on the concept that if a 
very high energy is concentrated in the volume in 
which the process occurs, the transverse com- 
ponents of the four-velocity wu are much smaller than 
the longitudinal one, and the energy of the particles 
is therefore determined almost completely by the 
unidimensional motion. Inasmuch as Khalatnikov? 
(cf. also Ref. 6) obtained an accurate solution for 
the leading edge, our results are approximate only 
in that the transverse components of u have been 
neglected. 

It is thus necessary to determine first of all the 
applicability limits of the unidimensional solution. 
Landau’s estimate of this limit is expressed in the 
form of the inequality ¢& <<a, As was already 
noted, he employed the unidimensional solution; 
we shall refine this estimate, relying on Khalat- 
nikov’s solution of the unidimensional problem. 
The equations of motion of an ultra-relativistic 
ideal liquid are given by the following equations: 


*Hereinafter we shall employ Landau’s notation. 
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OT ip/OXn = 0, (1) 
Tin = (¢/3) (Auite + gir), (2) 


where ¢ is the energy density in the intrinsic 


coordinate system, u. the four-velocity compo- 


nents, $1) = 622 = 6337 1» Bg9= — 1 and 85, = 9 
if i =k; i and k run through the values 0, 1,2 and 
3.* The index 0:denotes the temporal components, 
and the index ] denotes the components along the 
motion of the primary particles (axis of motion ). 
In the case of unidimensional motions, the indices 
i and k are either 0 or 1. 

Let us write the solution given by Khalatnikov 
for this case in its parametric form 


re) 6) 
i hae (Seroshp oe: Sesinkp) ; (3) 
e iG fa} 3 
i xy in si A yy las -- Fe \(cosip —sinhp), (4) 
y 
x =V 3 Aer \ eI, (VY 2*— ¢?/3) dz, - 
—/V 3 


where y = In ( BAT, ye Uy = cosh p , re the initial 
temperature, / the running temperature of the 
liquid element, and/_ Bessel’s function for 
imaginary argument. It will be more convenient 
for what follows to write the derivatives dx/¢d y 
and 0y/dp in explicit form: 


x = V3 he I, (Vy? — ?/3) (6) 
—ey \ e], (Vz? — 07/3 dz, 
Vs 
= evyA per l¥S 
tay ; 
Pou e2z] (V2 agen) ee ee 
ee Vs ps ce V 2292/3 
Consider next, two cases: a) y* —p”?/3 <1 


(leading edge) and b) y? — p* /3>> 1, corre- 
sponding to the slowest particles. As will be seen 
below, both cases overlap in practice. Expanding 
the / functions and restricting ourselves to the 
first three terms of this series, we obtain for case 
a): 


*The equation of state ¢/3 =p is used in the derivation 


of (2). 
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men {o-sy lV3+ 3 (y2 wets ) (7) 
V3 2 
~ Ft ee (4-4) 
—GE(ttt7—4) 
_— e2xiV3s E — tye Cys —2)} 
E= Be» |V3-+ (ys — 2) ” 
eae 
—S4+ 45 ( 9) 
“BaP r 442) 
sett) Late eye yee 


The relationship sinh p ~ cosh p ~ e? / 2 was 
used in the derivation of (7) and (8). + If condition 
a) is satisfied, (7) and (8) converge very rapidly. 
Furthermore, it can be shown that the denominators 
of the series terms increase so rapidly that the 
contribution of the discarded terms of power k 2_r 
is only on the order of the rth term. 

Particularly simple are the equations obtained for 
the limits of the self-modeling and nontrivial 
motion (a=— y —p/V/3=0). In this case 


re =n exp| t= 2+ V3) 


fr (9) 


E= (V3 +1) Aexp {fF e-Vah, 
w= [V3 + 1)/2(V3—1)]t/& (10) 


e = eA? / te; 


pees (CS ) (V3 + 1)-@+¥3 ie—-Vs ) 


x (V3 +2) (2-V3)A—2 V3] (2—-V3). 


lke << 15 nee ee ourselves to the first 
terms of the series (7) and (8) we can obtain a 
more general expression, valid not merely at 
=O; 
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u? = 1/,(t:)V38 A-Ve, (11) 
ae ( 2 \x2-V avs 
V3—1 


X (V3 + 122+ a) Vs, ep Ase—(aVt4)IV5 


X t-(3V3—) V3 


Let us consider further the case b): 


y* — p? /3. (12) 


For this purpose we employ the asymptotic ex- 
pansion of the Bessel function: 


oath ak (—1)* T (p+ k+ 4.) 
LAO Nat 2 Qo)* AT G—eFy,)* 9) 
We neglected the terme? in equation (13); this 
1S quite appropriate at @ > 1. 
Before inserting the series (13) into (6), let us 
evaluate the integral 
—y 
J, = \ e 
V3 
Let us break this integral up into two. In the 
first (J), ), for which z* — p?/3 > 1 ( corre- 


sponding to « 2,1/p), we shall employ the asymptotic 
expansion; in the second ( J a PLS pt hare) 
we Shall employ the series (6). Since the contri- 


bution of the second integral is slight, it can be 
adequately represented by the first terms of 
series (6); 


oz ip (V2? — p?/ 3) 
(V 2? — p?/ 3)” 


eels 


4 a pe 4 
titi eet (e SED eee (14) 


The integral J, reduces to the sum 
of integrals 


exp {2z + V 27-92/3 
Rp ~\ 


(@—e2/ayhetee mn OO 
The important factor in this integral is the ex- 
ponential term. Let us therefore first evaluate the 

integral 
®(z) = (exp (22 + V2 —p/3} dz, 


and then make allowances for the effect of the denomi- 
nator. We seek ® (z) in the form 


= 4 2 15 
® (z) Lpxavssaa +0) (15) 


xX exp {2z+ V 2? — p?/3}, 
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where ¢(z) satisfies the equation 


[2 + 2/V 2? — 67/3] 9 (z) + 9’ (2) (16) 


+ 2/3 V2 — 97/3 (2V 22 — 7/3 + z)=0. 


: 2 2 
Assuming z~ — p~ / 3 >> 1, we can approximate 


(16) by 
30 (Zz) + 9’ (z) + p17 27 == 0) (17) 
hence 
(2) == few \ ede. (18) 


Using the asymptotic expansion 
TZ 


Le IE k kik 4) (19) 
se, a Tz" [! rag + (rz)? 


kR(k+1)...(k +i) | 
a ee ee a aye ae 
and restricting ourselves to the first term only, 
which is quite appropriate as long as we are in- 
terested in relatively small & and large z, we can 
finally write 


o(z)~ 0? /81z%. (20) 
The function ~( z ) << p 2/54 z2 and can there- 
fore be neglected in (15); in our approximation 


® (z) ~ 3/3 (1 — 9? / 182?) (21) 


x exp (2z4+ 2 — p73 


ee = p° / 3~ 1, we cannot represent (16) by 
(17); analysis of (16) shows that in this case 
p(z)~ 1/(2 +z ) and neglecting this function 
results therefore in an error by a factor of ap- 
proximately 2. In the second (logarithmic ) 
approximation, the factor in front of the exponent 
in (15) must be set equal to unity. 

Let us evaluate the role of the denominator in the 
principal integral. Using an asymptotic expansion 
analogous to (19) and restricting ourselves to the 
first term, we can obtain 


Rye Uy 1827) (2 pa 3a eee (oe) 
‘ exp {32 — 9? / 627}; 
eee s> 1 
sesicaiaels (23) 
62 


Ree (1 ihe ae 


EXP SZ p7/027}- 
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ean ok 


Re~ (2 $272 uy 


arena 


x exp {2z + Y 2? — p?/ 3}. 


We shall assume hereinafter that (23) represents 
the upper limit of the integral, and (24) the lower 
limit. This is equivalent to the condition y ? 

_ p°/3 >> ]. Let us next evaluate 
20 | 


pa ne ees ry 
Jur — Ro (V (9? / 3) + SL exerapme recat mo) 


Since z ~ p/ V3 in this case, and we are interested 


invcea-a2 —— 4) then 


Jy — Ra (VE +1) ~ VBE" [o 2VE+ 0) 
It follows from this that 


Jir— Ro (Ve /3)+1)/Ro(— y)~e’. 


Thus, restricting ourselves to an approximate 
accuracy of 10— 15 % , we can neglect KR, and 


the integrals Jun and lbs 4 


Examination of (13) shows that to obtain the 
same accuracy, approximately 10%, we need use 
only the first term of the series. 

Let us now derive several specific equations. 
Neglecting the factors in front of the exponents in 


(23) and (24) and the quantities Ihe lie (7/3) Ls 


and 0X/ dp, we get 


e—p— oy + Vf —p*/3, (25) 


4~—p— 2 + V¥P— p73, 
where 


eG Ay eine Ay! 


As can be seen from the preceding estimates, the 
errors due to the items neglected are quite large if 
yen p 2/3; the relationships (25) and (26) are 
merely ofthe right order of magnitude 

Solving both (25) and (26) for p and y and then 


using u = e? /2 and ee. e*” , we obtain 
8 0 


En fea (27) 


e = ey exp {—4/5(n + -Vm)}- 


Equations (27) were first introduced by Landau’. * 
Somewhat simpler expressions can be obtained if 


*The Landau solution is derived from the asymptotic 
expansion in Ref. 5. 
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y? >> p? /3. In this case, neglecting the factor 
epv3y , we can write 


ae eZ, 
ot = V3] Bre ery" 28 


en =) 3/2ne—*e-Py—". 


Putting y-}/? =1, which usually introduces an 
error of the order of 2, we have 
oe (69/3) (AR) Heys wen M2) 
3. Let us evaluate the applicability limits of 
the unidimensional solution. For this purpose let us 
write fig. (1) as : 


a 0 0 aot ys 
4 = (eu?) + 5 + 855, (eu?) = 05 (30) 


dc d/e G) a. (31) 
rt a (Ge) + Aga e®) = 0; 


a a a 32 
4 5 (eu®9) + 45, (cu) + 5 = 0. 2 


The following was assumed in the derivation of 
these equations: u ~ Ui =U;u, =u, =u re) 


2 3 ; 
0/ dx. = 0/0x 4 * | In addition, the term discarded 
in (32) is considerably smaller than the term re- 
maining. Under these assumptions, the fourth 
equation of (1) becomes identical wthh (32). 
Equations (31) and (32) differ from the equations 


for the unidimensional problem in their last terms. 
We shall assume that in (32) these terms are small 


‘compared with the remaining ones. We shall 


therefore write equation (32), which relates small 
components of the tensor T , in an approximate 
form, depending on what section of the liquid is 
under investigation. Let us consider first the 
leading edge, for which REN Since ¢ (t=0) 
SAC = 0)=«€, and u (t =0) =u(x, =0)~ 1, then 
d/dt~ d/dx_, and fq. (32) can be rewritten as: 

8 (0 / dt) (eu23) + de | Ox, = 0. (32a) 


We seek a solution in the form 


ut = u3(t,8) + (t, 9) 


e = e—*l@[e, (t, £) + 0, (t, £)] 


(¢, andu, satisfy the equations describing the 


unidimensional motion ), corresponding to an 


*The equalities u, =u and 0/0x » = d/dx., follow 
from the axial symmetry. 
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initial exponential radial distribution of the energy 


density. Assuming 9 — u? , and Goss € i 


and making use of the relative smallness of the 
last terms of (30) and (31), we obtain the following 
system: 


eer eo ok) 4 
Brae eisaige Pall) + oe ze \eudt =0, (33a) 
002 =| G2 £191 4 
Oia Gor. u2 ut |  2atu2 \ edt = 0, (33b) 
> 
= ¢ 
8ae,u" \ s.dt. (33¢) 


We next seek a solution in the form 


gr = (Ciit /a*) u2, oy = (Coft /a2) en. 


Such a solution satisfies the initial conditions 


p(t=0)=9( €=0) =0. Using (14) we get 


eas ao 


BV 3S 
% (Cy + C,) t01-6 V3) 12 V3 g-4V 345) | 2V3 AVS” 
2 V3+4 ma re 
eee ee! NYS 
Vea 


x g—(3V 344) (Vs 


V3 __px(s-Vj VE p—@VE}0)1 VF — 0, 


mes) 
D173) Cett37 9) V3 ,-22+V3) | Vs (34b) 
oi (STEEP VSS] (epee ny oul les 
ye Tt 6V3) | V3 AVs 
_ rok p5—aV'8) | 2V3 ,—(11+ 613) | 2V3- Uae. 0. 


2 3 


Equations (34) cannot be solved for C= con- 
stant. However, we can assume that the last 
equation in (10) is approximately satisfied in the 
vicinity of the leading edge. Then, expressing 


¢ “ans y2 L in the first terms of (34a) and (34b) ]* 
in terms of € , in accordance with (10), we obtain a 
simple equation from which it follows that 


91 ~ (6t / 3a”) ut; %_—~ (Gt / 4a”) 2. (35) 


We next consider a section in which the condition 

2 ; pee ; — 
p*/3 <<y® is satisfied. In this case it is 
convenient to write Kg. (32) as : 


Oc 


0 0 
457 (utd) +2509) +5 = 0. (3b) 


In the region under investigation t ~ € and 
Be ~ 0/0€ , and therefore we have in lieu of 


¢,dt=0; (36b) 


0 
Ae Oyen et 2 0%. Zane 
ot (1% Poult) ++ Of Ua \ edt =O (36a) 


(36c) 


Using (31), equations (36) can be readily solved 
by putting, as before, 


91 = (Cyit /a°) ui; o = (Cit /a?)e,, 


upon substitution we obtain 


Q1~ — (8/40) uh; —~ (et / 20") 21. (ga) 


The condition t €/a” < 1 is close to the analogous 


condition derived by L. D. Landau, but with the 
substantial difference that in Ref. 1 the condi- 
tion is stated in the form of a strong inequality. 
The formal similarity is not surprising since both 
derivations employed the relationship wu Cappy 
which, as we verified, is approximately satisfied 
whether y to~ p.7/ 3:08 y” SS p*/3. 

4. Let us next examine the temperature limits 
of the applicability of the unidimensional motion. 
First of all, let us express the parameter y = 1/4 
In (¢/e , ) in terms of the enrgy EY of the inci- 


dent particle. The initial energy density is 


(36) 


—_——_———————— 


*We note that the exponent (2 — /3) /2 is consider- 
ably smaller than unity. 
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where fe =-/ 2E is the total energy in the 


center-of-mass system; let us also assume, in 


—— 


agreement with Fermi”, V =(47/3p3) V2/E | 2 
substituting the expression for V into (36) we get 


&g = (3/4r) Eo’. (37) 


From simple thermodynamic considerations (see, 
for example, Ref. 4 or 7) we can ascertain that at 
a temperature 7 the boson energy density is 


6 = (6,0/2n7) a, 1%, (38) 
and the fermion energy density is 
¢ = (5,7/2n?) a,T", (39) 


where ay and a, are the numbers of the internal 


degrees of freedom of the particles; ess for 


pi-mesons and a, = 8 fornucleon-antinucleon pairs. 


Strictly speaking, kgs. (38) and (39) are valid if 
T is many times greater than the rest mass ‘i of 
the particles under consideration. However, by 

applying the rigorous expressions for the energy 
density * it can be shown that even if JT ~ Sli the 
values obtained from (38) and (39) differ from the 


true ones by approximately 10%. Hereinafter we 
shall restrict ourselves to pi-mesons and to tem- 
peratures 7’ > y , using therefore Eq. (38). 
Equations (38) and (39) yield 

y =*/,1n (4T* / Ep). (40) 


Let us consider next the leading edge. According 
to (12) 


a —4y — 3 4 
te /a?=(2/8,)e-8 =p? f2T*. (41) 
We thus obtaint €/a?=1 at T~ 1.3 p and 
t €/a* ~ 3 at T =p. Equation (37) indicates 
that as far as the leading edge is concerned, the 
motion of the liquid can be said to be quasi-uni- 
dimensional at temperatures upto 7 > pz. The 
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quantity ¢ €/a is greatly dependent onthe tem- 
perature, and at 7’, < y the lateral breakup would 
therefore influence the energy characteristics quite 
substantially. 

It is interesting to note that Eq. (41) does not 
depend on the energy. This shows that the dimin- 
ishing breakup angles and the longer path covered 
by. the liquid with increasing E, compensate each 
other. 

Consider next the region of the slowest parti- 
cles. Using (31) and (40), we readily obtain for 
this region 


t/a? = (1/4.3°?) Bie 8 
/ ) 0 tt . (4.2) 


For an energy £) = 105 , we obtain té/a? =1 if 


Lx eels 18 but t €/a? Gt TS 2 the 

Apparently the quantity t€ increases continuously 
with diminishing p. Although this statement has 
not been rigorously proven, the following estimates 
make its truth quite likely. We examined 


a(t) a Hi dx\2) 
de dp le (3) | 
for the leading edge [see Eq. (10) } and for the 


logarithmic approximations (25) and (26). In both 


cases we found 


A (t&) do <0. 


Consequently, the lower the energy of the escaping 
particles, the more pronounced the lateral breakup, 
with the lowest temperature at which the quasi- 
unidimensional solution is valid in all regions 
being given approximately by Eq. (42). 

In conclusion, let us tabulate the values of 
Et/a 2 for various values of Ey and 7 , numeri- 
cally determined from the exact Eqs. (3) to (6). 


E, = 3-108; T=2u Eo =4-40% T=1,5u BE, = 10% T= p E,=2-404; T=p 
Uo Etia Uy Etia?: Ug Etla2 Uy Et|a2 
49 0.2 14 0.8 14 3,2 49 30 
4 0.35 5.5 1.0 55 44 24 4.5 
10 0.7 3.0 1.2 3 LF OINN 46 8. 
5 1.2 14 1.6 1,4 6,2 3 16 
ree! 2.0 1.4 2.0 1.4 8.0 1.4 25 
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Comparing the data in the last line of the 
table against those obtained from Eq. (42) we see 
that the latter apparently gives a value that is 


approximately 2—3 times too high. The motion 
thus is quasi-unidimensional at 7 ~ 1.5 1 to Qu. 
It is interesting to check the validity of the quasi- 
unidimensional approximation at TY ». As can 

be seen from the Table [ cf. also (41) ], the regions 
adjacent to the leading edge satisfy approximately 
the criterion ¢é / a * ~ 1, but the quasi-unidimen- 
sional nature is lost in the region of the slower 
particles. Nevertheless, a noticeable difference 
does take place as E, changes from 10 ? to 2 

4 

sO. At E, ~ 10% we get for the slow parti- 
cles €t/a* ~6to8 and consequently y , ~ u> 


1 
[ cf. (35a) ] . We can therefore 
expect the quasi-unidimensional approximation to 
give the correct order of magnitude for these 
particles. Qne cannot expect more in this region, 
for the condition u >> 1 is no longer satisfied 
here. Consequently, it becomes probable that for 
eee wih ot By. <0 3) the quasi-unidimensional 


and ~ 
Po eoy 


approach will also yield greater accuracy than the 

conical breakup. A somewhat different situation 

arises at higher energies, where we can have 

are iy 
5. Let us analyze the temperature dependence* 

of the energy fF of the fastest particle.® The 


velocity u_, of this particle is determined from 


and p, >7 €,.- 


the relationship 


Pm =—V3y, (43) 


which is satisfied in the self- modeling motion 
region (see Ref. 5). Substituting the value of y 
from Eq. (40) and using u = ep/2 we get 


Um = "/>(Eou? /4)V 34 T-V3 , (44) 


To obtain |e ( in center-of-mass system ) we 


shall assume that the particles bound to the ele- 
ment move isotropically in the system. Then, 
assuming that the secondary particles are mesons, 
we have 


Em = 2BT pum = B (Eqps/4)¥% T-V-D , (45) 


where B ~ 2( for Li ~ pw, B=1.8).? 


The transverse components can be neglected in 


*The behavior of the fastest particle at T ~ i was, 
studied previously by Gerasimova and Chernavskii. 


223 


nn transition to the laboratory system, and there- 
ore 


Em = QV) BEC Aly, VT (TV 3-1), 


(46) 
We thus obtain for E. = 102 
Em~0.35E, (Tr =p); 
En~ 0,25E, (Tr= 2p); 
E,, 0, (Een Ge 31). 


It follows from an analysis? of experimental 
data 1°-!? that at these energies one of the parti- 
cles carries off a considerable fraction ( 2 1/2) of 
the primary energy. One can therefore expect within 
the framework of the hydrodynamic theory to have 
T;, < »*. This conclusion agrees with the de- 


duction made essentially by Belen’ kii 1? who 
compared the dependence of the fraction of energy 
carried off by heavy particles on 7’ ;, With Grigor- 


Cen es 


ov’s'® and Zatsepin’s ° experimental data. The 


relationship 7, < y leads to an important de- 
duction. Very simple estimates* show that if 
T,=1.5 p and o = (1/p ) 2 / 3, the mean free path 
is approximately three times greater than the 

linear dimensions of the system, 1/p. In this case 
the free breakup should therefore occur even at 
T,,~ 1.5, contradicting the condition Ve i - 
One can conclude from this that at re a the 


interaction cross section of the secondary parti- 
cles is of the order of 1/ 2 

In conclusion, we must emphasize the very pre- 
liminary character of this deduction. It is based 
essentially on the study of the behavior of the 
fastest particle, a study that cannot be carried out 
conclusively within the framework of pure hydro- 
dynamics. One should rather examine the entire 
leading edge as a whole (cf. Ref. 7). The situa- 
tion becomes even more complicated by the fact 
that the experimental data on hand indicate °7?* 
that as arule the fastest particle is a nucleon. If 
this fact is confirmed at sufficiently high energies 


( > 10 }? ev), the only ones for which the hydro- 


* Although some discrepancy between the experimental 
and theoretical dataremains at 7) = there ate many 
factors (thermal motion”? , presencé of heavy particles !2) 


that should tend to decrease this discrepancy. 
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dynamic treatment can be deemed valid, it will 
become necessary to resort to nonstatistical 
factors to explain this fact. A possible way out, 
within the spirit of the hydrodynamic conception, 
is to refine the initial conditions of the problem 

(to assume, for example, that the first particle es- 
caping from the volume is a nucleon, which acts so 
to speak as a ‘‘piston’’ for the entire remaining 
system*), 


GO Gt G2 G3 04 05 G6 G7. G6 O9 WE 


b= Tes3, Ore = Ty op 


6. In this section, let us consider the energy 
distribution. Since the number dN of particles in 


an element of liquid is proportional to the entropy 
dS contained in the element, we can write 


aN ~ spup,Ridé, (47) 


where s, and R, are the entropy density and the 
transverse dimensions of the element at the in- 
stant of free breakup. 

Inasmuch as s,; ~ is = const., we have 


dN = Au,Ridé, (48) 


=l+t, * /@? 


A= const; R,, pe 


2 
uy 5 We Can put ap- 
proximately 


Ry, = 1 + tebe / an. 


#The value of Bes depends also on the volume /, 


of which only the order of magnitude is known. Using 


(37), (43), and (45), it is easy to show that p ~~" 


4 
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The constant A is determined from the equality 


2ABT n \ und V ny BIO" (49) 
The energy distribution thus depends on the function 
up, ( €, ). Approximate estimates can be made 


from equations (7), (8), (11), (25), (26), and (31). 
By way of illustration, the figure shows the 
numerically-computed energy distributions at 


Ey =2 x10* and at temperatures T,, = 1.5p and 


r, = Sp. 
In conclusion, the author acknowledges his 


debt to L. D. Landau, S. Z. Belen’kii, and I. M. 


Khalatnikov for discussing individual problems 
touched upon in this investigation. 
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Radiation from good conductors is examined by the methods of the electrodynamical 
theory of thermal fluctuations. In the first part of the work, radiation in the wave zone 
is found, with particular attention devoted to the limiting cases of very short and very 
long waves. Radiation from bodies with surface anistropy is examined. In the second 
part of the work, the fluctuating field in the neighborhood of conducting surfaces is con- 


sidered: 


near a metallic plane, at the focus of a parabolic mirror, and at the center of 


a spherical mirror. Fluctuating surface charges are calculated. 


i 


1. THERMAL FIELD IN THE WAVE ZONE 


qe analysis of thermal radiation from heated 


bodies can be considered as a problem of 
phenomenological electrodynamics if, following 


Rytov!»?, random extraneous fields, or equivalently, 


random extraneous currents with zero radius of 
correlation, are introduced as the source of this 
radiation. As has been shown by the author”, the 
electrodynamic reciprocity theorem allows a sub- 
stantial simplification of the problem, reducing it 
to quadratures, if the solution to the corresponding 
subsidiary diffraction problem is known. In parti- 
cular, the spectral density P_ of the flow of energy 
of the fluctuating field in the*wave zone, per unit 
solid angle, is connected with the effective trans- 
versality of the absorption for a plane wave with 
the same polarization as the radiation field by the 


formula 


Py = (0/2) A/, (1.1) 
where @ = kT is the temperature of the body in 
energy units (we limit ourselves to the classical 
region of frequencies hw <<@), and J is the 
wavelength. The direction of the quantity P is 
the direction of the infinitely distant source of the 
incident plane wave. 

The effective transversality of the absorption is 


j= ee 
(c/8r)| En (¢/8x)| Aj’ G2) 


where Q are the thermal losses of the diffracted 
field in the body under consideration. 
For good conductors, the diffracted field inside 
the body differs from zero only in a thin surface 
layer, whose thickness we may consider small 
with respect to all dimensions of the body and 
wavelength. In this case, Joule losses may be 
calculated by the formulas of the theory of the 
strong skin effect*: the heat arriving at an element 


of the surface of the body dS is 
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4Qo = (¢/8r) q| Ho PdS; 1=Vpo/8no, (1.3) 


where H_ is the tangential component of the mag- 
netic vector of the diffracted field on the surface 
of the body, o is the conductivity, and p is the 
magnetic permeability. To a first approximation, 
Lil is the same as it would be at the surface of an 
ideally conducting body. 

Thus, for good conductors, the spectral density 
of radiation of interest to us can be represented 
in the form 


S) OnS 


a y , 
Py== THe Pl toP as = sa Gras) 
where S is the surface area of the body, and 
G = $ | Hof dS /| Aine PS (1.5) 


is a dimensionless function of direction and polari- 
zation, generally of order 1. 

Integrating Eq. (1.4) over both polarizations 
and all directions, we obtain the spectral density 
he of the total radiation 


OnS 
oo \(G, +. G,) dQ, 


where dQ) is the element of solid angle, and Gy; 
and G, correspond to the two different polariza- 
tions. In the future, in considering solids of revo- 
lution and plane laminae, G will be denoted by C ,, 
for a wave whose electric vector lies in the 
meridian plane (or plane of incidence), and by Gy 
for a wave whose magnetic vector lies in the 
meridean plane. 

Exact solutions of diffraction problems (for ex- 
ample, for a sphere or disc) are represented by 
functional series, the substitution of which into 
Eq. (1.5) gives, after completing the quadratures, 
a certain series for the desired function G. We will 
not consider these exact solutions here, but will 
limit ourselves to those cases in which all the di- 
mensions of the body are either great or small with 


(1 .6) 
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respect to the wavelength. Then approximate solu- 
tions of the diffraction problem can be used (geo- 
metrical optics, quasi-stationary approximation), 
yielding finite algebraic expressions for GC. 


1. Shortwave Radiation 


If the wavelength d is small comparedto all dimen- 
sions (including radii of curvature) of an ideally 
conducting convex body, then in the geometrical 
optics approximation, the diffraction field H | is 
zero on the shaded part of the surface of the body, 
and on the illuminated part is determined by the 
reflection formula 


H, = 2[h — n(n-h)] Hine (1.7) 
where n is a unit vector normal to the surface of 
the body, and h is the base vector of the magnetic 
vector of the incident wave. Substituting (1.7) 
into the general formula (1.5), we obtain 


G = +S [1 —tn)"148, ee 


where the integral is taken only over the illuminated 
portion of the surface of the body. For bodies 
having a center of symmetry, the integral over the 
shaded portion is evidently equal to the integral 
over the illuminated portion, so that the formula 
(1.8) for such bodies can be written in the form 


ip =§ [1 —(n-h)?] dS = 2[1 — (n-h)?], 


| where the bar denotes an average over the surface of 
the body. Let us consider two examples: 

a) Plane thin Lamina (Fig. 1). For a parallel- 
polarized wave, the vector h is parallel to the 
lamina, and n* h= 0. For a perpendicular-polar- 
ized wave, n*h= sind, Consequently, 


G| = Git —-Zicos* 3. (1.9) 


For 3 =0, as could be expected, G,, = GC; for 
3 = 7/2, G, = 0 and the thermal radiation is linearly 
polarized. 

b) Solid of Revolution With a Center of Symmetry 
(Fig. 2). Let the origin of the coordinates coincide 
with the center of symmetry, with the z-axis along 
the axis of revolution of the body. The direction 
cosines of the normal vector n are denoted as usual 


by o B, Y> and the orientation of h by h,, h,, h,. 


In view of symmetry, evidently, 
ap — Py = 7x = 0; 08 — 59 = T/a(L— 73), 


so that 
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(n-h) ? = */2 (1 — ?) (Ai + h3) + hi. 
For a parallel - polarized wave 


(n-h)? = 3/2 (1 — 7°). 


For a perpendicular-polarized wave 
(neh)? = 1/, (1 — 72) cos? 9 + 7? sin? 9. 


Thus, for solids of revolution with a center of 
symmetry 


Gy eee 7; (1.10) 
G,=1+ 77+ (1— 37?) sin? 9. 
Just as in the case of the lamina, G,,does not de- 
pend on the angle 3. For a sphere, y” = 1/3, and 


G | =G = 4/s. CEeTh) 


For a thin disc, 7 es 1, and 
G) =2; Gi = 2cos?9, 


i.e., we obtain the result found earlier. For a thin 
extended needle, 7 2 ~ 0, and 


Gy i== ie Ga =1i-isin’ 2: 


Generally, for an oblate convex solid of revolu- 
tion, it is evident that y 2 > 1/3, and consequently, 
according to (1.10), Gy < G,, and Gris maximum in 
ye direction of the axis of revolution = 0. But 
or a prolate convex solid of revolution, 7 2 

mY < 1/3, 


G > Gy, andG, is maximum in the equatorial 
plane 9 = 7/2. 


PG 


In particular, for 
’ an oblate spheroi 
meine pheroid of eccen- 
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ya — —(Chy+1)(shy—y) _ (1.12) 


“(chy—1)(shy+y) > X= 2arthe 


= 


and for a prolate spheroid of eccentricity e 


ya _ (1+ cos ¢) (p—sing) | ; 
= G—cose) ef sing) > P= 2aresine. (1.13) 


A graph of y 2 versus e, based on Eqs. (1.12) and 
(1.13), is given in Fig. (3). Using this graph and 
the general formula (1.10), the shortwave thermal 


radiation can be calculated for any metallic spheroid. 


10 88 6 046 G2 0 C2 04 06 C8 Kd 
needle ee sphere Caer disc 
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Substituting (1.9) or (1.10) into the general for- 
mula (1.6), we easily find that in both cases the 
spectral density of the total radiation is 


Tq = 16 07S / 322. (1.14) 


We will now show that formula (1.14) is valid for 
an arbitrary convex body. We note that this could be ex- 
pected beforehand, since in the geometric optics 
approximation, the usual formulation of Kirchoff’s 
law is valid, and the total thermal radiation does 
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not depend on the form of the body, but only on its 
surface area. 

Adding Eqs. (1.8) for the two possible mutually 
Peg polarizations hj and h, and noting 
that (n° h,)° +(n ‘hs = ]1~ (n° 1)”, where 1 is 
the base vector of the wave vector of the incident 
wave, we obtain for the summed factorG -G 
+G, the following expression: 


G=— (0 +148. 


We will integrate this equation over all directions. 
To each direction may be compared its direct oppo- 
site, for which an illuminate d part of the surface 


appears as a shaded part for the original direction. 


Therefore, 
Z 
GdQ— i h [1 +(n-1)?] dS dQ. 


But for arbitrary n, 


1)? dQ = 4n/3, 
so that i ) / 


\ Gida Sone (1.15) 
Substituting (1.15) into (1.6), we again arrive at 
Eq. (1.14) for the total radiation of an arbitrary 
convex metallic body in the geometrical optics 
approximation. 


3. Longwave Radiation 


If the wavelength is large compared to the di- 
mensions of the body, we can confine ourselves to 
a consideration of the diffraction problem in the 
quasi-stationary approximation. In the quasi- 
stationary approximation, the magnetic vector is 


H, = Hot? where ie is found from the solution 


of the magnetostatic problem of an ideally con- 
ducting body placed in a homogeneous external 
magnetic field Hoe Actually, the vortical 
addition se , generated by the changing electric 
field, is determined by the equation curlH, 

= (27i/A)E. But considering order of magnitude, 
feurl He (/a)H oe (a is a characteristic 
dimension of the body, a << A) and consequently, 
H ~ (a/NEX (a/A) Hy ot» since ey He 


vort 
~ FE, Thus in the quasi-stationary approximation, 
thermal losses are due to the magnetic vector* of 
the incident wave. 

* Taking account of the electric vector of the inci- 
dent wave is essential only for very thin rods (wire 


antennae)having resonance properties. Thermal radia- 
tion of such rods has been considered by Rytov and the 


author?+ 
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A magnetostatic problem for a body with zero 
magnetic permeability corresponds formally to an 
ideally conducting body on the surface of which the 
normal component of the magnetic vector is zero. 
We note that when the body possesses three 
mutually perpendicular planes of symmetry, it is 
sufficient to find the factor G only for the three 
principal axes. Let H;,, = h=h,it hej + hak 
where i, j, k, are the base vectors of the principal 
axes. Clearly, 


Hy = hyHo + hzHos ha hsHos, 


is the magnetic field 
corresponding to H. om In view of the symmetry 
of the body, integrals of the form 

 HoiHoxdS = 0, 
and therefore, for arbitrary direction h, the function 


G is 


where, for example, H 


As an example, we consider a body having the 
form of an ellipsoid with semiaxes a, b, c (a>b 
> c). Substituting the solution of the magnetostatic 
problem for an ellipsoid with p = 0 (see for example 
Ref. 6, where the detailed solution of the equivalent 
electrostatic problem is given), we obtain after 
straightforward but somewhat laborious calcula- 
tions, the following expression for G,: 


Gie17) 


2 a? 


SG, = 
1 (4 = My)? (a? — 8%) (a? = c?) 


u (a*— wu) 


ey Gomes 


(vu — b?) (vu —c?) 
ee 


where 
co 


M, =5\ ds/(a? + s) 


0 


(1.18) 


XV @ +5 Fse+s) 


Formulas for G. and G, are obtained from (1.17) 


and (1.18) by cyclic permutation in the expressions 
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under the integrals and in the factor outside the 
integrals, with a subsequent change of sign if 
negative expressions are obtained during such 
permutations. We note that M, ee M, +M.=1. We 
will not write here the representations of the right 
hand side of (1.17), (1.18), as well as the area of 
the ellipsoid S by elliptic integrals, but will limit 
ourselves to the case of an ellipsoid of revolution 
for which the quantities of interest to us are ex- 
pressed by elementary functions. Omittir the 
intermediate transformations, we present the final 
formulas. 

Oblate spheroid (a = b > c) of eccentricity e: 


G.= 
3 = Gp (1.19) 


= 2(1 — M)*(xchy—shy) 
= (ch y— 1) (shy = 
G,=G6,=G;, 
= 41 My Xch shy — 3%) 


=~ (chy — 1) (shy + x); 


arctg sh (x / 2) ) ; 


= M, = cth? + (1 — 
M = M, = cth® 4 (1 eee 


where y is associated with e by formula (1.12). 
Prolate spheroid (a> } = c): 


Ge es, (1.20) 


= 2(1 — M) 2(sine —¢cos 9) 
+ (1 —cos¢) (p+ sing); 
G,=G;=G, 
= 4(1 + M)?(~—cos¢sing)/(1 — cos ¢) 
x(¢ + sing); 


arth sin (9 / 2) 


M=M,=ctg? & 
Lame a sin (@/ 2) 


one pis associated with e by formula (1.13). 
ne indices oe and ‘‘e’’ in Eqs. (1.19) and (1.20) 
ue Ee rae “equator,’, respectively, 

or solids of revolution, the 

(1.16) can be written in the iat ail a 
G= 2 2 
fpG, + hypG,, 

where his the projection of h on the axis of revo- 
lution, and /, is the projection on the equatorial 
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plane. For parallel and perpendicularly polarized 
waves, respectively, 


Gi =G,; Gy, = sin? 3Gp + cos? 9G,. (1.21) 


For a sphere (e = 0), Eqs. (1.19) and (1.20) give 
Co = GC. = 3/2, so that* 
G1 =G1 =p (1.22) 


For a disc (e > 1), it follows from (1.19) that 


as 1 8 2 1 
Gp = gr (arthe— >) 3(In%_ 4); 
and 
8 2 
G, = 1; G1 =a (In — +) sin? 9 + costs, 


For a needle (e + 1), formula (1.20) gives G, 
= 1] and Gy = 2, so that 


Gy =2; Gy = I+ cos? 9. (1.23) 


The dependence of CG, and c. on the eccentricity 
e, calculated by formulas (1.19) and (1.20), is shown 
in Fig. (4). Using these curves, the long wave 
thermal radiation of an arbitrary metallic spheroid 
can be calculated by Eq. (1.21). 

For an oblate spheroid, oe > GC. and on the basis 


of Eq. (1.21), Gy is maximum in the equatorial plane 
J=7/2. For a prolate spheroid, G <G_, and Gy 

is maximum in the direction of the axis of revolution 
vd =0. In the case of short wave radiation, the situa- 
tion is opposite as was shown in Section 1. 

In Section 1 we established that the short wave 
radiation of a thin plane lamina of arbitrary form 
possesses circular symmetry with respect to an axis 
perpendicular to the lamina. It is easily seen that 
long wave radiation possesses the same symmetry. 
In fact, a thin lamina with p = 0, placed in a homo- 
geneous magnetic field does not disturb the field. 
Therefore, for coordinate axes x and y chosen in the 
plane of the lamina, G , = G, = 1, whence follows 
circular symmetry of the radiation. For the third 
axis z perpendicular to the lamina, the factor Cs 
is of logarithmic magnitude. For example, in the 
case of a strongly prolate elliptical disc (a>>b 
>> c), Eqs. (1.17) and (1.18) give 6, =G,=1; G, 
= In(4b/c) — 1. 

* The curve of the transition from (1.22) to (1.11) is 
given in Ref. (2). 


RADIATION 


229 
24 
& 
15 
10 U8 06 04 2 0 Q2 0b 06 08 WW 
needle —~—e sphere Gam disc 
Fic. 4 


Thus, for long wave radiation of any thin plane lamina 
G, =1; G, = Asin? + cos?$, 


where the factor A is of the order of the logarithm 
of the ratio of the width of the lamina to its thick- 
ness. 

At the beginning of this section it was mentioned 
that very thin rodlike conductors (wire antennae) 
possess resonance properties, thanks to which the 
Joule losses due to the electric vector of the inci- 
dent wave may become commensurate (even in the 
case of small bodies) with the losses associated 
with the magnetic vector. To these “electrical 
losses’’ correspond the thermal antenna radiation 
considered in Ref. (5). As was shown in Ref. (5), 
for small bodies, the antenna radiation has a dipole 
character: it is || -polarized and is proportional 
to sin2d, where 9 is the angle between the rod and 
the direction of radiation. But according to the 
first of Eqs. (1.23), the “‘magnetic’’radiation con- 
sidered above of the same polarization does not 
depend on the angle 3. Let us compare the spectral 
densities of both radiations. For example, let the 
rod have the form of a strongly prolate spheroid 
a>>b-=c. The spectral density of thermal ‘fan- 
tenna”’ radiation of this spheroid for long waves 
(A >> a) was calculated in Ref. (5), and in the 
notation of the present article is 

ta> 


(0) aye 
= (in =) 6. 


The spectral of the ‘‘magnetic”’ radiation of 
interest to us is ||-polarized according to Eq. (1.6), 


and the first of Eqs. (1.23 ) gives 


Jant 


Jmag— 4$)-28y = 4n2ach On. 


Thus, for a small thin needle, 
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3. Radiation of Bodies with Surface 
Anisotropy 


In radio technology and radiophysics, more and 
more use is being made of conductors with aniso- 
tropic surfaces, characterized by a surface impe- 
dance tensor (see, for example, Ref. 7). Joule 
losses in such conductors are determined by the 


formula 
dQ, = (c/8x) (ta | How? + tw | Hoo?) dS, 1-24) 


clearly a generalization of Eq. (1.3). u and v are 
orthogonal curvilinear coordinates on the surface 
with respect to which the surface impedance tensor 
is diagonal, and 


ia V op, /8r05; No = V op,/8r0,, 
whereo ,o.,p.,p. are the effective quantities 
u Uv u v 2 A S 
corresponding to each type of laminated or similar 
structure. 
Introducing the mean value 7, 


SUP ste YE oe sa Ran) are Pee et 
gnd substituting (1.24) into the general formulas 
(1.2) and (1.1), we again obtain expression (1.4) 
for the spectral density of radiation, with the factor 
G given by 


G=§ {(1 +) | How |? 


+ (1 —») | Hoo [°} dS /| H, 


inc 


(1.25) 
PS. 


As an example, we consider the radiation of a 
sphere for which the lines u = const are parallels 
and the lines v = const are meridians. If the sur- 
face of the sphere is isotropic (v = 0), then Cy = Gy 
=G es where G. = 4/3 for short waves and 3/2 
for fong waves. With v # 0, a straightforward cal- 
culation based on Eq. (1.25) gives the same result 
in both the geometrical optics approximation and 
the quasi-stationary approximation: 


2—v 7 . (2s Sv 
G\= 5) oe Gy = (“+ Fin? 9) 6 


iso 


The agreement of the results is explained by the 
fact that on the illuminated part of the surface 
of the sphere, the magnetic field Hy has the same 
geometry in both the geometrical optics and the 
quasi-stationary approximations. 

With 7, >7 (as would be the case for example 
if a sphere was completely wound with bare wire, 
the windings of which coincided with the parallels), 
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v > 0, and the radiation is maximum in the equa- 
torial plane 6 = 7/2. In particular, with 7 >> 7 
u v 


(v = 1) 
G)= 12G,_ 3 G, =13/,.(1 + 3sin?9) Gos 


In the opposite case " <7, the radiation will 
have a maximum in the direction of the axis of 
symmetry of the sphere, ¢ = 0. In particular, with 
7, Ka, v= -D 


a8 a8 2 
Gy= /2G. 53 G1 = */2, cos 3G. 6 


As a second example we consider the radiation 
of a thin plane anisotropic lamina, for which the 
coordinates u and v are the rectangular coordi- 
nates x andy. Let v and gbe the polar angles of 
the wave vector of the incident wave. Then in 
the geometrical optics approximation, we obtain 
after a straightforward calculation, in place of Eq. 


(1.9), 
GZ 2v cos 2¢); 


G, = 2cos?9(1 + 2vcos 2 9). 


But in the quasi-stationary approximation, we will 
have 


G | = 1 — 2yc0s 2¢; 
G, = Asin? 9 + cos 29 (1 + 29 cos 2¢).. 


2. FLUCTUATING FIELD NEAR HIGHLY 
CONDUCTING SURFACES 


In the first part of this article, the thermal ra- 
diation of good conductors was considered in the 
wave zone. However, the fluctuating field near 
radiating bodies, at distances commensurable with 
or smaller than the dimensions of these bodies, 
also has practical interest. As was shown in 
Ref. (3), the problem of finding the fluctuating 
field at any point outside the radiating body may 
be reduced to quadratures by use of the electro- 
dynamic theorem of reciprocity, if the diffracted 
field created by an elementary source situated at 
this point is known. Thus, for a uniformly heated 
body at the temperature @, the mean square spec- 
tral density of any component of the electric vec- 
tor is* 


JE)? = 20Q,/x| F 2, (2.1) 


* We are using the same notation as in Refs. 2 and 3. 
The index w in the spectral density denotes that it 
corresponds to the.decomposition in the spectrum 
according to positive frequencies. Wherever fluctua- 
ting quantities are mentioned, we have in mind spectral 
densities. 
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where F = Jj )¢V = iep is a quantity characterizing 
the electric dipole formed by the extraneous elec- 
tric currents 7) flowing in the vanishingly small 
volume of integration 7, and VU, represents the 
thermal losses of the diffracted field created by 
these dipoles in the body under consideration. The 
direction of the vector F coincides with the direc- 
tion of the component of the electric vector of in- 
terest to us. An equation similar to Eq. (2.1) is 
valid for the magnetic vector of the fluctuating 
field, the only difference being that the source of 
the diffracted field is a magnetic dipole, formed 

by extraneous magnetic currents iy Fe= Jad dV. 


In good conductors, the diffracted field differs 
from zero only in a thin skin-layer. In the future 
we will always consider that all dimensions of the 
body, the wavelength, and the distance from the 
surface of the body to the point at which the fluc- 
tuating field is determined, are great in comparison 
withthe thickness of the skin-layer 5. Then the 
thermal losses Q may be calculated by the theory 
of the strong skin effect 

Qo = (cx/8x) G | Hy ds. (2.2) 
Substituting (2.2) into (2.1), and introducing as a 
standard the mean square of the spectral densities 
of the field vectors in equilibrium radiation 


[Bog = [H,,,F = 268%/sc, 


we obtain 


(2.3) 
|H? = 4/27| Heg.) A. 


Here, e and h are dimensionless factors depend- 
ing on the geometry of the body, the wavelength, 
and the coordinates of the point at which the fluc- 
tuating field is being determined, 


2 €1 jo 
c= faG |Me Pas; (2.4) 


b | H0°%? a8, 


where He! and es are the diffracted fields of 


(ea 


4k? 


unit (F = 1) electric and magnetic dipoles with 
pertinent orientations. The factor 1/2 is introduced 
into Eq. (2.3) for convenience: with such normali- 
zation, the factor e for the component of the elec- 
tric vector parallel to a radiating plane tends toward 
unity at large distances from the plane. 

In the following, we will consider only those 
problems in which the diffracted field may be calcu- 
lated by reflection formulas. In this case, Hg ~ 


231 


2H | oe where H, is the field of a unit dipole in 


free space, and Eq. (2.4) may be written in the 
form 


c2 


rR? \| [Ht ? dS; (2.5) 


e = 


h= =| | fa, 4 [24s 


(n is a unit vector normal to the surface). The 
fields of the unit dipoles in free space, as is well 
known, are 


1 ik j 
Ht = ae (1 —gp) lip rae 
mag ik {/,__ 3i 3_\ (2.7) 
Tite G7 ! eR wre) (tp) p 


i 1 
(1 kR aD ft. 
where f is the base vector of the dipole, p is the 


base vector of the radius-vector R = Rp, and the 
wave factor e *” is omitted. 


1. Thermal Field of a Conducting Plane 


Let the origin of a cartesian system of coordinates 
be at the point where a dipole is situated, with the 
z-axis perpendicular to the radiating plane, and let 
R, 3, pbe spherical coordinates. The coordinate ¢ 
is also the polar coordinate on the plane (see Fig. 
5). The element of area is dS = rdrd p= Rdkd o. lf 
the base vector f of an electric dipole is directed 
along the x-axis, then 


ase | Pr 
OR? ( R28) ©8 
ke? 1 \ 22 

are re ae 


Substituting this expression into the general for- 
mula (2.5), we obtain, after integration, 


[{oho)] 2 = a 


é, = 1 + (1/2K72*). 
For f parallel to the z-axis, 


el, |. k2 1 “ 
| fmeh'y] |? == pil! a5 ie sin? 9 
R 4 R? — z2 
= ape! + ge) ae 
At large distances the right hand side of Eq. (2.9) 


decreases as 1/R2, so that a direct substitution 
of (2.9) into the equation for e. leads to a logarith- 


(2.9) 


mically diverging expression. But as is well known, 
the reflection formulas cease to be valid at large 
distances; they must be multiplied by the Sommer- 
feld attenuation function (see for example, Ref. 8), 
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the argument of which is the quantity (7c/2opA2)r, 
called the numerical distance. It was not necessary 
to take this attenuation into account in order to 

find e_, because Eq. (2.8) tends toward zero suffi- 
ciently rapidly (as 1/R*). But if, as occurs in our 
case, Hse falls off only as 1/R, it becomes neces- 
sary to take attenuation into account. To do this, 
the square of the attenuation function must be intro- 
duced under the integral sign. However, we will 
not do this here, but will limit ourselves to giving 
a sufficiently accurate approximate calculation; 


without changing the expression under the integral, 
we will integrate over the R term giving logarithmic 


divergence, not up to infinity, but up to the quantity 
L of the order L ~ opA?/c. Doing this, we. obtain 


Ik 1 
ez, = 2In— + Oprz2 * 


For a magnetic dipole whose base vector f is 
parallel to the x-axis, 


\ 


ma nit R2 4 
| [n-h lly recat — ppt aR) 


5) 3 
— cos*e|(1 — aps — gaze) 


tatort/ ais 3 
+ 4cos? 9 (Gam be aR) 


—cos# 9(1 Sie aa aa soll 


and after integration (cosv = z/R) 


ReCre 
8k4z4’ 


hn oy 8 
Co ine 


where we have again replaced the infinite limit 
of integration by L for the logarithmic term. 


Finally, in the case of a magnetic dipole parallel 
to the z-axis, 
Rk? 3 wy é 
|{o-hy y/? = apa! separ at eR’) cos? $ sin? 4, 


hz ="/. + 1/2kz? + 1/4k*z!, 
Since in our case, in view of symmetry, [E| 2 
= 2|E, 2+ |E,|7, the electric energy density of 
the fluctuating field of a plane is 


(2.10) 
a el L 2 
= voi (nt + fa) 


(2.11) 
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where 


gel = pie 


eq. : =1/s vege eq OR? /xc, 


and terms of the order of unity have been omitted 
on account of the indefiniteness of the quantity L. 
The total energy of the fluctuating field is 
4 

Wy = we! 4+ We = “iteq, (In + ot + aa) 2 

Let us note once again that all the formulas of 
the present section are, by the very manner in which 
they were obtained, valid only for distances z large 
compared to the thickness of the skin-layer 5; z>>6. More- 
over, formulas containing the quantity L are valid 
only under the condition z << L, which is always 
realized in practice. 
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Comparing Eqs. (2.10) and (2.11), we see that 
in the neighborhood of the plane, at distances 
z <<, the magnetic energy considerably exceeds 
the electric energy 


W8/w el — 2/3k2z? = (1/6n?) (),/z)?, 


so that w = w™ *8. 

Let us now calculate the energy flow vector for 
thermal radiation from a plane. We will even con- 
sider a more general problem: we will find the 
z-compenent of the Poynting vector on the axis of 
a circular disc of large (compared with A) but 
finite radius. In view of symmetry, 


Soz = (¢/2n) Re [E-H']z = (c/n) Re ExHy. (2-12) 


As is shown in Ref. (3), the mean value of the 
product of two components of the fluctuating field, 


A and B, (in our case, A =E., B = H*, ) is 


AB = 20Q an/F aF p, an 


where Q are the mixed thermal losses A and B 
of the diffracted field. For good conductors, 


Qaa = §2( [eHoakloHos] dS. (2.14) 


THERMAL RADIATION 233 


If Hy, and Hy, are the fields of unit dipoles, 
then the factors F 4 and Fp in Eq. (2.13) must be 
omitted. If, moreover, the reflection formulas may 


be used, then finally 
aE 8 
AB = \ [o-Hyal{aHye] dS, (2.15) 


where H_ , and Hs are the fields of unit dipoles 
Aand B in free space. We note that if B is equal 
to the complex conjugate of any component of the 
field, then not the fields ee and H,, themselves, 
but their complex conjugates, must be substituted 
into Eqs. (2.14) or (2.15). 
In the case of interest to us, H, , is given by 

fq. (2.6) with f= i, and H,, by the complex con- 
jugate of Eq. (2.7) with f= j. Then, as is easily 


seen, 


= (2) 2 . . 
ReE,Hy = ae \ cos 9 (1 — sin? 3 sin? 9) o 


Performing the integration and substituting the re- 
sult into (2.12), we obtain 


Soz = (O7k?/x) [1 — cos ® + 1/5 (1 — cos? ®)], 


where © is the angle subtended by the radius of 
the disc. In particular, for an infinite plane (® = 


77/2) 


Saz = 407k? /32" = 4/3 7CWeq.- (2.16) 


At normal incidence, the reflection coefficient of 
a highly conducting plane is R = 1 — 4n, so that 
Eq. (2.16), as could be expected, agrees with the 
expression given by the Kirchhoff theory of thermal 


radiation. 
2. Thermal Field of Metallic Mirrors 


Metallic mirrors, used in optics and radio tech- 
nology as focussing structures, are as a rule large 
compared with the wavelength. Therefore, to find 
the fluctuating field at points whose distances from 
the mirror are also large compared to 4, we may 
limit ourselves to the geometrical optics approxi- 
mation. Then only wave terms remain in Eqs. (2.6) 
and (2.7), and these equations take the form 


Ho! = (ik/cR) [fp]; = (ik/cR) [1fp] P]-(2,17) 


The substitution of (2.17) into the general formulas 
(2.5) for e and h yields the purely geometrical 


quantities 


mag 
L 


4 dS. 4 dS (2.18) 
e = —| InP: h= —\ (nNP Se 


M = [fp]; N = [[fp] pl. 


Let us find the fluctuating field in the focus of 
a paraboloidal mirror. The origin of the coordinate 
system is placed at the focus in such a way that 
its axis coincides with the axis of revolution (Fig. 
6). It is easy to see that for a paraboloid 


dS/R? = 2sin 5 dodo, (2.19) 


= 
Ay = Sin > COS ©, 


ik Opel 9 
hy = SIN > Sin 9; fz = COS 5° 


Forming the quantities n x M and n x N of interest 
to us, and performing straightforward trigonometric 


ae 
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transformations, we obtain, after carrying out the 
integration in Eq. (2.18): 


eo (¢ — cos r) — (1 —cos? >) (2.20) 


where © is the angular opening of the mirror. In 
particular, for an infinite paraboloid (® = z) 


é, =16/5 = 3.20; e, = 64/15 =4.26; 
h, = 464/105=4.42; hz,= 64/35 =1.83. 
Curves calculated on the basis of Eq. (2.20) are 


given in Fig. (7). 
Furthermore, from Eq. (2.20) 
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2e, +e, = 2h, +h, 


= 8 (1 — cos 2) ae =(! — cos? >I], 


so that at the focus 


el mag 


4 
Wy = Wa aad ed 


= 21M eq. (1 cos ) + : (1 — cos? al : 


In particular, for an infinite paraboloid w, = 
(16/3)nwWeq, 

As a second example we consider the 
fluctuating field at the center of a spherical 
mirror with an angular opening ®< 7/2 
(Fig. 8). In this case, dS/R2 = sinddidy. After 


simple calculations we obtain 


e, = hy = (1 — cos ®) + 1/, (1 — cos? ), (2.21) 
€z = hz = 2[(1 — cos ®) —}/, (1 — cos? ®)]. 


In particular, for a aaa ay I A hy = h, 
= 4/3. Curves based on Eq. (2.21) are given in 


Fig. (9). 
In the case of a spherical mirror, again, 
we! = joo Mls Wes 


4 Wy = 27M eq, — ¢0s,O) == 4940/4, 


where () = 27(1 — cos®) is the solid angle of the 
mirror. 

For parabolic and spherical mirrors with a small 
angular opening (® << 1) Eqs. (2.20) and (2.21) 
evidently give the same expressions 


(SM (hee ez = yD. 


3. Fluctuating Surface Charges 


As is well known, in the solution of high-fre- 
quency electrodynamical problems in regions con- 
taining good conductors with a strongly expressed 
skin effect, we may limit ourselves to the con- 
sideration of theelectromagnetic field only exterior 
to these conductors. It is only necessary to re- 
quire that on the surface of good conductors, the 
external field vectors satisfy the approximate 
Leontovich boundary conditions?, Finding the 


thermal radiation of such bodies may also be treated 


(see Ref. 2) as an external electrodynamic boun- 
dary value problem: the sources of the fluctuating 


field are the random surface extraneous fields 
entering into the Leontovich boundary conditions, 
introduced into the theory as the equivalent of 
random volume fields. The external radiation of 


GD 20° 40° bh° 80° 100° 120° 4b? 60° 180° 
QD __ 


Higa 
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the body is due to the volume extraneous fields 
distributed in the skin-layer. Hence, the replace- 
ment of volume sources by surface sources corre- 
sponds formally to the transition to the limit 

520. Therefore, within the limits of such a “sur- 
face’’ treatment of the fluctuating fields using 

the inhomogeneous Leontovich conditions, it is 
natural to introduce the random surface charge 
densities 


o = (1/4r) (En ger> 


which are char acterized by the correlation func- 
tion 
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Bad = (1/16n2) (EanEon)oup (2.22) 


where a and 6 are points on the surface of the con- 
ductor. 

Here, we will find this correlation function for 
distances small in comparison with all dimensions 
of the body and with the wavelength. Then 
clearly, the surface of the body may be replaced 
by a plane, Eq. (2.22) may be written in the form 


G49, = (1/1622) (EasEts)e~o (2.23) 


and the right hand side of (2.23) may be calculated 
by a formula of the type (2.15) 


EacEn = [\ (nHie] [AH] dS. (9,94) 


Furthermore, in the expressions (2.6) for H 
it is possible to leave only quasi-stationary terms 


Hic = [npa]/cRo; Hy ={np,]/cR?, 


where we have taken account of the fact that in 
our case f = f, =n. 
a 


LIF 
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We will first calculate the right hand side of 
Eq. (2.24) with z not equal to zero. Let D be the 
distance between the points a and 6 at a distance 
z from the plane; r, and r, are the projections 
of the vectors R, and R, on the plane, y is the 


angle between these projections (Fig. 10), r and 
pare polar coordinates on the plane, the origin of 


which is midway between the projections of the 
points a and b. Then |[n x p]| = sind =7r/R, so 
that 


pe oa (2.25) 
Bg \ er 
vied R? R8 


Using the theorem concerning the square of a side 
of a scalene triangle, we easily find 


Talp COSY = r2>— D?/4; 


RaRo = [(P? + 2/4 D? + 2°)? — 2D? cos? of'h, 


and the calculation of the integral in (2.25) gives 


Eee = (O4/2xc) 2 (22 + D?/4)-"s, (2.26) 
But 


ie > 
z+0 (27 + D?/4) 12 


Fic. 10 
where d(r, —r ) is the two-dimensional 6-function. 
Now substituting the limiting expression (2.26) 
into (2.23), we obtain the correlation function of 


interest to us 


—, rt PATH 
ce) = (Bison 


The fluctuating charge relating to the area of the 
surface S is g = fodS. On the basis of Eq. (2.27), 


S 
its mean square is 


Ee \- | cus, dSudS, = et S 

SS 
or, transforming to the spectral densities of the de- 
composition according to positive frequencies 
(the remaining random quantities in this paragraph 
were spectral densities of the interval —~o <w 
< +400), we have 


gi, = (01/280) S. 
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The angular distribution of 7* -mesons with energies of 176, 200, 240, 270 and 307 mev 
scattered from liquid hydrogen has been studied with the help of scintillation counters. The 


total interaction cross section of 7+-mesons and hydrogen has also been measured by the 
method of attenuation of the beam. At all energies, except 307 mev, the data can be well 


described by a function of the fonn do/dQ = a 


INTRODUCTION 


A T this time there are comparatively little ac- 
curate data on the angular distribution of 
fe 


7 -mesons elastically scattered from hydrogen. 
Most of the published results. pertain to energies 
less than 200 mev./~> This situation can be ex- 
plained by the difficulty involved in obtaining 
sufficiently intense and monoenergetic beams of 
positive 7-mesons of high energy from circular 
accelerators. The measurement carried out to an 
energy of 400 mev with a diffusion chamber® jis of 
little accuracy because of the small number of 
observéd interactions. The scattering of 310 mev 
7” -mesons from hydrogen has been studied recently 
by Grigor’ ev and Mitin’ with photographic plates. 
The possibility of obtaining intense beams of 


positive z-mesons of high energy at the Institute for 
Nuclear Problems of the Academy of Sciences of the 


USSR appeared only after the extraction from the 
synchrocyclotron chamber of a beam of protons with 


Magnetic channel 


b cos 0 +c cos? @, 


an energy of approximately 660 mev and a density 
~ 10° / cm? / sec. 

In the present communication the results of work? 
on the study of the scattering of 7*-mesons from 
hydrogen at meson energies of 176, 200, 240, 270 
and 307 mev are presented in detail. The measure- 
ments were made with the help of scintillation 
counters. 


+ 
BEAMS OF 7 -MESONS 


Beams of 7+ -mesons were obtained by the bom- 
bardment of a polyethylene target with a proton 
beam extracted from the synchrocyclotron. Mesons, 
formed in the reaction p + p ~7+ +d at an angle of 
9° with the incident proton beam, were magneti- 
cally deflected to an angle of 20° and, passing 
through an iron collimator four meters thick with 
an internal diameter of 5 cm, struck the detecting 
equipment placed behind the principal shielding wall 


of the synchrocyclotron (Fig. 1). 


Beam of protons with E= 660 mev 
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Fic. 1. Experimental Set-up. 
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For each desired meson energy, determined by 
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between the intensity of the meson beam, ® , and 


the magnitude of the magnetic field of the deflecting the current in the deflecting magnet, ioe . This 


magnet, the thickness of the polyethylene target 
was experimentally chosen in such a way as to 
obtain the maximum meson flux. The optimal 
thicknesses of the polyethylene target for energies 
of 176, 200, 240, 270 and 307 mev were, respect- 


ively, approximately 67, 53, 35, 19 and 4.6 gm/cem 7, 


In these cases the obtained fluxes of mesons were 
approximately equal to 20, 40, 60, 60 and 40 cm”? 
sec , 

It is interesting to note that despite the ap- 
preciable thicknesses of the targets used in these 


experiments there is a relatively narrow peak from 
the reaction p tp ~7 +d (Fig. 2) in the relation 


cf | 
10 


Oo 0 HR ERG 0 1 (A) 


FIG. 2. Dependence of the intensity of the meson 
beam on the current in the deflecting magnet ly for a 


polyethylene target thickness of 35 em/em?. ee =240 mev. 
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Fic. 3. Typical absorption curve (E=307 mev ). 


can be explained by the fact that mesons created in 
the forward part of the target and stopping in the 
target have approximately the same energy as 
mesons created by a slowed-down beam of protons 
in the ‘‘backward’’ part of the target, at their emerg- 
ence from the target. The accurate determination 
of the energy in each case was carried out by 
measuring the range of mesons in copper. A typical 
absorption curve for 307 mev mesons is shown on 
Fig. 3. The range found from the curve was then 
corrected, as before, 1° for the calculated multiple 
Coulomb scattering of mesons in lead. For all 
energies this correction was approximately 2.5 % of 
the measured range and the energy essentially 

does not change due to the correction. To the 
‘‘corrected’’ range was added 0.4 gm/cm? of copper, 
which is equivalent to the wall thickness of the 
photomultiplier container and the thickness of the 


plexiglass wall of the last scintillator. The final 
values of the energies, presented in Table 1, take 
into account the slowing down of mesons in the 
walls of the Dewarand in the hydrogen and corre- 
vik to the energy of the mesons in the center 

of the target. The uncertainty in the energy is due 
to the fundamental inaccuracy in the range deter- 
mination, the initial inhomogeneity of the beam and 
also the inaccuracy in the calculation of the range- 
energy curve. 

From the absorption curves and from known data 
on the nuclear interaction of 7-mesons with copper, 
the admixture of yz-mesons, which is also shown 
in Table 1, was determined. 


EXPERIMENTAL ARRANGEMENT 


A. ANGULAR DISTRIBUTION 


The geometry of the experiment for the measure- 
ment of angular distributions is given in Fig. 4. 
In the experiments a Cerenkov counter, 7, was used 
as well as liquid scintillation counters 2 and 3, 
set in coincidence for the registration of the num- 
ber of 7* -mesons hitting the hydrogen target 
(monitor). The Cerenkov detector was chosen in 
view of the fact that the meson beam contains an 


appreciable number of slow protons. The scat- 
tering of mesons from hydrogen was detected by 


liquid scintillation counters 4 and 5, set in coin- 
cidence with counters 7 and 3, The block dia- 
gram of the electronic equipment is shown onFig.5 
The resolving time of the three-fold and four-fold 
coincidence schemes was equal to 1.5 x 10°° sec. 
The stability of operation of the electronic equip- 
ment was systematically checked by the measure- 
ment of the ratio N, / he , the number of four-fold 
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TABLE 1 
ee 


Energy of the 7+_| Uncertainty inthe |, 
SRE She range of Pe Le ea energy of Wenee Percent 
@ —mesons i ter of the hydroge ons interacting with admixture 
copper, in gm/cm~ |ous scatterer, in hydrogen, in mev ot p+— mesons 
. zs JE mev 
$0.4 176 
106.6 200 +: Ve ees 
134.4 240 = nee 
155.2 270 a ee a 
180 4 307 ae 3.4-+1.0 
: -+6 2.6+1.0 
49% “apm wae 
y 
P ? j 4 Aluminum filter 


2btm Lbtm Liquid hydrogen 


; Fic. 4. Arrangement of the equipment used during the angular 
distribution measurements. ]—Cerenkov detector; 2,3,4,5—scin- 
tillation counters. For 0= 20° , L=73.5 cm. 


coincidences (1,3,4,5) and the number of three-fold 
coincidences (1,2,3) for which the counters 4 and 
© were set in one line with the counters 7,2 and 
3 

Counter 1——the Cerenkov radiation detector—— 
was built of plexiglass having dimensions of 5 
x 5 em and a thickness of 3.6 cm and was connected 
by a plexiglass light pipe witha photomultiplier tube 
FEU-19. The scintillation counters 2 and 3 had 
dimensions 5 x 5 x 0.6 cm and consisted of a thin- 
walled plexiglass vessel filled with a solution of 
terphenyl in phenylcyclohexane. Counters,4/and 
5 had a diameter and thickness of scintillating ma- 
terial (a solution of terphenyl in phenylcyclohexane) 
of 10 and 0.8 cm, respectively. The scintillators 
were connected by light pipes to photomultiplier 
tubes FEU-—19. 


A glass-walled Dewar with an internal diameter 
of about 14 cm and a wall thickness of 1 gm/cm? 
was used for the hydrogen target. For a Dewar ca- 

Fic. 5. Block diagram of the electronic equipment. acity of 3 liters and an average evaporation of the 
S.=switch. Differential cross sections were measured ij drogen of about 0.25 / /hr, uninterrupted work 

1 M 8 ie . . . . . 
withthe switch at point A (four-fold coincidences 1,3,4,5); without additional filling of liquid hydrogen was 
total cross sections with the switch at point B (four- assured for a period of 8 hours. Peeing the ex- 

Oo 


r 
! 
! 
| 
| 
| 
| 
| 
| 
| 
e 


fold coincidences 1,2,3,5).' A—amplifier, ae ei agi periments, the Dewar was pumped out for back- 
buting amplifier; /— 3-fold coincidence sohone ae ground determinations (without hydrogen). 
x 10°° sec; IJ— 4-fold coincidence scheme ~ 1.5 x It was assumed in determining the amount of 


sec; ]— Cerenkov counter; 2,3,4,5 — pena Dasion cout: hydrogen that the density of liquid hydrogen was 
ters; m.c. —mechanical counter. 0.0708 gm/ cm 3 Taking into account the fact that 


240 


the evaporation speed of the hydrogen was rela- 
tively small, the influence of bubbles on the density 
was neglected. The average amount of hydrogen 
in the path of the meson beam determined under the 
assumptions mentioned above was 0.984 gm/ cm 
with an uncertainty of about 1%. In order not to 
register charged particles from stars formed in 
the walls of the Dewar or recoil protons from (7*,p) 
scattering, an aluminum filter was placed between 
scintillators 4 and 5. 

The angular distributions were obtained from the 
ratio NE, / Ne after calculation of the detection ef- 


ficiency of mesons under various angles and a num- 
ber of other corrections which will be discussed in 


the next section. 


B. TOTAL CROSS SECTION 


The total interaction cross section of 7* -mesons 
with hydrogen was measured by the absorption of 
the beam of mesons passing through the hydrogen 
scatterer in the geometry shown in Fig. 6. 
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As in previous work on the determination of total 
cross sections, the distance between the center of 
the hydrogen scatterer and the last scintillator was 
equal to 35 cm, which corresponds to an average 
detection angle forthe last detector of about 8°. 

The beam of mesons falling on the hydrogen target 
was defined by the system of three counters /,2 and 
3 set in coincidence. Having passed through the 
scatterer the beam was registered through a four- 
fold coincidence (1,2,3,5). The block diagram of 
the electronic equipment for these experiments is 
also shown in Fig. 5. 

The scintillators 2 and 3 used in these experi- 
ments had a diameter of 3 cm and a thickness of 
0.4 cm and consisted of a thin-walled plexiglass 
container filled with a solution of terpheny! in 
phenylceyclohexane. The scintillator 5 had a dia- 
meter of 10 cm as before. The same hydrogen tar- 
get was used as in the measurments of the angular 
distributions. 


THE METHOD OF THE MEASUREMENT 
OF ANGULAR DISTRIBUTIONS 


ii Ma 
\ o) 
ho 
bem JS Cw 


Fic. 6. Set-up of the equipment during the total cross 


section measurements. 


/—Cerenkov detector; 2,3,5— Scin- 


tillation counters; /7/—Dewar with liquid hydrogen, /// — 


CH, filter (Sem thick). 


The differential cross section forthe elastic 
scattering of 7* -mesons on hydrogen in the labo- 
ratory system was determined from the formula 


Gee (exe) (aaa) : 


where Me is the number of registered four-fold 


coincidences of 7* -mesons scattered from hydrogen 
at a given angle 9; N. is the number of three- 
fold coincidences; K is a factor characteristic of 


the beam; Ne is the number of hydrogen atoms per 


cm 7; ¢ is the detection efficiency for mesons at 


angle @ ; Q is the effective solid angle. A dis- 
cussion is presented below of experiments carried 
out to find the parameters entering in the formula 
shown above. The numerical values of the para- 
meters will be shown in tables in which are pre- 
sented the results of the measurements. 


A. DETERMINATION OF THE FLUX 
OF 7‘ —MESONS 


Because of the fact that in the scattering experi- 
ments a “‘thick’’ hydrogen target was used, it was 
necessary to take into account the absorption of the 
mesons not only in scintillator 3 and in the front 
walls of the Dewar but also in the hydrogen scat- 
terer itself. In the determination of the number of 
mesons hitting the hydrogen target, counting errors 
in the counting scheme were taken into account; 
these occurred for relatively high intensities used 
in meson flux experiments, particularly for energies 
of 240 and 270 mev. Finally, it was necessary to 
consider the admixture in the beam of p-mesons which 
do not participate in nuclear interaction with hy- 
drogen. 

Taking into account the facts enumerated above, 
the average number of 7*-mesons, N= KN, »which 
could participate in the scattering were determined 
in the following way: 
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Nx = KN3 = Norn {1 — 1/2 exp [— 9¢Nu] — 8}. 


Here 77 is a coefficient which takes into account 
errors in counting during the registration of the num- 


ber of three-fold coincidences; « is the fraction 
7 
of 7-mesons in the beam; o, is the total interaction 


, A ; ; 
cross section of 7 -mesons with hydrogen; £ is 
the fraction of the beam absorbed in scintillator 3 
and in the front walls of the Dewar. 


B. DETECTION EFFICIENCY OF THE MESONS 
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The efficiency of detection by four-fold coinci- 
dences (1,3,4,5) of mesons scattered in various 
directions is determined by two factors: 1) the pro- 
bability of the registration of mesons crossing the 
sensitive volume of scintillation counters 4 and 5, 
and 2), the probability of the absorption of mesons 
scattered at a given angle into scintillator 4 and the 
aluminum filter. Both the absorption of scattered 
mesons and the probability of their detection were 
determined in separate experiments. The first 


factor was determined in experiments carried out 
with the arrangement of the scintillation counters 


shown in Fig. 7. 


4or5 


ri 
Mesong f . \ 


Scintillator being 
investigated 


FIG. 7. Set-up of the experiment to determine the proba- 
bility of the detection of mesons in scintillators 4 and 5. 


It is found that the probability of detecting mesons 
in scintillators 4 and 5 ¢€ ZV 4(1,2,3,4)/ ae (1,2,3) 


and ea NV (1,2,3,5)/N, (1,2,3) were equal to 


unity with an accuracy of better than one percent. 
The plateau ofthe system ofthe four counters 
1,3,4 and 5 set up in a straight beam had a slope 
of the order of 1% per 200-300 volts. 
To measure the absorption of scattered mesons in 
“‘equivalent filters’? consisting of scintillator 
4 and aluminum filters, counters ],2,3 and 5 were 


placed in a single line. The attenuation of meson 
beams in these equivalent filters was determined for 
a number of energies,using a variation of the elec- 
tronic scheme (see Fig. 5) intended for the meas- 
urement of total cross sections. The geometry of 
the experiment is shown in Fig. 8. In these ex- 
periments the energy of the meson beam was set by 
the magnitude of the current in the deflecting mag- 
net. The control measurement carried out by 
measuring the range in copper showed that the 
divergence between the energy values determined in 
both ways was less than +2 mev. 


Equivalent filter 


? Z J | 
btw “iy | bi5 cv 


Fic. 8. Arrangment by which the attenuation of the meson beam 


in the filter was measured. 


From the combined results, the measurements of 


= Ne (with filter) 
N 


A (without filter) 
taken for various thicknesses of the aluminum fil- 


ter, show that for energies near 200 mev, € , (E) 


has a minimum, which can be understood from the 
character of the energy dependence of the total 


interaction cross section of 7-mesons with complex 
1 


as a function of energy, 


“o 


nuclei. 


From the curves characterizing the absorption 
of mesons as a function of energy for various thick- 
nesses of aluminum filter (Fig. 9), the detection 
efficiency for scattered mesons of a given energy 
was directly found, since the probability of dete ct- 
ing mesons traversing scintillators 4 and 5 is equal 
to unity. As a small correction to the detection 
efficiency the absorption of scattered mesons in the 
walls of the hydrogen target was taken into account. 
In such a way the detection efficiency of scattered 
mesons was determined to be 
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€ = eg (1 —x), 


where x is the fraction of scattered mesons absorbed 


in the Dewar walls. 


“ 
9500 i 
’ ¢ 
0,800 em [a =e! 
100 50 EA(m ev) 


Fic. 9. Detection efficiency of mesons (for an alumi- 
num filter thickness of 3 cm) as a function of energy. 


C. DETERMINATION OF THE EFFECTIVE 
SOLID ANGLE 


The most substantial of the geometrical correc- 
tions depends on the fact that the dimensions of the 
scintillator 4 were less than the diameter of the 
hydrogen target. This leads to the fact that, de- 
pending on the angle, part of the hydrogen scat- 
terer is in a half shadow with respect to the counter 
telescope 4-5; Fig. 10 shows the dependence on 
angle 0 of the ratio || /Q ~ where Q | is the Solid 


angle defined by scintillator 5 as seen from the cen- 
ter of the hydrogen target, and Q ay is the solid 
Vv 


angle determined by the scintillation counter tele- 
scope4-5, averaged with respect to the volume of 
the scatterer. 


a, /Q, 
mi ly 
0,950 arn ice 
GO - tb YQ B go (lab system) 


Fic. 10. Angular dependence of the 
quantity Q ates 70 


In order to obtain the effective solid angle of de- 
tection of scattered mesons, () , it is nesessary 


to introduce a further correction tothe quantity Q)._, 
Vv 


taking into account the possibility of detecting 
scattered mesons in the light pipe of scintillation 
counter 5. The relatively large sensitivity of the 
plexiglass light pipe to high energy particles results 


MUKHIN, OZEROV AND PONTECORVO 


from Cerenkov radiation and from ‘‘feeble’’ scintil- 
lations in the plexiglass. 
The increase of the average solid angle (Q-Q,) 


xQ,, was determined for mesons of known energy 


scattered through two angles. The relative depend- 
ence of the sensitivity of the light pipe on energy 
was determined in the direct meson beam for various 
values of the current in the deflecting magnet. This 
gave the possibility of obtaining the magnitude of 
the effective solid angle ,Q, essential to the deter- 
mination of the differential scattering cross section 
for mesons of various energies brought up in this 
work. The dependence of the increase of the aver- 
age solid angle on the meson energy is shown in 
Fig. 11. In the determination of the effective solid 
angle a correction was also introduced due to the 
fact that the scintillation counter telescope has 

a finite angular resolution. 


Q-2,,/Q,, 


qn 
as igi 
ONs 
an 200 


00 150 “250 € (ey) 


Fic. 11.. Energy dependence of the quantity 
COZ 0 OSs 
Processes of multiple nuclear scattering of 
mesons in hydrogen were not taken into account. 
Because of their small magnitude, corrections due to 
chance coincidence and 7—p decay of scattered 
mesons were not taken into account. 


THE METHOD OF MEASUREMENT 
OF TOTAL CROSS SECTIONS 


Total interaction cross sections of 7* -mesons 
with hydrogen, measured by the method of attenua- 


tion of the beam traversing the scatterer, were de- 
termined from the formula 


(no H) , (no H) 0 
Of (xt, p)= = In {ee 
H NUD AD) ial OES 
oy 


oe | (ene te (2) hae. 


The following terms are used here: Nia Nanoes 
7 4 
and Mee are respective to the number (having 


normalized to unity the reading of the monitor ) of 


four-fold coincidence counts corres onding t 
o th 
hydrogen free Dewar (N es pumped out owiee 
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CVatsou ) and Dewar filled with liquid hydrogen 
yD); 7, pine) and 7) are factors which 


take into account counting errors in the detecting 
apparatus, @ is the fraction of p-mesons in the 


beam; (do _ 2 dQ), ; is the angular distribution of 


m-mesons in the laboratory system of coordinates; 
Cans ae is the angular distribution of recoil 
protons in the laboratory system of coordinates; 
O = Gs 

1 

Chance coincidences, determined in a separate 


experiment, were negligibly small (of the order of 
0.1% ) and were not taken into account. 


THE RESULTS OF THE MEASUREMENTS 
A. DIFFERENTIAL. CROSS SECTIONS 


The results of the measurements are presented 
in Tables 2—6. Besides the final values of the 
differential cross sections in the laboratory sys- 
tem (do /dQ) , and in the center-of-mass system 


(da/dQ), previously determined numerical values 
of the parameters K, Q and « are also given. One 
can obtain an idea of the magnitude of the back- 


poms at various angles in the absence of hydrogen 


trom the fourth column of Tables 2—6 where the 
ratio V i (Dewar) /N, (Dewar +H), the number 


of four-fold coincidences normalized to unity on 
the monitor, is given. In the fifth column of these 
tables is shown the calculation[N | (Dewar + H) 


_ vi (Dewar) ] of four-fold coincidences, depen- 


dent only upon hydrogen and normalized to 10° 
counts of the monitor, that is three-fold coinciden- 
ces, Ni . 

Errors in the final cross section results are 
standard deviations. They include errors in the 
determination of corrections and they have only a 
statistical nature in the final calculation. 

In regard to other supplemenatry errors of un- 


known origin, it is seen that it is unlikely that they 


are of appreciable magnitude because of the close- 
. of 
ness of the value of the total cross section a, (a ,P)s 


determined independently by the attenuation of 
the meson beam, and the value of 


he | (d2/d2) dQ, 


obtained by integrating the differential cross sec- 


tions. However the presence of such errors indicate 


the magnitude of the deviation of the experimental 
points from the ‘‘best’’ curve computed by the 
method of least squares. 
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At first, after considering the obtained results, 
a very much simplified phase analysis was made in 
the belief that onlyS- and P-waves participate in 


the scattering, that is that the angular distributions 
have the form 


d3/dQ = a, + a,P, (cos 8) + a,P. (cos 0). 
The corresponding coefficients for various energies, 
found by the method of least Squares, are presented 
in Table 7. For ease in comparing the results of 
this work with results of measurements of angular 
distributions at other energies, usually shown in 
the form do / dQ=a +b cos 6 + cos? 6, the corre- 
sponding coefficients are given in Table 8. 

In the last column of Table 7 the values of 


= ? Ff (8;) —o (6;) 2 
" 2 As (0;) |. 


are given where o (0. ) are the measured differential 


cross sections at an angle 0. with an experimental 
error Ao (0, ) ;f(@,) is the value of the function 


as ta, P, (cos 0 ) ta, P, (cos @ ) at an angle 0. 


found by the method of least squares, In the next 
to the last column the expected value M ” of this 
quantity is given; it is equal to the difference be- 
tween the number of experimental points and the 
numbers of free parameters.!> As can be seen 
from the Table, for energies of 176, 200 and 240 
mev, the value of M is close to the expected value. 
For an energy of 307 mev, M appreciably exceeds 
M’. This is illustrated in Figs.12-16 where, to- 
gether with the experimental cross sections, dis- 
tributions of the type 


d3/dQ = a, + a,P, (cos 4) + asP2 (cos 9) 


are shown. 

Hence, for a meson energy of 307 mev there is 
definite sense in approximating the experimental 
data with a function having a larger number of free 
parameters, that is, a function ofthe type 


do/dQ. = ay + a,P, (cos 9) 
+ a,Pz (cos 8) + asPs (cos 9) + a,P, (cos §). 


This may mean that for energies of ~ 300 mevmeson- 
nucleon scattering processes are already difficult 
to describe by means of S-andP-waves alone. The 
importance of the D-wave contribution will be dis- 


cussed later. Table 2 Bies the angular distribu- 
tion coefficients, found by the method of least 


TABLE 2. Angular distribution of 7*—mesons scattered from hydrogen, E, = 176 +4 mev. 


Approximate mag- “Clean”? elon K 
, 


SSCS 


€, Angle 0in | do/dQ, 


Distance from 


Q, 


MUKHIN, OZEROV AND PONTECOR VO 


244 


Thicknessof |nitude ofthe back- 
the center of : from hydrogen| beam charac- Jeffective solid} detection effi- | ,. F differential 
(lab system), the target to the ae ee ground a ° qteristic factor angleinthe  |ciency ofthe differential EES ONG aia cross ce in 
indegrees last scintillator] . ale Ng (Dewar) (for 10 eount lab system, scattered sectsen :% the Fab mass, ir the center-of-mass 
in cm igs N ,(Dewart+ Iq) pf the monitor @ in steradians mesons Syete tse system, in 10-27 
1072" bis sterad degrees cm2/sterad 
a 20 
30 63.95 3,8 0.4 308+30 0.915 Dee NO a? 0.835 31.1-+3,.1 38.5 20,0-+2,0 
45 63.5 3.0 OFZ 221-+20 0.915 2.16>¢ 10-2 0,858 22.1+2.1 06.8 15,7+1.5 
60 63.5 3.0 0.14 1294-14 0.915 2.17«10-2 0.857 12.7+1.4 74.2 10,2+1.1 
75 63.5 3,0 Odi 96-411 0.915 Dl SOs? 0.879 9.6+1.1 90,4 8,8+1.0 
90 63.5 0.8 Oni? 105+13 0.915 ZhOSa Om 0.912 10,241.3 105.6 10.8+1.4 
105 63.5 0.8 Oma 1284-14 0.915 a.10< 11052 0,904 12.5-+-1.4 119.5 15,.34+4,7 
120 63.0 0.8 0.16 142+-15 0.945 at alOm= 0.900 13,941.5 132.9 19.3421 
135 G30 0.8 OR2Z, 146+15 0.915 Dole ClOre 0.898 14,211.5 WAS) 33 21.8+2.3 
149 Goes) 0.8 0.10 175-16 0.9145 2.49 10=2 0.898 16,841 no) WOT 7 27,.9+2.6 
TABLE 3. Angular distribution of 7’ —mesons scattered from hydrogen, E = 200 +5 mev. 
Angle Distance from | Thickness of ; Approximate mag- | ‘‘Clean’”’ K, ffecti ‘i lid €, (da/dQ), 4, Angle 0 da/dQ, 
rf) the center of | the aluminum | nitude of the back4 effect from eam charac- aes detection Aitiisentialieracslinthecentas differential 
he target to th filter, ground hydrogen (for | teristic factor e. aoe efficiency of Scien ithe Tab S =| cross section in 
(lab system), ast scintillator) in cm Ng (Dewar) 10° : y adi ’ |the scattered is of-mass, in |the center-of-mass 
es pai DS ee ee counts of in steradians aed 7 ee system, in Syerennin 
in degrees N, (Dewar + H) the monitor) O20 ene etered 
20 (yee 6.8 0,6 249+-21 0.930 | 1.681072 0.734 36.943, 2 AD 22,1+1.9 
30 (3 5B 6.8 0,3 242-+-16 0.931 Dy onasy CMO 0.733 27,0-+1.9 45.3 17.5414 .2 
50 63.5 a0) 0.2 199-+-12 0.960 Pe NO 0,850 18,7+1.2 63.5 13.6+0.9 
80 G3Ro a0) Om 77,6+6,4 0.949 2.18 10-2 0.870 7.38-+0,75 96.5 7.138+0.73 
95 Gono 3,0 0.1 9311 0.930 OO <lOm= 0,883 9,.0+1.1 iW 2 10.241 .2 
110 GBEo 3e0) 0.1 117,.1+8.3 0.964 2,1410-2 0.893 10,.8+0.8 1251.8 14.14+1.1 
150 63.5 3.0 0.2 141+10 0.940 2.48X10-? 0,881 13,3+1.0 ore 22,8+1,7 
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TABLE 4. Angular distribution of 7+—mesons scattered from hydrogen, E, = 240 +6 mev. 


a] A : “a ” 
Angle @ (lab Distance ; Approximate mag- |‘‘Clean”’ ef- 
from the center Thickness of nitude of the back- fect from hydro K, Q, a ce , (do/dQ) _Angle 0 do/dQ 
system), he aluminum 6 beam effective solid detection effi-| ,. : in the center-| differential 
of the target to : : ground gen ( for 10 oe : : differential cross : ; 
snd filter, in characteristic | angleinthe ciency ofthe rae of-mass, in | cross section 
in degrees the last Ng (Dewar) counts of the section inthe lab : 
Be é cm 5 factor lab system, | scattered : -27 degrees in the center-of- 
scintillator, in monitor : : sy stem, in 10 Z 
N , (Dewar + H) in steradians mesons 2 mass system, in 
cm 4 cm2/sterad : 


as : : 


20 73,5 9.0 0.6 267-425 0.999 | 1,69x¢10~ 0.701 38.443,7 26.8 22.0-2.4 
35 73.5 6.8 0.2 166-44 0.999 | 1.695¢10-2 
35 63.5 6.8 0:3 IT4L18 0.999 225% 10-2 | 0.749 aerO4 156 46.3 15.44-1.0 
50 63.5 3.0 0.3 155-410 1,074 | 2,255¢10-2| 0,823 13,3-44.0 64.7 9.47-0.68 
80 63.5 3.0 0.3 59,944.0| 1.074 | 2°208¢10-2 0862 5 ,00-L0.36 97.8 4.9270.35 
95 63.5 3.0 0:2 59.744.2| 1.066 | 2\169¢10-2 | 0.865 5.1040.38 | 112°4 5.86.0. 44 
110 63.5 3.0 0.3 60,4442] 1.067 | 2:455¢10-2 0.877 5,100.38 | 1260 6,800.54 
1£0 63.5 3.0 0.2 97 545.1 1.038 | 2.193¢10-2 | 0/900 S4n047 || 4584 14. 50-40 .84 


ee Net 


TABLE 5. Angular distribution of 7*—mesons scattered from hydrogen, E = 270 £6 mev. 


Angle 0 do / dQ dif- 
in the center- |ferential cross 
of-mass,in J|sectioninthe 
degrees ___|center-of-mass 
system, in 10-27 
m2/ste 


Distance Thickness 
fromthe center} of the 
ofthetargetto |Aluminum 

the last filter, in 
scintillator, cm 


Angle 0 


lab system), 
in degrees 


€ ? 
effective solid detection effi- 
angleinthe | ciency ofthe 
lab system, scattered 

in steradians mesons 


(do/dQ), 


differential cross 
section in the lab 
system, in 10-27 
cm2/sterad 


beam charac- 
teristic factor 


N4( Dewar) 
N , (Dewar + H) 


20 73,9 9.8 0.6 210416 1,042 | 1,699¢10-2 0,689 29.412.4 27 5 16.444 .3 
50 63.5 3.8 0.3 104,646, 4 1.025 | 2,265¢10-2 0,827 9.24+0,61 65,7 6,52+0,43 
30 63.5 3.0 0,4 29.3+42.6 1,026 | 2.23%10-2 0,848 201-0624 98.8 2.5240,23 
95 63,5 3,0 0.4 21.9+3.8 4.082 245 910-2 0.859 1.940, 34 113:3 2,260.40 
110 63°5 3'0 0.3 874-62 9 1.028 | 2,16%10-2 0,871 3.2540, 26 126.8 4. 46-40, 36 
149 63.5 3.0 0,4 45,2423 ,2 1.021 | 2,195¢10-2 0,880 3,900.29 fer 7 7.22+0,54 
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TABLE 6. Angular distribution of 7*—mesons scattered from hydrogen, E_ = 307 £6 mev. 


Angle 0 oe Thickness of Approximate mag-| ‘‘Clean’? ef- OF ee (d a/dQ), 
(lab system) Santerohihe the aluminum (for 106 beamcharac-| effective solid detection effi- ditlerentsal exons 
indegrees |target tothe filter, Sate of teristic angle inthe ciency of the eee re whoiab mass, tion in the center- 
Paarecin in cm Dement * factor |lab system, in scattered ey stemin 10627 in degrees |ofmass system, in 
d ; N , (Dewar+ H) “snes steradians mesons Peete | » 10-27 cm2/sterad 
20 TBS 11.0 0.6 186-415 1.024 1,69%10-2 0.672 27 ,.2+2.3 27.9 14,541.2 
30 63.5 6.0 OFS 174+17 0.984 2.29 10-2 0,804 16.6+1,7 47.9 9,86-+0.99 
50 63.5 a0) 0.3 96.1+-5.1 Ll (OPA 2.26 10-2 0,829 8,59+0.48 lye al 5.91-+0.33 
80 6325 PAO) Ore 21.1+2.2 1,021 2.251072 0.9808 1.72+0.19 100.0 1.55-+40,17 
95 63.5 3.0 0.4 22,8+4,5 0,992 2.18 510-2 0,850 2,100.41 114.5 2.49-+0.49 
110 63.5 AAW, ORS 29,.1+2.6 1,024 2.19 K10=2 0,906 2.44+0, 23 127.8 3,42+0.32 
130 63,5 S(0) Ons 26.0-+4.4 0.996 2.18% 10-2 0,875 2.33-+0.40 144.0 3,92+0.67 
149 63.5 P30) 0.4 30,1+3,2 4,020 2.19% 10-2 0.915 2,50-+0, 27 aye) 2? 4,.77+0,52 


a a ee Ve 


TABLE 7. The scattering of 7 —mesons from hydrogen. The coefficients of the angular distribution. 


SSS a a eee: ee ee EE eee eee 


do|dQ = a, + a,P, (cos @) + ae Pz (cos 0) A~* do|dQ = A, + A, P, (cos 0) + Az Pez (cos @) 

Energy of _ i a Expected 

the mesons, a, a, a, wralne M 
in mev at a, A> M‘=n—m 

10°27 Sy, sterad 

176-+-4 15, 86+0.38 —0,84+-0.76 13,5+1.1 1 ,926-+-0 047 —0,102--0,093 1.63-+40,13 | 6 il 2 
200-45 14.15-+0 29 1 .04--0 ,55 12,47-+-0,82 1,996-L0 041 0,147-+-0.078 1,76-40,11 4 Heth 
240-++6 10.12+0,29 458-40 .57 9,95-+0.63 1 ,770--0.050 0,80-+0,10 1,.74+0,11 4 4.4 
270-46 6.47-+-0,25 4,73-+0,50 7,07-L0,50 1 ,300-+-0 050 0.95-+0,10 1,42++-0.10 3 5.0 
307-+6 5.45-+-0,19 5,12+0,38 6, 18-40, 40 1, 275-40 045 1 ,199-L0 ,089 1,45-L0,09 5 ae 
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TABLE 8. The scattering of 7*—mesons from hydrogen. The coefficients of the angular distribution. 


do|dQ=a-+b cos 6+ ¢ cos? 6 


A-* do|dQ = A+B cos 6+C cos? 0 


Energy of 
the mesons, 
in mev 


10°27 emay sterad ! 


si Sr Se aay Seal Be aes ee cme cee ce ee cea ie a Le ee 


176 9,144+0.42 —0.84-0.76 20.241.6 4.11-+40.05 —0.10-40.09 2.45+0.19 
200 7,920.36 4,04£0.55 18.7+1.2 4120.05 0.15-40.08 2,640.17 
240 5 1540.22 4.58-.0.57 14,93-£0.95 0,900.03 0.80-£0.10 2.640.17 
270 2,930.15 4,730.50 10.590,75 0.590.03 0.95+0.10 2130.15 
307 2,360.14 5120.38 9.26-40.60 0.55-40.03 1,.20-£0.09 2.41740.14 


TABLE 9. The scattering of 7‘ —mesons from hydrogen (EL = 307 mev). The angular distribution coefficients. 


——— > i— Ii 


do/dQ = ay + a, P, (cos @) + a2 P2 (cos 6) + a; Ps (cos 0) + a, P, (cos 0) A~* do|dQ = Ay + A; P, (cos @) + Az P2 (cos 6) + A; P, (cos 9) + Ay Py (cos 0) 


Qo a | a2 | a; a 
Als A, Ag A; A, 
10°27 cme / sterad™ 


| 


5,4940,21 | 5.22+0.49 | 6.0540.61 | 0,4340,58 |—1.34+0,52/1.285+0.049] 1.2240.14 | 1.4240.14 | 0.1040.14 |—0.3140.1] 3 1.4 


a ee ee ee ae ee ee ee ee ee 
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Fic. 12. Angular distribution of 176 mev 7* -mesons 
scattered from hydrogen. The full curve is for a distri- 


bution of the form do/ dQ= | 15.9—0.8 P, (cos @) 
+ 13.5 Pe (cos @) ]x10-27 cm2 /sterad with coefficients 


derived by the method of least squares. 
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Fic. 13. Angular distributions of 200 mev 7* -mesons 
scattered from hydrogen. The full curve is for a distri- 
bution of the form do / dQ = | 14.2 + 1.0 P, (cos 0) 


+ 12.5 le (cos 0 )] x 10°27 cm? /sterad with coeffi- 


20 


cients derived by the method of least squares. 
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FG. 14. Angular distribution of 240 mev 7+ -mesons 


scattered from hydrogen. The full curve is for a distri- 
bution of the form da/ dQ= [10.1 + 4.6 P, (cos 0) 


+ 9,9 P, (cos 8) ] x 10°27 cm? / sterad with coefficients 


derived by the method of least square s. 
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Fic. 15. Angular distribution of 270 mev 7 -mesons 
scattered from hydrogen. The full curve is for a distri- 


bution of the form da/ dQ = [ 6.5 +4.7 Py (cos 0 ) 
tarda lee (cos 9) ] x 1072? cm2 /sterad with coefficients 


derived by the method of least squares. 
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Fic. 16. Angular distribution of 307 mev 7* -mesons 
scattered from hydrogen. The full and the dashed curves 
correspond,respectively, to distributions of the form 
do / =5.5 +5.1 P, (cos 9) +6.2 P. (cos 0) x 10727 


cm? /sterad and do/dQ =5.5 +5.2 P es @) <6.1 P, 
(cos 0) + 0.4 P,(cos 2) = 3 Pe (cos @) with coeffi- 


cients derived by the method of least squares. 


squares, of the approximate function with five free 
parameters. 

The dashed curve on Fig. 16 represents the dis- 
tribution 


ds/dQ = [5.49 4+ 5.22P, (cos 6) 


+ 6.05P, (cos 8) +-0.43P,(cos 4) 
— 1.34P,(cos 6)]- 10727 


cm2/sterad. 


B. TOTAL CROSS SECTIONS 


The magnitudes ofthe total cross sections are 
given in Table 10. The errors shown are standard 
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TABLE 10. Total interaction cross section of 7*—mesons with hydrogen. 
ST er ee es rs ee ere 
energy, of (TT, p), f (do|dQ) dQ=4ra,, J (do/dQ) dQ = 
inmev 10797 cm? 10-27 em? = 4ta,, 10-27 cm 
176-4 193.6% 199.4+4.9 
200-45 O77 9-38. 7 
2404+6 | 125.642,5 127.243.6 
270+6 85.2+3,0 81.3+3.1 
307-46 65.72.92 68.542. 4 69.0-+42.6 
* Measurement made earlier at an energy of 174 mev(see Ref. 11). 
deviations and include the uncertainty in the 6 xt" p).- 07cm" 
corrections, taking into account the finite solid : 
angle subtended by the last counter, errors in 
counting in the registering equipment and the ad- 
mixture of y-mesons. The contribution of the in- 200 ots 
tegral 
0, 150 a a 
J {(den /d2)iay + (dsp / dQ), } dQ + ty 
to the total cross section constituted from 4 x 10°27- 100 
to 6 x 10°27 cm? with an uncertainty of the order of = 
1 x 10-27 cm? for all energies. The third and ae 
fourth column in the same table show the value of 0 Ee ee 
f (da / dQ.) dQ determined by the integration of the Mi) oh 200 200 _ £-(mev) 


functions 
Q)+ a,P, (cos @) + a,P,(cos®) and 
y+ a,P, (cos 9) + ayP, (cos 6) + a,P, (cos 9) 
+ a4P, (cos 6) 


with coefficients which were given in Tables 8 
and 9. 
Together with the energy dependence of a, ( 7*, p) 


found by the method of beam attenuation in this 


and in previous work, ae Fig. 17 presents data found 
by integrating differential cross sections. As can 
be seen, the agreement of the magnitudes of the 
total cross sections appears good independently of 
the method used. There are some discrepancies only 
in the neighborhood of 200 mev. The comparison of 
these results with the data from other experiments "4 


is carried out in the next paper which is devoted to 


discussion and interpretation of the results. 15 


The authors are pleased to thank B. S. Neganov 
who helped in obtaining the meson beam , and also 
V. V. Krotov for help with the work. 


Fic. 17. Total interaction cross section of 7*-mesons 
with hydrogen from: x —the method of attenuation of the 
meson beam; O —the integration of the angular distri- 
butions. The full curve Shows the dependence of 87x 
on energy. 
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The general case of motion of electrons in cyclic accelerators has been investigated, 
taking account ot quantum effects, when axial as well as radial oscillations are possible. 
We show that the quantum effects can be included by quantizing the adiabtaic invariants 
according to the Bohr-Sommerfeld method. The effect of quantum fluctuations on radial- 
phase oscillations in a synchroton is also investigated. Finally, the problem of quantum 
excitation of macroscopic oscillations is discussed. 


1, ADIABATIC INVARIANTS AND EQUILIBRIUM 
ORBIT 


ib the present paper, we want to investigate 


electron motion in a magnetic field according to 
quantum theory, and include the possibility that 


axial as well as radial oscillations can be produced. 
In this case it is simplest to solve the problem in 
cylindrical coordinates r= x“ +y“,z, 9. 

We shall first consider the motion of electrons 
in cylindrical systems like the betatron, where the 
variation of the magnetic field 7 over the region 
around the stationary orbit (r-=R, = const, z=0) is 
given by 

His=const-17", 


(1) 
and its average value satisfies the Wideroe condi- 


tion 
Ro 
Ze 


H(R,) = as \rH (r)dr =2H (Rp), (2) 


2 
0 


So 


which has been investigated in detail by Terletskii.° 


In addition, the magnetic field H must satisfy the 
equations: 


divH=0, cuwlH=0. (3) 
In order to satisfy conditions (2) and (3), the 
vector potential is taken in the form 
Ar=—YoyH, Ay=YexH, (4) 
and the average value H set equal to 
“_H (r, 2) (5) 
= fA So () +S (I 


* The present paper is a continuation of a series of 


papers 1-4), the authors on thequantum theory of the 
radiating electron, which we shall cite as I-IV. 
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bi = (— I)' (gq — 2°? (9 +2) . 


oo. (Fe i — 2)? (2D Vg — 2) Gee ee 


H (r) is given by formula (1). The last term on the 
right of (5) is chosen so that, on the one hand, it 
does not affect the value of the magnetic field in 
the region of the stable orbit (z=0), since 
me be (6) 1/, r2 H 
Boe () 
and on the other hand so that conditions (1) and 
(2) are satisfied for r=R ‘ and z=0. It will be 


sufficient to take the first two terms in the ex- 
pansion of the sum in (5): 


[1 ae a =| 


r2 


H (r) 
(2—q) 


V/,H (r, 2) (8) 


In our case, the Lagrangian and the generalized 
momenta are 


L=—me?[1l —c-? (r? + 722 ee z)]'* (0) 
— (e/ 2c) Hrs, 

Ps =(e/c)1°(H — fy Fi, ve 
pe=(E/e)r, pr=(E/e)z 


Here we have made use of the fact that for the 
stationary orbit 


SE = eH Ro; (11) 
and the electron energy is 
E=me/V1—®, (12) 


where cf is the electron velocity and m its rest 
mass. 
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We shall show that the electron trajectory, in- 
cluding quantum effects, can be found using the 
Bohr quantum theory. The final results agreee 
in first approximation with the results of rigorous 
quantum theory. This method is very convenient 
for practical computations when the energy is not 
too high, since it is very simple and descriptive. 

We introduce the three adiabatic invariants 
associated with the azimuthal quantum number 


l= 0, +1,+2..., the radial quantum number 
s=0,1,2..., andthe axial quantum number k=0, 
| Pace 


p pode = 2rhl, d Dai—onhs, 
(13) 


D pil; = Qchk. 


According to the Ehrenfest adiabatic principle, 
the adiabatic invariants remain unchanged during 
slow variations of the magnetic field. In parti- 
cular, we see from (10) and (13) that on the sta- 
tionary orbit [H(R 6 )=%H (Ro) | in the 
absence of radial and axial oscillations all the 
adiabatic invariants become zero, i.e., l=s=k=0 
(the ‘‘ideal orbit’’). 


2. OSCILLATION OF THE ELECTRON ABOUT 
THE INSTANTANEOUS EQUILIBRIUM ORBIT, 
ACCORDING TO CLASSICAL THEORY 


We shall investigate the stability of the 
motion when the adiabatic invariants are different 
from zero. 

In the relativistic case, the energy is related 
to the momenta by 


BE? /c? — mc? = p?+ p2+Vir,z), (14) 


where the function V (r,z) = (Al/r + erH /2c)? can 


be considered to be the expression for some effective 


potential energy (cf. Ref. 6). The radius R of the 
instantaneous equilibrium orbit, for which there 


are no radial oscillations (s=0) and no axial oscil- 


‘lations (k =0 ) can be found from the equations 
OV(r, Z) 
or 
We thus obtain 


z=0, R= Bae |(2—9) (16) 
eH (Ro) RecA —q) 3 


_ | p2-9 Ich (2— q) 1] (2—q) 
[Re r eH (Ry) Ri (1 — 4) 


OV(r, 


r=R 


lch 


AS AROSE GER) Raa 


where the quantum number 
n=l+l, ly = Roel (Ro) (1 —q)/ch(2—q) 


is not an adiabatic invariant since it follows from 
(16) that, even when %l # 0, with increasing mag- 
netic field the radius R of the instantaneous 
equilibrium orbit approaches the radius R , of the 
stationary orbit (R -R - ie 

When s# 0 and k ¥ 0, using Eqs. (10) and (14) 
we get the following approximate equations des- 
cribing the radial and axial oscillations: 


E @ E 

rem ge RET ag Oar) es) 
I Ok E 
edi? meena re 


where, for sufficiently large values of H, we may 
set ? 


0, = [(ctn? / E2) (@H? /c2n?) (1 — gy 9) 


=oV1l—q, @, = OV q, 


where w , = c/R is the angular velocity of rota- 


tion of the electron in a circular orbit. From this is clear 
that the oscillations will be stable for) < q< 1. We 


use (13) to determine the amplitudes A andB. We 
then get 


A? = 2hes /e V1 —qH = AGH (0) /H, (20) 
B? = 2hck/eVqH = BSH (0)/H, (91) 


where H (0) is the magnetic field at t=0. It is 
then clear that as the magnetic field is increased 
adiabatically, the amplitudes A and B of the radial 
and axial oscillations gradually decrease. Sub- 
stituting the solutions of equations (17) and (18) in 
14), we find the expression for the energy of the 
electron 


B= e2h2 2q nch (2 — q) 2 (1—4) | (2— 49) 
(eH elas bevey ares | 


+ eH (R)V 1 —q 2chs 


+ eH (R) Vg 2chk + mect|" 


Differentiating with respect to the adiabatic in- 


variants, we again get the values of the circular 
frequencies 
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®) = OE /Ohl =c/ R, 


©, = 0E /dhs = V1 — Gay, 


©, = 0E /Okk = Vgen. 


3. CRITERION FOR APPEARANCE OF 
QUANTUM EFFECTS 


As was shown by Ivanenko and one of the 
authors ® ( cf. also Reference 9), the spectral 


angular distribution of the radiation is given, in the 


classical case, by the expression 


W, 4) dy si eas a2 aay 
(8) dy sin 6d8 — oa {2 ee (56 


+ ecos? 0K), (+ es) dy sin 9d6. (22) 
Integrating this expression over angles, we get a 
formula which quite accurately describes the 


spectral distribution of intensity of the radiation 
over the whole frequency range: 


9V3 C 
Wy dy = 3 w,, ydy \ dxKy,(x), (23) 
y 


where dv=1, e=1 —B” sin” @and the quantity y 


is proportional to the harmonic number of the radia- 
tion: y=2/3v(me?/E )3. Integrating (23) over 


all frequencies, we get 


\ Wydy = (2€?c / 3R2) (E / me?)t = We). 
0 


The integral intensity of the radiation, taking 
quantum corrections into account is 


W = Wer {1 — (55 V3/ 16) (4 / meRo)(E / me*)?}. 


(cf. I and II; later this formula was also obtained 
in Reference 10). From this we see that quantum 
corrections to the integral intensity will be com- 
parable to the corresponding classical quantities 


only in the region of very high energies, E ~ Evi . 


where 

E,, = me?(mcRo |)". (24) 
This condition (u = % ) for the appearance of 
quantum corrections refers to the quantum num- 
ber 1 orn. Despite the limitations on this condi- 
tion, some authors assume that for E << E j 75 
we can in general neglect quantum corrections 
(cf., for example, Ref. 11), and assert that all 
attempts to set a more stringent condition for 


quantum corrections than the condition E ~ Ey, 
will fail. We cannot agree with this viewpoint. 

For this purpose, let us study the change of the 
other adiabatic invariants %s and hk as a result of 
radiation. 


2 


The amplitudes of harmonic oscillations can 
change non-adiabatically if: a) there is a sudden 
change in the position of the center of oscillation, 
or b) some momentum is suddenly imparted to the 
oscillating point. Suppose a material point is 
carrying out a harmonic oscillation along the x-axis. 
Then the square of the oscillation amplitude can be 
found from the relation D eee +p ae By as “ 
where p= (E/c *) x is the momentum of the 


particle. The changes in the quantities x and Pp 
are given by 


x = Do sin (wt + ¢), p = (Ew/c?) Dy cos (wt + ¢), 


where gis a phase which, in general, depends on the 
initial conditions. 

Let us suppose that at a certain instant of time 
the center of oscillation is shifted by an amount Ax, 
or the momentum is changed by an amount Ap. Then 
the square amplitude of the oscillation will be 


D? = (x — Ax)? + (p + Ap)? ct / E®a? 
= Di — 2D, sin (wt + 9) Ax 
+ Ax? + (c4 / Eo?) [Ap? 
+ 2Ap Do (Ew /c*) cos (wt + ¢)]. 


If we assume that the excitation of oscillations 
occurs statistically independently (cf. Ref. 12)*, 
then, by averaging the last expression over y, we 
get 


(AD)? = (Ax)? + (ct / E%w?) (Ap)?. (25) 


From formula (16) we see that the radiation of a 
photon with energy fvao leads to a decrease of the 
radius of the trajectory by the amount 


4 y - 4 AE 
NRE ae ig Ee (26) 


where AE ~ vch/R. We can get an analogous ex- 
pression for the change in radius by introducing, 
on the right side of Eq. (17) which describes the 
radial oscillations in the classical case, the fluc- 
tuation force 


F, =;|> w(t, t;) he; —{ wat| 
i 0 


™m 


* This result will be established mere rigorously 
later, using quantum mechanics (cf. Section 4). 
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(t. is the time of emission, p = 1 fort >¢t;, w= 0 
for t < t,). On the other hand, as we see from (20), 
quantum radial transitions can occur if the square 
amplitudeof the oscillation changes by at least the 
amount A(A2) ~ iic/eH = R?2/n (As = 1). Thus we 
obtain the condition (AR)2 > A(A?) or Anal oon | 
for production of radial oscillations as a result of 
quantum fluctuations of the radius. Substituting 
the harmonic number v corresponding to the maxi- 
mum of the radiation, v © (E/mc”)?, and setting n 
equal ton ~ RE/fic, we find the condition for ap- 
pearance of radial quantum oscillations to be E 

> TA ae where Ee is given by formula (24) with 
= 1/5. This condition was already found in the 
first papers on the quantum theory of the radiating 
electron!? (cf. also I and Ref. 14). 

It is just as easy to get the condition for appear- 
ance of axial quantum oscillations. Axial oscilla- 
tions are produced as a result of the recoil of the 
electron when it emits a photon. When a photon is 
emitted, the z component of the momentum changes 
by an amount Ap, = (h @,/¢) v cos@. According to 
(25), the increase in the amplitude of axial oscilla- 
tion due to emission of one quantum is 


(AB,)? = (R?/q) (AE / E)? cos? 8 ~ Rv's /n?. (27) 


We note that (27) can also be obtained from the 
classical equation (18) for the axial oscillations, 
by substituting on the right the corresponding fluc- 
tuation force 


F, = )) Ap, 8 (¢ — ti). 


On the other hand, for a minimal change of the adi- 
abatic invariant (Ak = 1), the increase of the square 
amplitude is equal, according to (21) to 
A (B?) ~ ic /eH = R?/n. (28) 
From (27) and (28) we see that quantum corrections 
for the axial oscillations must be considered when 
(AB ,)?> A(B2), i.e. A/Yn > lor E >E 739 where Ex;3 is 
given by (24) with p= 1/3. This condition was 


given in the first edition of the monograph of Ivan- 
enko and one of the authors.15 


4. DEVELOPMENT OF RADIAL AND AXIAL 
OSCILLATIONS ACCORDING TO QUANTUM THEORY 


According to the criteria which we have es- 
tablished in the preceding paragraph, quantum 
effects should first influence the radial oscilla- 


tions (when E ~ E we then the axial oscillations 
(when E~ E, .), and will only affect the total 
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intensity of the radiation in the region of very high 
energies (when EF ~ E, Me 

Quantum excitation of radial oscillations should 
begin to play an important role in the energy region 
E>E, ,,, Since according to the classical theory 

1 ‘ : 

the amplitude of oscillation then tends to zero. 

As we see from formulas (20), (21), (26) and (27), 
when a photon is radiated the quantum numbers n, 
s, and & change by the amounts 


ee epee oe, (29) 
4 veh 
AS == 5G gy RReH (RY ’ 
AE 4 veh c0s?6, 


~ OVq Reh (k) 


But according to classical theory, the quantum 
numbers s and & should remain constant. The ex- 
pressions (29) were obtained by a semiclassical 
method (since in considering the radiation of an in- 
dividual photon, we averaged over the phase Q. 

We shall show that a more rigorous quantum treat- 
ment will lead us to the same expression (29). Ac- 
tually we can treat the oscillations along r and z 
as oscillations at non-relativistic velocities, but 
with the relativistic mass E/c”, and having fre- 
quencies @ = 1—qc/R and w, =\/qe/R re- 
spectively. Thus the wave functions will have the 
forms 


eB) eH VR rR) 


A, = 0,E fic? = V1 —qeH (R)/ch, 


he = OE / hc? = V geH (R) / ch, 


while the radius of the instantaneous equilibrium 
orbit & = R (Z) is given by equation (16). Let us 
find the probability of transition W__- of an elec- 
tron from a state s to state s’, with a change of 
azimuthal quantum number from n ton’ =n — v. 
The transition probability is equal to the square of 
the matrix element 
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co 


ei dr exp \- +. [r — R(n)}? 
0 


v= (ar? 


m25TS’ st s/! 
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— (r= R(n— P| HV (r= R (n)] Ho (V(r -- R(n— pif 


eel 


Z 7 25+’ 51 5! 


i dxe-** H, (x == y =) Hy (x + Va 


2 


a ee (6), 


f= [R(n) —R(n—»)P = ¥/2n(2—q) VIG. 


The functions toes Ag,) are related to the Laguerre 


polynomials Q* ~ * (€,): 
g(s’—S)|2 9—§/2 


V sis! 


Tvs (6) = On (es 


(30) 


Thus, in a single transition, the change of the 
quantum number s is 


As = > (s’ —s) pe (E1) 


s’=0 


(31) 


= §, = cn /2(1 —q)*eHR?. 


Earlier we obtained this last expression by a semi- 
classical method [cf. Eq. (29)]. 

By a similar method we get the transition proba- 
bility Ve ,from a state k to state k’, when the z 
component of the photon momentum is 


Apz = h (&)/c) vcos 6; 


oc 
Ae \ \ dz 
Wa =| ea pitied to 


X exp \— haz? — iz <e ¥ COS 0} 


x Hy (Via2) Ho Viz) | 


or 
We = ce (2), 


2 2 ions 
where €, = wv’ cos 0/2c Ag? and the function 


I, A&q) are given by (30). When a photon is 
ee tted, as a result of the recoil the adiabatic in- 
variant k which measures the amplitude of the ax- 
ial oscillations changes by an amount 


Ak = >) (k’ —&) Taw (6) 


h/=0 


(32) 


= @, = v*ch cos? 6/2 V geHR?, 


which coincides precisely with the corresponding 
expression (29) which we found by a semiclassical 
method. Thus the average over phases in the 
semiclassical method gives the quantum result, 
which justifies the general theorem of statistical 
independence of emission of photons in the quan- 
tum Case. 

As we see from formulas (31) and (32), the change 
of the adiabatic invariants s and k per unit time as 
a result of quantum transitions will be 


= —\ asin 0d6 


0 0 


dl 
dt 


vW,, (8) 
live 


, 


0 


(33) 


Tv 


los) 
. 2 W, (8 
Sp = \ av\ sin 649 ——2* ms 
6 4 


2(1—q)? eHR? hive, ’ 


cvh cos? 6 W, (9) 
2V q eHR? hve, 


dk 
dt 


? 


= | a sin 68 


‘where the quantity W (9) is given by (22). Intro- 


ducing the variable 
x = (v/3) 62 = (v/3) (1 — 8? sin? 6)" 
and carrying out the integrations (cf. II), we obtain 


expressions giving the total change of the radius 
and also of the amplitudes of radial and free axial 


oscillations: 
t 
fear ao 2 eg (Ay 
: 3 eH =a me) Ra (34) 
antl) (35) 
os Ao F (t) 


t 

59 = e’kR E \6 4 

- 24V3 tae Re Gs) pe a, 

0 
t 

— HT (0) 13 eARe/ E \4 4 

Bip Oe 

0 


(36) 


The first term in Eqs. (35) and (36) corresponds to 
the classical contraction and the second to the 
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quantum broadening. Formula (35) for the radial 
oscillations was obtained by us earlier, both for a 
uniform field (cf. III, g = 0)*, and for a field having 
axial symmetry (cf. IV, q # 0). In the present 
paper we have generalized this formula to the case 
where axial oscillations are also possible, and 
have also determined the influence of quantum 
effects on the magnitude of the axial oscillations. 
From the last formulas we see that quantum effects 
should have a very strong influence only on the 
free radial oscillations. 

As we see from formulas (20) and (35), because 
of the quantum character of the radiation the per- 
centage increase of the mean square radial devia- 
tion from the instantaneous equilibrium orbit AK “7 


=% =1/2A” will vary according to the law (cf. 
also III and IV) 


e*he jee NO 4 
(1 —q)? iw \ Ga) ja at (37) 


0 


(=a mors. 
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5. RADIAL-PHASE OSCILLATIONS IN A SYNCHRO- 
TRON WHEN QUANTUM EFFECTS ARE INCLUDED 


In the preceding paragraphs we have shown that 
fluctuations of the radius, which are associated 
with the quantum character of the emission, lead to 
excitation of a special type of radial oscillations. 


Therefore, for the motion of an electron in a synchro- 


tron, we must still estimate the effect of these 
fluctuations on the so-called radial-phase oscilla- 
tions. 

In a synchrotron, the increase in energy of the 
electron results from passage of the electron through 
an accelerating gap. In a single turn the energy 
increases by the amount eVsing where V is the 
amplitude of the voltage across the accelerating 
gap, and vis the phase at which the electron 
crosses the gap. On the other hand, in one turn the 
electron loses the energy / = (4e7/3R) (E/me*)* 
as aresult of radiation. Thus the average increase 
per unit time is 


dE {dt =w(eV sing — 1) /2z, (38) 
where is the angular velocity of rotation of the 
electron. We shall denote quantities referring to 
the instantaneous equilibrium orbit by the index s. 
These quantities are related by the equations 


E,=eH,Rs, (w;/2n) AE, = (ec /w,) Hy. 


* For a uniform field, Eq. (35) was obtained rigorously 
in III, using the Dirac equation. 
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The increase in energy of the electron will be 
given by 


(w; / 2m) AE, = dE, / dt (39) 


= ws (eV sing; — Is) / 2m. 


We note that in the extreme relativistic region the 
energy loss per turn reaches values far exceeding 
the average energy given to the electron per turn, 
eens 


AE, <eVsing, = Is. (40) 


Denoting the deviation from the equilibrium phase 


by J = 9-9,» We have 
Oe Oh =) (41) 
AR/R, = AE /(1 — QE, = —b/as, 


where AR=R—R_., AE = E-E.. Subtracting 
(39) from (38), we get 


eV cos I—] 
cA ee 


se (42) 
dt 2T : 2 


Lag AE oe 
G ——s 

sr 2m }. 
Using the fact that in the ultrarelativistic case, at 
a given time, E = eHR = const: R!— 4% ive., 
J=const * R® — 44 we find 


I —I,= —(3 — 4q) I5/ es. 


In addition, using (40) we can drop the last term 
on the right of (42) and set eVcosy, ~ <cotg.: 


Then we get the equation for the radial-phase os- 
cillations 


b +b + 0%) = 0. (43) 
The damping coefficient y and the angular fre- 
quency of the radial-phase oscillations, Q, are 
equal respectively to 


1 = (Ws /Es) (3 —4q)/(1—q), 


OPW e ctg 9, /(1 —q) Es, 


where the quantity W =] (c/27R _) is the energy 
loss through radiation, per unit time, for an elec- 
tron on the stationary orbit. 

From this it is clear that the radial-phase os- 
cillations will be damped for g < 3/4; if q > 3/4 
the motion will be unstable. From equations (41) 
and (43) we find the following differential equation 
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for AR: 
@AR | dt? + ydAR /dt + Q2AR = 0. (44) 
The solution of this equation has the form: 
AR = e-*#l2 cos QtAA. (45) 


For high energies, the quantity AA will be the 
oscillation amplitude which results from the quantum 
character of the radiation. We then get for the 

mean square percentage shift in radius the value: 


(AR / Rs)? = 1/2 (AA/ Rs)2e-*. (46) 


Suppose that the radiation occurs at some time t.- 
Then we get for the square of the ratio AR/R_ 
the value ; 


AR? . 4  {A£,) 4 rare 
(R) = ae ae De Wate 
Ss v 


where AE. =%vc/R , while W_ is given b 

bag y (23). 
Summing the right side of (47) over v, and assuming 
that during the damping time T= 1/y the energy 

E , can be taken to be constant, we get the equa- 
tion found by Sands16 


—EEE fad 


mec” 
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In this case, Eq. (37) should be used for ¢ < 7 
and its limiting form [cf. Eq. (48)] for t >> 7. 

We note that relation (48) can be obtained from 
our more general formula (37) [cf. also III and IV] 
if we limit the duration of the free betatron oscil- 
lations to the damping time T. 

In conclusion, we note that the amplitudes of the 
radial oscillation and radial momentum will be of order 


A ~YV chs/eH, (49) 


P ~ (Eo/c?) A = VeHhs/c. 


If the quantum number s changes by unity as the re- 
sult of emission of radiation, we get an uncertainty 
in these amplitudes equal to 


AA = (0A/ds) As ~ A/s, AP ~P/s, (50) 


since it is impossible by present theory to determine 
when the emission occurred. In the classical ap- 
proximation E << E475? the value of s does not 
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change, so that this indeterminacy cannot occur. 
But in the quantum case E >> EF, ,,, a change of 
the quantum number s will occur Several times in 
the course of a single period of oscillation. The 
change in s leads to indeterminacies in the coordi- 
nates, Ax and Ap, which cannot be given by (50), 
since for s >> 1 we would obtain the inequality 
AxAp ~4i/s <<, which contradicts the uncertainty 
relation AxAp ~ h. Thus we have two limiting 
cases giving uncertainties in coordinate and mo- 
mentum, 


Ax ~ AA ~ A/s, Ap ~h/Ax ~ P 


Ap~AP~P/s, Ax ~ A/Ap~A 
Neither of the two cases permits a classical approxi- 
mation. To investigate the quantum excitation of 
macroscopic radial oscillations, forming a sort of 
“‘macro-atom’’, we can use either the rigorous 
methods of quantum theory as was done in Section 

4, or the classical equations (17) and introduce 
fluctuation forces (cf. Section 3). 

In the equivalence of the two methods we are in- 
clined to see a connection between quantum methods 
and the theory of fluctuations, where there are Mar- 
koff processes whose basis is the statistical inde- 
pendence of successive processes (cf., for example, 
the theory of the Brownian motion, and also Welton’s 
theory which qualitatively explains the Lamb shift 
by considering fluctuations of the virtual photons). 
In any case, in the present example both theories 
actually give the same quantitative results. 

The authors thank M. S. Rabinovich for many 


valuable comments on the effect of quantum fluc- 


tuations on damped radial-phase oscillations. 
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Letters to the Editor 


Polarization of Neutrons Scattered by Lead 


Asli Baz’ 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
159-161 (July, 1956) 
(Submitted to JETP editor April 8, 1956) 


N the scattering of fast neutrons by nuclei of 

high Z a strong polarization should be observed 
at small angles due to the interaction of the mag- 
netic moment of the neutron with the electric field 
of the nucleus. This interaction has the form: 


H’ = — u, (eh/2M°c?) o[ Ep] 
(1) 
= Erol), = + u,,€7A?Z/2M2c?, 
where a a —1.91 is the magnetic moment of the 


neutron, o is the neutron spin operator, p its 
momentum, and E the electric field of the nucleus. 
This effect was first shown by Schwinger’ who 
evaluated the resulting polarization. In that work 
he considered the nucleus either as an absolutely 
black body or as a hard sphere. 

In the present paper the polarization of neutrons 
was calculated more exactly. The interaction 
Hamiltonian of the neutron with the nucleus was 
expressed in the following form: 


Sania ie © 


where U, =—40 mev, €a constant describing the 
absorption, w the nuclear radius, 2a the smear of 
the nuclear edge, and H} is determined by Eq. (1). 
The first term in the right side of Eq. (2) was 
written as the sum of two parts: 


Uy = Us + Ui— Us), 


where 


ap (EP 16) Morey <7 5, 
0 for" 7 S75. (3) 


The Schrodinger equation for a neutron in the 
potentials U, was solved exactly, while the : 
additions to the Hamiltonian, (UV, —U, ) and H”, 
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were taken into account by perturbation theory. In 


this way a neutron scattering amplitude was cal- 
culated: 


F (8) = fy (8) + (on) fz (6). (4) 


It should be noted that for scattering angles 


@~ 13° the spin amplitude i = —i2M €/h? 6 


and thus depends only on the nuclear charge [see 
Eq. (1) ]. 

Knowing the scattering amplitude, we calculated 
the total cross section for neutrons 


0, = (4n/k) Im f; (0), 
the differential cross section in the region 
0° < 0 <30° ;do/do=|f, |? +|f, |? (we are limited 


to these angles since the optical model describes 
scattering well only for small angles), and finally 
the polarization for small @ 


2Re [F, (0), Fe (8)] 


j BP i ye =e eee EE 
"TAROP +f ®- 


* REM, (5) 
"chide (0)/do. 


All the above calculations were carried out for 
lead, with various choices of the parameters, Fils 
¢€ , a and neutron energy e: 


ry = 7;7.5; and 8 (in units of 10°13 cm) 
€= 0; 0.01; 0.02; 0.03; 0.05; 0.10 

«= 1; 2; 3; 4; 5 (in mev) 

a= 0; 0.4; 0.55 (in units of 10°13 em ) 


Comparing the magnitudes of o , and da/do cal- 
culated for various values of the parameters it turns 
out that for a given neutron energy « the results of 
the calculation depend most strongly on the nu- 
clear radius r) , less strongly on the value of 
the absorption ¢, and finally, least on the smear of 
the nuclear edge 2a. The selection of best values 


for ry ; € and a must be made by a comparison of 


the theoretical results for 0, and do/ do with the 
experimental values. It turns out that agreement 
with the experimental values occurs only for 


r, =8. As illustration, Fig. 1 shows our calcula- 


tions of o, for various parameters. Comparison 


of the theoretical curves of o, ( as a function of 
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1 2 


3 4 JE mev 


Fic. 1. Graph of total cross section. o, lies inside 


the shaded regions for ry =8 and ry = 7.5 and various 


values of ¢ and a. Experimental values are indicated 


by the circles. 


neutron energy ) and the curves of differential 
cross section do/de with the experimental 
values? shows that in all cases (withthe exception 
of the case ¢ = 1 mev) the experimental points 

are between the curves for ro = 7.5x107!3 em 


andr, = 8 x 10°’? cm, and usually closer to the 


latter. Thus the correct value of the radius must 
lie in the interval 7.5 <r, < 8, and probably closer 


tor, =8 (r, =8 corresponds to Ry = 1.35 in the 
radius formula R=R ax 10°13 41/3 em, and ves 
=7.5toR, = 1.27). Since all calculated quanti- 
ties depend strongly on r, and comparitively less 
on € and a, we did not think it reasonable to 
determine € and a from the experimental data. 


Nevertheless some information about these quanti- 


ties was obtained. The theoretical value of o, 


for « = 1 mev agrees with the experimental value 
only forr, = 8, € = 0—-0.2 and a= 0.5. Values a=0 
and € > 0.02 do not give agreement with experi- 
mental values of o, for anyr, . 


Thus we come to the conclusion that the 
best agreement with experimental data is achieved 
for r, slightly smaller than 8, and an effective 


radius edge smear of 2a ~~ 1. These values are in 

good agreement with those obtained from other 

sources.3 With regard to € it is only possible 

to say that for e= 1 mev, €~ 0.01, and with in- 

crease ine , apparently does not grow rapidly. 
The neutron polarization P ( @ ) was calculated. 

from Eq. (5) for 7) =8, a= 0.5 and various 


values of €. It was found that P ( @) almost 
does not depend on € for neutron energies € > 3 


mev, while at 1 mev, where this dependence is stronger, 
P (1°) changes from 0.5 to 0.8 for variation of from 0 to 
0.1. The magnitude of ¢ for «= 1 mev is however, 
known from the above, and is 0.01 so that we 

can calculate P (6) for neutron energies from 1—5 
mev with an accuracy of 10—20%. These curves 
for the angles = 1,2,3 ° are shown in Fig. 2. 


A(e) \ 
a8 (7°) 


a6 


A ee P(2’) 
QY 
—s. 


FiGs2 
Comparison of our results to those of Schwinger 
shows that our calculation leads to a much more 
rapid decrease of P ( @ ) with increasing 0. 
Schwinger’ obtained the following values of polari- 


zation at an energy ¢ = |: 


P (1.5°) = 1; P (3°) = 0.8; P (6°) = 0.47; P (9°) = 0,32. 
Our calculation gives, at the same energy 


P (1°) ='0,5; P (2°) = 0:45; P (3°) = 0,28. 
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It should be noted, as can be seen from Eq. (5) 
J 
P (@ ) depends only on o, and da/do. Since cal- 
culations made with our choice of parameters are 
in good agreement with experimental values of 
o, and do/do,our calculated polarization does not 
depend on a particular model, and should approach 


the correct value. 


In conclusion, I would like to thank Ja. A. 
Smorodinskii for his interest in this work. 
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Parapositronium Annihilation Probability, 
with Account of the First Kadiative 
Corrections 


A. I. ALEKSEEV 
Moscow Engineering and Physics Institute 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
164-166 (July, 1956) 


(Submitted to JETP editor April 10, 1956) 


i i is known that parapositronium in the ground 
state, as a system of even parity, cannot decay 
into three photons. Therefore it is interesting 
to calculate the first radiative corrections to the 
probability for two photon annihilation, } since in 
the next approximation the lifetime of paraposi- 
tronium is determined just by these radiative cor- 
rections and does not depend on the four photon 
annihilation. 

The positronium annihilation probability W for 
any order of radiative correction is connected with 


the annihilation probability Weare of the free 


particles with zero relative velocity by the equa- 
tion 


__ 1 ,,Eo °c (pes Go 
W = [(9"°(0) 97°40) / (HE) HEP O)IW (1) 


where eo (x) is the wave function (in relative 
coordinates) of the positronium in the ground 
state, and which satisfies a Bethe-Salpeter equa- 
tion with the possible annihilation of the parti- 


cles (Ref. 2; see also Ref. 3). Eo (x ) is 


ree 
the wave function of the free particles which turns 


out to have the same implicit set of functions as 
peo (x ) (but with energy C=E te , where € > 0 
the binding energy). The sign of o determines the 
spin state. [n Eq. (1), the quantity 

[Ly ® (0) yA? (0) ] = Sp [wy =? (0) yA? Co) J 
should be calculated a the same accuracy as 


is obtained in the calculation of W . 
Free 


If we limit ourselves to the first radiative cor- 


rections, it is not hard to calculate [#(o)y=(0)) 
with the required accuracy to terms including the 
order e? (% =c=1) using the nonrelativistic 
approximation to the wave function Ww“? (0). In 
this process we can drop the small terms of the 
wave functions in (fy £o@ (0) pho (0) ] since they 
are of order Jae (~ e4 ). It remains to find the 


corrections of the order e” to the large components 
of peo (x). This can be done with the aid of 
ordinary perturbation theory‘ if we use the second 
approximation” to the Hamiltonian for the large com 
ponents of the wave function. Simple calculations 
show that the first correction of the nonrelativistic 


value {yp (0) is of the order er , and therefore 


does not need to be taken into account. To the 
desired degree of approximation we thus have 


(B7° (0) ¥°° )) = 14 2 OF. (2) 


The wave function EF (x1 x,) of the free particles 


used in W is an implicit function of the full 
Free 


energy and momentum operators, and the full spin 
(since the orbital angular momentum is zero) and 
its projections. Since the spin operator does not 
include the spatial coordinates of the particle, the 
spatial and spin variables in woo, separate, and 


the wave function has the form:* 


Ue Leds) = OF (Kye (3) 


where the main componeuat of the total particle 
momentum K is K) = € = 2m, and K ~0 in the center 


of-mass system. Therefore, [w Co (0) Co (0) ] 
in Eq. (1) is a square of the spin function ® 7 (K), 
which can always be made equal to unity. 

The value of W does not change if we sum in 


Eq. (1) over all four spin states, since ae = 0 


in all spin states with a total spinS = 1. In Les 


ee 
(in the summation over all spin states) let us 
replace the summation over the complete set of 
spin functions ofthe entire spin operator by a 
summation over the complete set of spin functions 


which are themselves implicit spin operators of 
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the spin of each particle individually. Then We 
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Here W, is the first term of the zeroth approxima- 


will be the probability, together with the first tion, and 
radiative corrections, forthe two photon annihilation 7, | g(a __ geay_ 4 (et be-¥) + (Rt + A), 
of the free particles with momentap, =p, ~ ™. 
Using the results of Ref. 6, which were calcu- (5) 
lated for the Compton effect, thenW,, . is 
written UY = P(—k, t) + P(t, —&), (6) 
a e2 Re(U) 4 
etse ‘ | ee me | 4) where 
P(a, 6) = (1 —2ycth 2y) Ind-U (—a, 6) — 2ycth 2y [2h (y) —h (2y) U] (—a, 8) 
+ [—4y sh 2y-(ab)-? (2—ch 2y) + 2ycth y] hk (y) + 
4 a—6 1 4 ‘l b a 
+ Ina {ay cth 2y | 5 ch? y + Xb Tee. aoe 
3b 3b 3 i 8 8 2a — b? — ab 4 2a?+ 5b 
Sigg opt ht pees elap aeg ere g 2a*b (a — 1) — 3 aot 
Ae 2 di 3) 1 4 il fA 4 \2 
2 wal (ke! Ae pelle SpE VA De ee La 
fe ali Te 4 =| aythy( z)+4(44+4) 
12 3 a a 1 1 a Gre b Q 
cig gene ese eet +) +G (a) | Spoke tp? 
1 2 3 
+504 + —1| (7) 
With this 
ee (4 T 2 Sa 
.4sh?y=—(a+5), h(y)=y\ucthuda, 
0 


: du . 
G, (a) == 204 \ In (1 —u) = ; 


1—a 


mk = 27191 => 2P2G2; mr = 27192 = 2Poqi, 


where Py and Po are the electron and positron 
momenta, and q, and q_ the photon momenta. 


The quantity A, appearing in yy represents 
the photon ‘‘mass’’. For \ ~0 the radiative correc- 
tion to W, diverges logarithmically (the infrared 


catastrophe). We must calculate Lae for a rela- 
r 


tive particle velocity of zero. As can be seen from 
Eqs. (5) and (6) , the infrared divergence dis- 
appears in that case. Actually if Pil ipa then 


k ~T~0. Therefore,the quantity y and with it the 


entire coefficient of In A in Eq. (6) goes to 
zero. 


We finally obtain (in the center-of-mass system) 
the following expression for the probability of 


two photon annihilation of parapositronium with 
account of the first radiative corrections: 


4 fe? \5 mc? e? 
= lar) [1 +0.25 =) 


In conclusion,we thank A. D. Galanin for dis- 
cussion of the results. 


*We use the following summation convention: 
Ae Ady — ayb, = Azbe = a3bs. 
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Energy Dependence of the Fission Width 


V. G. Nosov 
(Submitted to JETP editor April 8, 1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
335-336 (August, 1956 ) 


A T excitation energies of the compound nucleus 
lying below the fission threshold Ey , the 
variation of the fission width with energy is deter- 
mined mainly by the barrier factor. Near threshold 

the barrier factor has the form e~4£/€« , where 
AE =E,—E. Theoretical estimates! give 

«~~ 100 kev; experimental data agree with this 
value. Thus, right up to E = Ey the fission width 


I’, is arapidly increasing function of energy. For 
E = Ey the tunnel effect largely ceases, and in the 
region E > Ey 


determined by other factors. The statistical theory 
of the fission width allows one — at least quali- 
tatively— to analyze the dependence of I; (E) in 


the behavior of the fission width is 


this region. We” obtained previously the following 
estimate*: 


Dy ~ (hw / 2x) N* (E— Ey) / N* (E). (1) 


Here @ is the frequency of the vibrations of the 
nuclear shape which are related to the fission, N* 
is the number of levels not connected with the 
fission degrees of freedom. By N* (E) the number 
of levels with excitation energy less than E is 
indicated. 

As shown by Landau‘ the density of levels with 
a given angular momentum goes basically as e 
where S =S (E ) is the entropy. Therefore, the 
behavior of the denominator V* (N) is determined 
by the factor e® , that is,it increases monotoni- 
cally. As concerns the numerator N* (E — Ey )y 


in the immediate region of the fission threshold it 
is impossible to apply the exponential factor to 
it. The formula e® is valid for the number of 
Jevels only if the total number of levels is large 
and the distance between them small compared with 
the excitation energy. Near the threshold the 


number of levels N * (E -E, ) is the order of 


unity and the excitation energy E- Ey cannot 


be considered large in comparison to the distance 
between levels with the same angular momentum. 


Near threshold, the function N* (E —E, ) has 


a step-like character. Immediately after the 


the region of interest the widths I and [’ —T 
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point F = a the interval EF — E 
one level with the angular momentum considered, 
16., V*(E — Ey = 1. In this region the fission 
width falls according to the law eS , Upon 


further increasing the energy, a second level with 
the angular momentum considered falls into the 


interval EF ~E , upon which the magnitude of 


contains only 


N*¥ (E -E, ) increases suddently by a factor of 2, 


and the fission width also increases suddenly by a 
factor of 2. Then, there follows again a region 

in which the fission width drops according to the 
law e~> until a third level occurs in the interval 


E-E, CLC. 


Thus, the dependence of the fission width on 
energy near to threshold is not monotonic. Of 
course, the picture described above of the step- 
like behavior of the fission width is idealized. In 
fact, the true curve [° (E) is found to be smoothed 
out on account of the tunnel effect and because of 


participation in the formation of the compound 
nucleus of neutrons with different angular momen- 
tum. It is necessary to take into account the fact 
that the neutrons used in the experiment are 
possibly not monochromatic. All the same, there 
is no reason to think that these factors lead to 

a complete smoothing out of the non-monotonic 
behavior of the fission width. For small excita- 
tion energies the distance between levels of the 
same angular momentum can reach ~ ] mev and the 
factors enumerated above are not sufficient, 
generally speaking, to smooth out completely such 
non-monotonic. features of the behavior of the 
fission width which occur so far apart. As the 
excitation energy increases these non-monotonic 
features become more frequent and less pronounced 
and for E — Ey of the order of several mev they 


are almost completely smoothed out. 

The non-monotonic behavior of the energy-de- 
pendence of the fission width near threshold should 
say something about the behavior of the fission 
cross section in this region. In fact, for the fission 
cross section for neutrons in the range EL ~ 1 mev 
and higher we have 


op~ o's ite (2) 
where cis the cross section for formation of 
the compound nucleus and I" is the total width. In 


f 
are apparently of the same order of magnitude 
and, consequently, the non-monotonic behavior of 
the function I’; (E ) leads to a non-monotonic 
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behavior in the fission cross section o,f CE). Kor 


nuclei for which the fission by neutrons has a 
threshold character this circumstance is confirmed 
experimentally.® 


*The first estimate of the fission width was given 
by Bohr and Wheeler? who,starting from classical con- 
siderations, obtained I; SS (Dy DP) Ife ely ). As 


indicated in the previous note,” for T >> I w the 
expression, Eq. (1), goes over into the formula of Bohr 
and Wheeler. 


cs Frankel and N. Metropolis, Phys. Rev. 72, 914 
(1947). 


2 
V. Nosov, J. Exptl. Theoret. Phys. (U.S.S.R.) 29, 
880 (1955) ; Sov. Phys. JETP 2, 746 (1956). 


*N. Bohr and J. Wheeler, Phys. Rev. 56, 426 (1939). 


“T Landau, J. Exptl. Theoret. Phys. (Ui SeSHRE)) We 


819 (1937). 
a1 Hughes and J. Harvey, Neutron cross sections, 


New York (1955). 
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Note on the Theorem of Pauli on the Relation 
of Spin and Statistics 


V. L. POoKROVSKII AND Iv. B. RuMER 
West Siberian Branch, Academy of Sciences, USSR 
(Submitted to JETP editor April 13, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
337-338 (August, 1956) 


T HE proof of Pauli! is based on a considera- 
tion of the irreducible representations of 
tensor and spinor quantities under transformations 
of the Lorentz group with determinant equal to 
unity. Schwinger? noted the connection of this 
theorem with the transformation of quantities under 
time reversal. We here give proof of the theorem 
of Pauli which shows that it is sufficient to re- 
strict consideration to the transformation of quan- 
tities under inversion of all four coordinate axes 
(general inversion / ) and which emphasizes the 
close connection of Schwinger’s idea with the ideas 
of Pauli. 

Under the transformation of general inversion /, 
we have for an arbitrary vector A 


ote (1) 


LETTERS TO THE EDITOR 


from which it follows that under general inversion, 


tensors of even rank 7’, : change sign. We 


say that a quantity belongs to the (+) class if it 
does not change under inversion /, and belongs to 
the (—) class if it changes sign. The operation of 
complex conjugation obviously does not change 
the class of tensor quantities. 

We now consider the transformation of spinors 
under general inversion. Without restricting the 
generality, we can consider here and below only 
spinors of the first rank. As is well-known, upon 
reflection relative to a two-dimensional plane 
with normal vector a, , the spinor U transforms 


according to the law* 


I 


a tan SY po U= U*y4. 


We use the notation 7 =a, a, . We speak 
about space reflections if a,a,=1, and about 


time reflections if t= 1. It is easy to show 


that the bi-linear quantities composed of U and 
U , which behave as tensors under spatial reflec- 
tions, are pseudo-tensors under time reflections. 


Thus, for example, the scalar (JU) goes into 
(U a? U), and the vector (U y, U ) goes into 


(Uay,,aU) =a (Uy,,U) — 2a),4; (Uy,U). 


It is possible, however, so to change the definition 
‘of the laws of reflection of spinors that the bi- 
linear tensors which are constructed from them 
behave as tensors not only for space reflections, 
but also for time reflections. This can be achieved 
if, in extending the concept of complex conjuga- 
tion, two quantities, U* and —U*, are put into 
correspondence with each spinor U. For this we 
introduce, in analogy with the theory of functions 
of a complex variable, a ‘‘two sheet’’ space of 
spinors, where we arrange that the transformations 
which do not change the sign of the time, leave the 
spinor on the same sheet, and the transformations 
which change the sign of the time carry the 
Fane to the second sheet. The conjugate spinor 
* is 


on the first sheet, 

on the second sheet. (3) 
(The asterisk on the right indicates the usual 
complex conjugation.) The dual spinor UJ js de- 
fined by the equality 


LETTERS TO THE EDITOR 265 


U => Urs. (4) 


If now, as above, we define the transformation 


of the spinor U 2) the equality (2), then the conju- 


gate spinor transforms according to the law: 
* ; Ag a 
(U)’ = (aU) = Uat ( if a), is a space-like vector ), 


* Rg 1. coe 
(U)’ = (aU) =—Uat (if a, isa time-like vector). 


(5) 


With this extension of the concept of conjugate 
spinor the bi-linear tensors constructed from U 


and U behave in the same way under both space 
and time reflections. 


The transformation of inversion is a reflection 
of all four coordinate axes. Consequently, the 
matrix of inversion / in our representation is iy ee 


The conjugate spinor transforms according to the 
law 


AION, (7) 


Suppose, for definiteness, that the spinor U 
lies on the first sheet. Then, according to (3) and 
(3°) the formula (7) becomes 


[U* = — (IU)* = iU*ys. is) 


Since (iy. )* =—1, the eigen spinors of the 


inversion operator can belong to two classes: to 
the class (+) if, upon inversion, they are multi- 
plied by +7, and to the class (—) if they are 
multiplied by —i . The formulas (6) and (7°) show 
that the complex conjugate spinors fall into the 
same class. 

We turn now to consideration of the commutators 
for tensor and spinor quantities. Subjecting the 
known expression for the commutator of tensor 
quantities A (x) to the inversion / 


[A (x), A* (x”)]. = P, (0/ Ox) A (x’ — x"), (8) 


taking into account that A ( —x) =—A(«x) and 
that the quantities A and A* belong to the same 
class, we obtain the relation 


P,,(—9/ 0x) = P,, (0/ 0x). & 


Consequently, P (0 /0x ) is an even polynomial. 
Considering the commutators for spinors, and 
taking into account the fact that U and U* belong 

to the same class, we come to the conclusion 


(U(x), UF (NN , = Pan (8/08) A(x’ — 2"), (9) 


where P 


an +1 

We will suppose that A and U are expanded in 

plane waves. Since the equation connecting the 
field components should be invariant under the 


transformation of general inversion, they should 
have the form 


(0/dx) is an odd polynomial. 


TRAY = SAM); SRAM) = TAM), 


(11) 


Se = SU rR = su) 


(we use Pauli’s notation ). 

From these equations it follows that——together 
with the solutions of Eq. (11) A ‘*) , Al) (y+), 
iso), Fag On to the value & — there exist 


A se | C—ECGS =i). corresponding to 
the value —k. 
We construct the tensors i and ie oe of 


even and odd rank, respectively, depending onk 
and depending quadratically on A ‘ A*\® or 


U‘*) | uxt) | We require that the tensors 7’ 5 
and Le 4 1 are gauge-invariant and that they be- 
have in the proper way under general inversion. 
Following Pauli’s notation, we have, in the case of 
spinor quantities, 
(pe MiG hae) ane GpS2 6S) 
AROS Ua, 


eae UMUC) 


’ 


au uC + USD 2 USS aD) 
We show that the quantity ie (U) cannot be 


positive. In fact, let it be positive for some U (k) 
= U‘*) (k) +U‘-) (k). There exists, however, 
also a solution of Eq. (11) for which i (-k) 
=U (k)- u‘-) (k). For this solution ie 


changes sign with the substitution of —k for k. 
Turning now to the quantities TEXAS, ee) 


composed of tensor quantities, we have 
Taye ADA CAA 
4+ R(AM AT + AMArO)): 
Tent, (A) = B(AY Ay) 
4 ADA) LAD AO + AVA, 
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Repeating the same considerations, we find that 


the quantity 7, |, (A) cannot be positive. 


Considering only general inversion, we have 
shown that in the case of a spinor field the energy 
density cannot be positive definite, and in the 
case of a tensor field the energy density cannot 
be positive definite. From these premises and 
from the expressions, Eqs. (8) and (10), Pauli con- 
structed the proof of his theorem. 


1W. Pauli, Phys. Rev. 58, 716 (1940) (See The Rela- 
tivistic Theory of Elementary Particles (Russian trans- 


lation ), IIL 1947, appendix) 
2 
J. Schwinger, Phys. Rev. 82, 914 (1951) (See 


Recent Developments in Quantum Electrodynamics 


(Russian translation ), IIL 1954, p- 133). 
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A Possible Application of Cyclotron 
Resonance to iiass Spectrometry 


V. N. LAZUKIN 
Moscow State University 
(Submitted to JETP editor April 16,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
339 (August, 1956) 


YCLOTRON resonance, which was theoreti- 

cally predicted by Dorfman! and has been ob- 
served experimentally in semiconductors,2 con- 
sists of absorption of microwave power by an 
assemblage of electrons or holes upon which a 
magnetic field H is acting. The absorption takes 
place at a frequency 


vy = eH /2rnmc, (1) 


equal to the frequency of rotation of the carriers in 
the field H and is due to electric dipole transi- 
tions? whose possibility is controlled by the mo- 
tion of the charges in quantum orbits. The electric 
dipole transitions are induced by the electric 
vector E,, of the microwave field; the transition 
probability is a maximum when Le is perpendicular 


to H. 

In comparison with paramagnetic resonance, 
cyclotron resonance absorption is distinguished 
by its remarkably large intensity. The electric 
dipole transition probability is approximately 101 
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times larger than the probability of the magnetic 
dipole transitions in paramagnetic resonance.4 
Consequently the observation of cyclotron resonance 
requires a carrier concentration 101? times smaller 
than is necessary for the observation of paramag- 
netic resonance. In view of the sensitivity of 
modern radiospectroscopic techniques it should be 
possible* to observe cyclotron resonance in a 

gas of free electrons at about 104 electrons per 
cm?. Cyclotron resonance absorption must occur 


also in the space charge formed by ions of this 
or that substance; the relative magnitude of this 


absorption? must be 10° to 104 times less than 
for an electron gas under the same conditions of 


concentration and supplied rf power. : 
The condition that the effect be observable is 


that @ T>1. It follows from the requirement that 
the carrier be able to execute at least one com- 
plete rotation in the time between successive col- 
lisions. 


Cyclotron resonance may find application in 
gas analysis, in studying the properties of plasma 
(e.g., in measuring ion mobilities and collision 
times), and in mass spectrometry. 

The principle of operation of a possible mass 
spectrometer is similar to that of the:rf mass 
spectrometer propsed by Hipple et al.®© and con- 
sists of measuring the cyclotron frequencies of 
ions of the various masses and subsequently 
computing m by formula (1). A schematic diagram 
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Schematic diagram of apparatus. 


of the apparatus is shown in Fig. 1. The ion 
source A sends an unfocused ion beam of low 
energy into the condenser K which forms part of 
the resonant circuit of the high-frequency tunable 
oscillator G. In the field H, parallel to the faces 
of the condenser, the ions move along helical 
paths, whose projections upon a plane perpendi- 
cular to H are circles of radius p=m cov,-/-eH, 
where v, is the projection of the ion velocity upon 
this same plane. Even if an ion executes only a 
Single rotation during its flight through the condenser 
absorption of high-frequency power must be observable 
at the frequency (1). By modulating the field or 
the oscillator frequency it is possible by the usual 
means to display the resonance curve on an oscil- 
loscope or to register it with a recorder. After 
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traversing the condenser the ions are discharged by 
the collector Q . 
he sensitivity of the instrument is determined 
from the ratio of the number N of ions per cm3 
and the minimum density n required for detecting 
absorption, i.e., N/n = N/104. . Thus the sensi- 
tivity will be the higher, the larger the ion current 
and the lower the ion energy. It is not difficult 
to see that in principle it is possible to raise this 
quantity to values of the order of 10° to 107 ; thus 
the possibility is disclosed of detecting isotopes 
having a natural abundance of a part in ten million. 
The dispersion of the instrument is linear and 
according to formula (1) is obtained from the rela- 
tion 
D = (eH/2mmc) (1/100m) (2) 
for a 1 percent change of mass. For elements of the 
center of the periodic table D will be about 104cps. 
The resolving power is given by R = m* /Am 
= v/Av, where Ay is the error in the frequency 
measurement. Since Av = 10°° v is easily attained, 
it is possible to hope for the creation of an instru- 
ment with a resolving power of about 105 and 
higher. . 
Thus experiments with cyclotron resonance on 


ion beams may prove to be useful in measuring 
nuclear masses. Such an experiment is easier to 


carry out for light elements. 


lia. G. Dorfman, Dokl. Akad. Nauk SSR 81, 765 
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Scattering Lengths of Slow Neutrons 
on Deuterons 


A. S. DAvinov aAnp G. F. FILIPPOV 
Moscow State University 
(Submitted to JETP editor April 17,1956) 
J. Exptl. Theoret. Phys.(U.S.S.R.) 31, 
340-341 (August, 1956) 


T HE, scattering of slow neutrons on free deu- 
terons is completely specified by the two 
scattering lengths a 


, and a ; that are associated 


with the two possible spin states of the system 
composed of two neutrons and one proton. From 
the experimental values of the total and coherent 
scattering cross sections for neutrons on deuterons 
it is possible to establish!>? that a, and a, are 


given by either &) a@, =6.2 x 10-13 cm anda 
= 0.8 x 10°}3 emor § a,=24x 10-13 cm and a, 


= 8.3 x 10-13 cm. Since the choice between these 
two possibilities cannot be made without experi- 
ments with polarized particles, it has to be based 
on theory. The theoretical solution of the prob- 
lem of scattering in a three-body system has been 
carried out only under considerable simplifications. 
According to the theoretical work of some?’* one 
had to give a preference to the values B because 
according to theory a . yay. Others 5°© obtained 


the opposite mequality a eis and one had to 


consider the values © as being the correct ones. 
In the present note qualitative considerations 


in favor of the values @ are pointed out. 

The potential energy of the system composed of 
two neutrons and one proton depends only upon 
three ‘‘internal’’ coordinates, for which one may 
choose the distances € and 7 of the two neutrons 
from the proton and the cosine p of the angle be- 
tween them. The wave function of the S-states of 
such a system will depend only on the internal 
variables € , 7, and p and on the spin variables 


7, ,0@, anda, of all three particles. In parti- 


2 


cular, the wave function of the quartet state may 
be represented in the form 


Sy at = Pay, (a; Y, 2) X3/.M (oy, So, 53), 
M= +%s, + 3/2, 
where yx on is the spin wave function symmetric 


in an interchange of the spin coordinates of any 
pair of particles. Because of the identity of the 
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two neutrons the complete wave function ¥ 3/2 M 
must be antisymmetric in a single interchange of 
the space and spin coordinates of the neutrons, 
Since yx 3/2 M is symmetric, the apace wave 
function must be antisymmetric in an interchange 


of the space coordinates of the neutrons. The 
transformation € ~7 , 7 ~€, 4. 7p corresponds to 


an interchange of the neutrons. Therefore the anti- 
symmetry of the function ¢ (57) Bh MESS 


YY? 
pressed by the simple equation 
Ps), (6, n, tL) al Ps), (n, a uw). (1) 


From (1) it follows immediately that ~ 3/279 


for €=7 . Thus, inthe quartet state, events in 
which the neutron being scattered falls inside the 
deuteron are impossible. In other words, in the 
quartet state the n—d interaction is described by some 
effective potential of repulsion whose range of 
influence coincides with the dimensions of the 
deuteron. In this connection, the scattering length 


a, must be positive and exceed the ‘‘radius”’ of 
Zagat 10 LS Fem aOt 


the two possible pairs « and £ of the experimental 
values for the scattering lengths only the values 

a satisfy the condition a, > 43x10 =i Stems 
Hence it is necessary to take a = 6.2 10222 em 


and a, = 0.8 x 10 -!3 em. 


the deuteron, that is a 
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Contribution to the Theory of 7z-ileson 
Disintegration 


A. A. VEDONOV 
Moscow State University 
(Submitted to JETP editor May 11, 1956) 
J. Exptl. Theoret. Phys.(U.S.S.R.) 31, 
347-348 (August, 1956) 


L ET us consider the problem of the decay of the 


m-meson according to the scheme 
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assuming that the p-meson has an anomalous mag- 
netic moment pf, = “+e/2M, where M is the 


p-meson mass. We consider the meson interaction 
as scalar (a pseudoscalar interaction yields the 
same results! ); 


A, py & (PP) Yt compl. conj. 


The interaction of a z-meson with a y-ray is given 
by the expression 


Ay y= — eA — "aie! yivyF ips 


The matrix element ofthe process is given by 


M Qneg — 
VE we 
x [6-4 be—8h)] i +ik— My 4, 
where u 


,u,, are unitary bispinors of the wave 


functions of the p-meson, and of the neutrino; 


k =(k, |&| ) is the 4-momentum of the photon; 


p =(p, M ) is the 4-momentum of the fi-meson and 
e is the unit polarization vector of the photon. 

Averaging over polarizations and spins, we get 
the decay probability 


4 e2p2 


a) as Oe 
° = Fen? EEL # {| aD) 


2 


x (— pk — Ek + Ee) — PAL (ea — ag — mp) 
+8[2(-)' (pk — ey (— pk + Ea) 
( p.’ 242 
42 $7) (pk — Ek)? (M? — EE. — mM) 


+ (—+.) (wk — 2h)" m—m) 


dp dk 


as (- sr) (pk —Ek) (—ME,#) | ea: 


where m is the mass of the neutrino and E js the 
7 


energy of the decaying meson. 

Integrating over the directions of the photon, we 
get the probability of a decay with emission of a 
p.-meson with momentum p (we take m =0): 
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dw = °& P'dp { rat) =p 
an LE, PE,, 


eg eee ee) a he 
(E— p)(E,—E—p) ' p (E,—E)—p? 


E+p uw’ 
vem ett) —(-£) 


Xl 


= 


ef) Ete En E +P) 
PE,, (E— p) (E, —E— p) 


-8(5) "(1 se)} 


In the non-relativistic case, p27 MI; 


x 


E=M + p* / 2M. Assuming ? that the mean free 
path R of the u-meson is proportional to p* we 


get for the number of -mesons with mean free paths 
less than R 


P=Pe (RIRo)!!* 
dw=[1+ 7], 1,4, 


(pol M) (R|Ro)'ls 
2 M2 rs 


oe ae as (4--1)* 
Pag Mees 2 M 
0 
8t M Ex xt 
+F(- + M ) eee oe 


Here p, and R) are the momentum and the mean 


free path of the meson in the decay 7 ~p +v ; 
a. 7 (e/ 2M ); Wi ty ty is the decay proba- 


bility for T= 0 derived by loffe and Rudik! 5 w 
= (g2 /2) (1-2 /E2) P, 


of the decay 7 ~p tv. 

The comparison withthe results of Ioffe and 
Rudik! shows that the p-meson having an anomalous 
magnetic moment can lead to an increase of the 
number of mesons especially of those with short 
mean free paths. Similar results should be expected 
in the case of mesons with spin greater than 7. 

I wish to thank B. L. Joffe for the suggestion 
of this problem and its discussion. 


pty 


is the probability 


Peiiotioaad ACP Rudik, Dokic Akad. Nauk SSSR 
82, 359 (1952). 


23. Rossi and K. Greisen, Interaction of cosmic 


rays with matter, page 17, IIL (1948) (Russiantranslation). 
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Production of 7-Meson Pairs on Nuclei 
by High Energy y-Quanta 


A. G. SITENKO 
Physical-technical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor, May 11, 1956) 
J. Exptl. Theoret. Phys.(U.S.S.R.) 31, 
348-350 (August, 1956) 


T HE production of 7-meson pairs on nuclei by 
high energy yeanene has been discussed by 
Pomeranchuk .*’* In the case of high energy y- 
quanta, only small angles between the momenta of 
the 7-mesons and the y-quanta are important. The 
range of the process is found to be greater than the 
dimensions of the nucleus. Therefore, the knowledge 
of the wave function outside the nucleus is suffi- 
cient to determine the cross section of the process. 
In Refs. 1 and 2, the wave function was taken as a 
plane wave plus a wave scattered by a perfectly 


black sphere of radius R (radius of the nucleus). In 
this paper we take into account the influence of the 


Coulomb interaction between the 7-mesons and the 
charge of the nucleus on the pair formation. 

The matrix element of the process of formation of 
am’ 77 —pair is given by 


= — ie Ve [Y" 5.1) oo — oh GY) ge] ear, (1) 


where k, » and j are the wave vector, the frequency 
and the polarization of the incoming quantum. The 
wave functions Y, and W_ of the created mesons 


are the sums of plane and converging waves: 


4 
me ck (e ls (2) 
Pe cexp {—ip, |r— 
ae “inl PB 1 —a (@)) aph, 


where p is the radius in a plane orthogonal to the 
momentum p, of the created meson and passing 
through the center of the nucleus: 


0 e<R, 
Q (e) = eer, o> R, 


¥4(p)=n, log p tp is the Coulomb scattering 
phase, with n = ze” E,/p, and E , is the energy 


of the 7’ -meson. We break the wave function into 


three parts: 


270 
1 ip.r ee (2°) 
= ©, + 0}; 
py Viz.” =p UE Se ny 
a Vxe dhe God Malm red 2a esa are 
= 37 | [P= ese 
e<R 
1p exp {— ip, |r—P}} — e--2insl®) gp, 
o = 55 | Ten {1—e } dP. 


similarly for 7 : 


b= QE)" cP 4.0_4 0°}; (3) 


fo — Leb Sp. 


In the evaluation of the matrix element (1), let us 
note that the integrals containing the products of 
the plane waves involved in wy, and w_ vanish 


because of the conservation laws; all the integrals 
containing the products of non-overlapping wave 
functions (¥, andg_ , w_andd,,¢, and d 7 
and finally f and ¢ “, do also vanish. We get 

ane Sr (4) 
Meera) Qo E, E- 


X [(@ 40%) §.Vew PE eH PH DO" 


— (0° 4+ 0) 5.7 eW Pte -2F D"} elk Fae, 


In the case of relativistic energies (EF , and 


E_ >> p) and of small angles between p rari 


and k (which is the only case where the diffraction 
treatment is adequate), and assuming that n << ] 
we have: 


M = ieV 8x? p, p_/ 0 (5) 
5 ¢ 4 “, 
{fed ah =| pa Cu Ra) 


+ eV8n® ppl fat 


uke gq? 


x ies [Jo (24Rq) + 2uRgly (2u.Rq) In p_R] 


jn 


+ pap Vo @uRa) + 2uRah (2uRa) In pyRIt 


where g = 4 (€ +7 ) and & and 7 are determined by 


the relations 
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k 
Py = ps (1 — 2p? / 2p?) at us, k-E=0, 
k 
p- = p-(1— 4%? / 2p?) — +49, ken =0. 
The differential cross section for pair formation 
is equal to 


= 2n| M?|| F |? w4 (2n)-* dE dn dE,, 


where F' is a form factor taking into account the 
finite size of the particles and their interaction be- 
tween themselves. Substituting (5) into (6), and 
averaging over polarization of the quanta, we get: 


Basie pate [es eS E 


x eee 
32r? w q? 1+ & 1+ 7? 
, 4n? E hae. 
+ oper | Paeee Vo 2uRa) + 2uRgh (2uRq) In p-R) 
+ aig Wo (2uRa) 


2 
+ 2uRqJ; (2uRq) In p, R)] } | F |? dE, dé dy. 
In (5) the most important lengths are the 
Le 2P4P./o p? ; the effective value of g 


eff. Fur- 
thermore ie ets >>R ; hence 2p ign << | and 


is therefore approximately equal to 1/pr 


GHB — E,) 
do = sake (8) 
pai es E nH \? 
metas eee a 
4n? Us (2u.Rq) & NH \2 
eg (pet THR) f Paes ea 


The first term in the { } brackets corresponds to 
the diffractional 7 * 77 pou formation, without ex- 
Citation of the nucleus ~ ; the second term takes 
into account the pair formation produced by the 
Coulomb interaction. For n << 1, the interference 
between the diffractional and Coulomb pair forma- 
tion does not appear. Setting F = 1 and integrating 
(8) over € and nN, we get 


do = do® + do®; (9) 
2 D2 2 
dot — © 2 e(1—e)de [mm tt Ein cause 1 \ 
é 4 2 
2e? n2 ion salou ae 
do — e(1—e) de 0 (2uRq) = Ey 
re | ar @) dg ee 
Imin 
U _ 2q7?+1 


~ Hafler)? ©) peepee dr Vat 
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the maximum value & ie is determined by 
max 


the properties of the z-particles interactions,” 
and q,.,,, 18 determined from the conservation laws. 


Noting that the most important quantity indo° is 
q << 1 and setting 9( ¢) = 4/3 q 2 | we get a 
known result? for the cross section for pair forma- 
tion in the Coulomb field: 


do® = (8e?n? / 32) e (1 — ¢) (10) 
x de In [(2e (1 —e) w/ u2R]; 2URQmin X 1. 


The integral cross sections are equal to 


oes E beine sot (11) 
‘ Lita aa 
of cane n? 20 
a RR’ 


I wish to express my gratitude to A. I. Akhiezer, 
I. Ia. Pomeranchuk and also to V. F. Aleksin for 


discussion of the problem. 
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Invalidity of the Fermi-Dirac Distribution 
for Electrons of Serniconductor and 
Crystal Phosptor lmpurity Centers 


S. I. PEKAR 
Institute of Physics, Academy of Sciences, 
Ukrainian SSR 
(Submitted to JETP editor May 12, 1956) 
J. Exptl. Theoret. Phys.(U.S.S.R.) 31, 
351-353 (August, 1956) 


A MONG the original assumptions in introducing 
the Fermi-Dirac distribution we have the fol- 
lowing: 1) The electrons must not interact with 
each other, in particular, the energy of a given 
single electronic state must not depend on the dis- 
tribution of electrons in the states ; 2) subject to 
the well known limitations, interaction of electrons 
is permitted with other subsystems (for example, 


if the state of this subsystem follows the electronic 
motion adiabatically). But it is necessary that the 
entropy of this subsystem not depend on the elec- 
tronic distribution of the state. 

It is simple to demonstrate that this assumption 
is not usually realized for electrons of semicon- 
ductor impurity centers. For example, if the donor 
is an atom of a monovalent metal, then the essential 
interaction of the electrons (other than the valence 
electrons ) with one another and with the valence 
electrons, is still not a difficulty since the state 
of strongly bound electrons of the ion core follows 
the motion of the valence electrons adiabatically 
(and thus the motion of the conduction electrons ). 
Therefore the ion core can be considered as the 
above-mentioned subsystem and the statistical dis- 
tribution can be introduced only for the valence 
electrons of the donor and the conduction electrons. 
But the essential difficulty in obtaining a Fermi 
distribution is the following circumstance : there 
exist two equilibrium states of the valence elec- 
trons corresponding to the two possible orienta- 
tions of their spin; hence, if one is occupied by an 
electron the energy level of the second state is 
raised considerably and even gets into the conduc- 
tion band (this is consistent with the instability 
of the negative ions of the alkali elements, when 
introduced into crystals ). Hence this violates 
the original assumption 1 ). 

If the donor is an atom of a divalent element, in 
which the valence electrons have opposite spin 
orientations, then the state of the atom is non- 
degenerate. But after a single ionization of the 
donor, the state of the remaining electrons shows 
a twofold degeneracy corresponding tothe two 
spin orientations of a single valence electron. 
Thus the degeee of degeneracy of the states of the 
subsystem consisting of ionic core is equal to 


QN1 | where N, is the number of singly ionized 


donors. In this case the entropy of the subsystem 
depends essentially on the electron distribution, 
i.e., in violation of assumption 2). 

In consequence of the violation of the original 
assumptions 1) and 2), the Fermi-Dirac distribu- 
tion, generally speaking, is not applicable to the 
donor electrons. Instead, we are led to employ 
the more general Gibbs distribution for a system 
with a variable number of particles, and we regard 
the donor as a system capable of losing electrons 
to the surrounding medium, and absorbing electrons 
from the medium. The probability that a donor 
will contain N electrons and be found in a quantum 
state n , is equal to 


Wy = exp {((Q + uN—E, yVRT}. (1) 
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Here EAN is the energy of all of the electrons of 


the donor (the electrons may interact with each 
other ),Q is the thermodynamic potential of the 
donor electrons, determined from the normalization 


condition > w = ] and equal to 
n,N nN 


(2) 


Q=—kT In D\exp a 


rN — EnN 
ee 
nN 
B is the chemical potential of the electrons, which 
is the same for all electrons of the subsystem, 
which enter into the crystal. The average number 
of donor electrons is equal to 


N= > Nw N 
n,N i (3) 
— >) exp io} exp (ar - 
n,N kT a kT 


This formula is the generalization of the Fermi- 
Dirac distribution. For not too high temperatures, 
we can limit our consideration to singly ionized 
donors only. In this case, let the number of elec- 
trons in the ion core be equal to v, and the number 
of electrons in neutral donors be vy + 1. Then 

the Fermi ‘‘occupation number”’ of the donor elec- 


trons in our case corresponds to the number NV” 
= N —v, which is equal to 1, if the donor is 
neutral, and to 0, if the donor is singly ionized. 
From Eq. (3) we obtain in this case (N takes on 
the values vy and v + 1 only): 


N= N—vy (4) 


E => 8 -1 
=| 4 > exp = re S ex (pee) 
kil — P kT : 


Here appear the partition functions of the ion 
core and the neutral donors. If we limit ourselves 


tothe first term (low temperatures), which corres- 
sponds to the usual simplest popular variant of 


the theory of semiconductors, in which the inter- 
action between the states of the ion core and the 
neutral donors is ignored, then we obtain from 


kq. (4) 
N'= [1 + dexp {(e—y)/AT}]“1, 8 =f/g. (5) 
Here the zero of energy is selected, usually so that 


the energy of the ion core in the ground state Ey 


is equal to zero, the energy of the electrons at 

the bottom of the conduction band equals zero, the 
energy of the neutral donors in the ground state 
isk) ees f is the degree of degeneracy of the 


ground state of the ion fragment and g is the degree 
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of degeneracy of the ground state of the neutral 
donor. Equation 5 differs from the usual Fermi- 
Dirac distribution by the factor 6 , which cannot be 
eliminated by means of introducing the new value 
of 4 , because it then loses its meaning as the 
chemical potential and does not conform to the 
chemical potential of the other electronic systems 
which make up the crystal. 

If we use Eq. (5) we derive (by the usual method) 
the expression for the concentration of conduction 
electrons in semiconductors with a single type of 
donor and find 


n, = (G8n,)'? (m* kT [2rch2)* lp 12h (6) 
w=—e>0l. 


Here n q is the concentration of donors, m* is the 


effective mass ofthe conduction electrons, and G 
is the number of different quantum states of the 
conduction electrons with a given energy and quasi 
momentum. For example, if the conduction band is 
formed from atomic s-states, then G = 2, since 
there are two possible orientations of the spin of the 
electrons with a given energy and quasi-momentum. 

Eq. (6) differs by the factor \/6 from the analo- 
gous formula, deduced from the Fermi-Dirac statis- 
tics. Such an additional factor appears in the 
expression for the current in thermionic emission 
by semiconductors. An analogous correction appears 
in other equations in the theory of semiconductors, 
based on the statistics of electrons. 

If the donor is an atom of a monovalent metal, 
then, as was explained above, f=1, g =2, d= %. 
In the case when the donor is a bivalent element, 
then according to the above,f =2, g=1, 6=2. 

In trivalent donors the single p-electron can be in 
any one of the six p-states, so that after this 
electron leaves, the ion fragment is in the non- 
degenerate state. Hence f= 1, g=6, 5 = 1/6. 
Strictly speaking, the six-fold p-levels of the donor 


atoms are slightly separated under the influence of 
the crystalline field, which does not possess 


spherical symmetry. This may be taken into ac- 
count if we do not use Eq. (5) but the more exact, 
more general Eq. (4). 

From the examples considered earlier, it is 
clear that not only Eq. (4), but even Eq. (5) leads 
to results different from the results from Fermi- 
Dirac statistics. However the latter, in the course 
of many years, has been widely applied to electrons 
of impurity centers, beginning first in the work of 
Wilson! and Fowler? and ending in the latest re- 
view of Schottky.* One should make the appropriate 
Corrections to the formulae of the theory of semi- 
conductors. In Ref. 4, the correct results are 
derived, since we do not use the Fermi-Dirac 
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electron statistics but use the much more general 
Gibbs distribution. 


1 
A. H. Wilson, Proc. Roy. Soc. (London) A133, 458 
(1931); A134, 277 (1931). 


2 
R. H. Fowler, Proc. Roy. Soc. (London) A140, 505 
(1933). 


3 
W. Schottky, Halbleiterprobleme I., Braunschweig, 
1954. 
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S.1. Pekar, Investigation into the Electron Theory 
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Application of the Lattice Model to 
Semiconductors of the 


Lead Sulphide Type 


T. K. REBANE 
Leningrad State University 
(Submitted to JETP editor May 17, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 353-354 
(August, 1956) 


pee application of the lattice model to solids 
was first pointed out by Coulson?, who cal- 
culated ( with the aid of this model) the band struc- 
ture of the energy spectrum in metals with a cubic 
space lattice, and also in graphite and in boron 
nitride. In the present paper the lattice model is 
applied to semiconductors of the type PbX, where 
X =S, Se and Te. The specified semiconductors 
have cubic lattices of the NaCl type. The initial 
electron configurations in the isolated atoms are: 
Pb—p”, X—p*. For each of the paired atoms of 
PbX in the crystal there are six p-electrons. We 
may consider two lattice models of PbX crystals: 

a) the three-dimensional model, analogous to the 
three-dimensional lattice model, proposed by Coul- 
son for metals; 

b) it is possible to describe the p-electrons in 
the crystal as breaking up into the groups p,, P, 


and p_, and the electrons of each group break up 
into subgroups, such that all electrons of one sub- 
group can move in a definite plane of the tetragonal 
lattice, formed by the atoms of Pb and X. Each of 
the subgroups is similar to a system of 7—elec- 


trons in conjugate organic molecules. 
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In the first, as well as in the second model, we 


set the following for the potential V along the 
lattice: V=Vo within the Pb atoms and V =0 


within the X atoms ( he is the difference between 
the electronegativities of X and Pb). For con- 
jugate organic molecules containing heterocyclic 
atoms, Veselov and Rekasheva’ proposed such a 
form for the potential. 

In order to determine the size of the atoms of Pb 
and X in the crystal, we start out fromthe value of 
the ionic radii of Pb** andX ~ (according to Gold- 
shmidt). The initial values of the ionic radii r 


and ry are changed in proportion so that in each 
crystal the equation roy tty =e holds (a is the 


distance between the atoms Pb and X ). 
We have the following relation for the binding 
energy of the electron and its quasi-momentum k: 
In the first model 


a(t (COS ak, + Cos aky + cos ak ,)?; 
In the second model 


FE) = 1/4 (cos ak, cos aky)?. 


The function f(E ) has the following form: 
Ff (E) = (cos @1 ry ch we pp — (@1/ 2) Sin @; ry Sh 2 pp) 


X (COS @1 Fy Ch Og Ppp + (2 / @) Sin rx Sh @2 Ppp), 


fe ree a and 
Ff (E) = (cos @, ry Cos @g pp 


— (®1/ 9) sin @, ry SiN @, Ppp) 
X (COS @y Fy COS We Ppp — (@2 / @1) SiN 1 Fy SiN 2 Tpp)s 


®, =V 2E; o, = V2|/E—VI, 
ifE >V_. The allowed energy values in the first 
0 : 
and second models are determined from the equa- 
tion 


0O<f(<i. 


In this manner the three-dimensional and the 
plane model lead to the same band structure for the 
energy spectrum. At absolute zero, the first allowed 
band in the first as well as in the second model is 
completely filled with electrons, the remaining al- 
lowed zones are empty. 

We calculated the width of the forbidden zone 
AE, the effective mass of the holes m* and the ef- 
fective mass of the electrons m* (in units of the 
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electronic mass) in the semiconductors under con- 


Vo, eV 


AE, eV 
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sideration: 


{ (2) 
AE|AE\ o) AEIAE®), | m, m. 


There are presented in the Table the values of the 
effective mass corresponding to the second model. 
The values which correspond to the first model can 
be derived by multiplying them by 2.25. The ex- 
perimental values of the widths of the forbidden zones 


AE are taken from Ref. 3, iN from Ref. 4. 


The value of V. was taken from Ref. 5. Notice 
that the derived value of AE, and also the values of 
the effective mass, may change somewhat, owing 
to some uncertainty in the values of the parameters 
realy and Vege Nevertheless, we think that the re- 
sults obtained confirm the applicability of the lat- 
tice model to semiconductors and the desirability 
of extending its applications in this direction. 

The author wishes to thank Prof. M. G. Veselov 
for his valuable advice and discussions. 
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Photoproduction of z—Meson Pairs in 
tiydrogen and Deuterium Near 
Threshold and Isotopic 
Invariance 


N. V. DusHIN 
Leningrad Polytechnic Institute 
(Submitted to JETP editor April 13, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 355-356 
( August, 1956) 


ff HE cross section for photoproduction of 7— 
meson pairs in hydrogen and deuterium is cal- 


culated by considering the interaction of an elec- 
tromagnetic field with a meson-nucleon system in 
first order perturbation theory (it is well known 

that this does not presuppose a small interaction 
between mesons and nucleons). The interaction 


operator consists of two parts! ] = § + V,, where 


S is a scalar and V,, the third component af a 
vector is isotopic spin space. 

The isotopic spin of the initial state in the re- 
action 


ytpon' tn tn" (1) 


is equal to %. The isotopic spin of the meson- 
nucleon system in the final state may be t = % 
and t = 3/2. The operator S yields transitions to 
states of the meson-nucleon system with isotopic 
spin t = 4, and the operator V, to states ¢ = % 
and ¢t = 3/2. 


Sry Ving 


tudes to states of total isotopic spins ¢ = % and 
3/2 of the meson-nucleon system, and isotopic 


will be used to denote transition ampli- 


spin 7 of the two 7—mesons system (7' = 0, 1, 2). 
The differential cross section for photoproduction 
of two 7—mesons then becomes 


%1 (y+ p> p+r0+ 70) (2) 
V3 >a 3 ents V Vay, : 
o(Y + p> pt+nt+r) 
s 1 ay as 
= —— O77 = ss 
Fe as 3 Vor, 3 V ms, 
Ms ! vz, - 
big eat ayy en ia ayaa 
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4 
oy + pn txt tx) e 
ey ott 4 4 4 2 
~ |e en 3 Van — x Vint Fe Van, 


Near threshold, the isotopic spin 7’ of the two 
m—mesons system can only be 0 or 2. Indeed, the 
wave functions for the states of isotopic spin 
T = 0 and 2 are symmetric with respect to charge 
exchange of the v—mesons coordinates (pions obey 
Bose statistics). The wave function for the state 
with isotopic spin T = 1 is antisymmetric with 
respect to charge exchange of the 7~mesons and 
thus antisymmetric in the coordinates. Near 
threshold, 7—mesons from reaction (1) are formed in 
the S state. Since the wave function for the final 
state must be symmetric with respect to permuta- 
tions of the 7—mesons, the production of two 7— 
mesons with 7 = 1] is forbidden near threshold?, 

Substitution of Pay Vi, = 0 in Eqs. (2) —(4) 


yields the following inequalities among the differ- 
ential cross sections for reactions near the thresh- 


old: 


3 (6, +2.,) > 4o,, (5) 
= +o/*>V20,*> | a, —o,!? io 
a? + V 20,25 9,95 | 0)? —V 203° |, 
ot + V 20 =o hS | a —V20,2 | 
and among total cross sections o: 
3 cH + o}) = 20%, of hs (6) 
4 a fp t}| 1 | 
+ Foogh Soft oI of — as 
4 fl ral 
oo) ae of! STF fl> | ot is oS 2. 
afte! GPl ath se| offs — 1. ofl |. 
3 V2 2 i 3 V2 


Now let us consider the photoproduction of two 
m7—mesons in deuterium, i.e., the reaction 


ytdomtretr +r’. (7) . 
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The initial state has isotopic spin ¢ =0. The final 
state consists of a superposition of states with iso- 
topic spins ¢= 0 andt = 1. The corresponding 
transition operators are S and V_. S and V 

3 Tt 1 Tut l 
will denote transition amplitudes to states of iso- 


topic spin 7’ of the two 7—mesons system, isotopic 

spin t of the two nucleons, and total spine =0(S_ ) 
Tt 

il 


and t = 1( vee ): Various processes then give 


(8) 


0 (ytd—p+n+xno+ 7%) 
=— Sx — Var — = Veal: 
o2(ytd>p+n+rtrr) (9) 
= |-Se + Sut ae Vir vue val 
O(y +d—>p+p+n +n) (10) 


2 


1 3. 3 
a es ES Vy Vee eae 
| ; | au 5 ut 735 21 
If the reaction takes place without deuteron break- 


up, 7’ can only be 0 or 1; therefore, 


a (y+ dd +194 1°) = He | Soo ls aD 


o(ytdo-dt-arttnr)= 1), |— Soo +V 7/2 Viol?- 


Integration of the cross section for the reaction y 
4d+d+n'+7° eliminates interference terms and 
the total cross section o’ becomes 


(12) 


2of (y te d>-d4+r°+7)<of (ytdodtntimnr). 


= 0, and the fol- 


Near threshold, S and V 
lt lt il 


lowing inequalities apply: 
3 (6; + 262) > 463; (13) 


2 


—1 1 1/ A 
Gi th of SV 20," >| Gis G5 Is 


— 1 1 Tee Fan 
o/s 4 V2, >0,/* >| 0/2 —V205 "1; 


o,/* +V Tips > o/*>1|o,'* —V 2c"). 
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; t 
And among total cross sections a: 


3 (of +5) ) > 405; (14) 
5 1 1 > 
V2 o/s + of (Sey Iss |V2o0'/s — 9 f/8|; 
V2 oe oe 25,18 = on? = | Vici! —205'/2 is 
on? to dot ee V2a, "eo," —2ae'!*) ; 


Analyses of near threshold photoproduction of two 
m—mesons in deuterium without deuteron breakup, 


yields (here V,, = 0): 


o(ytdodtr+n)=o(ytdodtnt+r) (15) 
and for the total cross sections: 


20+ (y + d+ d4+7r°4 7°) (16) 


=o (yt+dod+nt+r). 


The inequalities relating the cross sections of 
the various processes and Eqs. (15) —(16) hold 
away from threshold if the 7— mesons produced in 
reactions (1) and (10) are created with equal 
momenta 2 Ky = K,- 

The author wishes to thank I.M. Shmushkevich 
for discussion of the results and for advice given 
during the course of this investigation. 
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Paramagnetic Resonance and the 
Polarization of Nuclei in 


Thick Metal Foils 


M. Ia. AZBEL’, V. J. GERASIMENKO AND 


I. M. LiF suit z 
Physico-Technical Institute, 
Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor May 18, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 357-359 
(August, 1956) 


CCORDING to Overhauser’, paramagnetic reso- 


nance induces polarization in nuclear matter. 
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It is shown in Ref. 1 that a substantial nuclear 
polarization occurs in metals when the frequency 


Q, =VAy/eS>RT/R, a Qy=—eH,/t>1/T,, 

(H,, and H, are the constant and the high frequency 
magnetic field intensities, » is the magnetic moment 
of the electron, 7’. 


The later eorinlate’ Shavevew is correct only when 
the electron moves in the time 1 through a homo- 


is the spin relaxation time ). 


geneous electromagnetic field. At resonance (@ 
=Q0 “oll when OQ) >> kT/H, this takes place only in 
expeenely thin Metallic foils, a peel ae of the 
order of the skin depth 6 ~ 1074 to 10°° cm. So 
far”, only such specimens have been polarized 
by Overhauser’s method. 

In the present article it is shown that it is pos- 
sible by means of a high frequency magnetic field 
of high intensity 


Ay SD (88 ore Ir BS i ap) 440 


(Z is the surface impedance of the metal?), to 
polarize nuclei in thick foils at a considerably 
larger depth 6,5, ~ 10° 2 to 1 em to which elec- 


trons penetrate by diffusion in time T , 

In order to formulate a consistent theory it is 
necessary in this case to solve simultaneously 
Maxwell’s equations 


IZOBe Aan , 
[Ot E = ane rot H; = Pat B =H, -+ 4M, 


and the kinetic equation for the electron distribu- 


Preven. e 
tion operator f (f operates only on spin) 


2D ea foe i ” 
+2 tune, A+ (2% ) +(¥) = 
(af/ ot). is here the collision integral for col- 


lisions without spin flip, (of/ dt). is the integral 
for collisions with spin flip; @ is the spin operator; 
v and p are the velocity and momentum of the elec- 
tron. Let us write these integrals in the form 

(af / dt). 


=(f—Fo)f Tan (G7 (Ol (Gee 


(t, is the time between collisions ), where 
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_ (fo (&o + UH) 0 
fo ( 0 Fo (&9 — 2) ; 


pfs 


In order to determine f°, let us compute what such 
an equilibrium operator would become for the given 


fin the absence of processes which bring about 


spin flip (i.e., for Q, = 9, De =co). Evidently 
then, 


Jo) = 


\ f dp, dpydp, = \ fodp, dp, ap, 
Sp \; dp,dpydp, =Sp \ fo 4Pc Py IP, 


(€, is the Fermi energy level; dS is an element of 
the Fermi surface ). 

Boundary conditions for the function f at the 
metal surface have the form* 


Flnso=U—D P+ Of en (2) 


(n is the internal surface normal, g is the coeffi- 
cient for electron reflection from the surface;, 


apparently, almost always, q ~ 0).Expanding f in 
terms of the operators / 10) and 6, it may be 


01 
shown that Eq. (1) corresponds to the following 
system of equations: 


af, , of af 
of 4 fy 4 SE LS ttl ct } (3) 
4 fiafo(e=*%) _ 4 
i 
dw . dw ee (4) 
a tSvt+— [vH] 5~ ts = + (we) =F + (BM), 
ee. 
Filyaso= (1-9) fot ahi ae (see Ref. 7), 
PreiEiend H, — dS ;edS (5) 
Beta take Vaca cy 


j = 2eh-3 j fidp, dpydp,, M=yH, (b—w). 


It is easily seen that if T= 0, w = Q,, Eq. 
(4) has a non-trivial solution for 0, = 0, depending 
But T, 


selves near the eigenvalue of Eq. (4). Its solution, 


only upon e. >> t_; we therefore find our- 


[e—OIRT 4 4), 
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therefore, turns out to be near the corresponding 
eigenfunction (independent of r) and slowly vary- 
ing as a function of the depth &= nr. 


At resonance (for @ = Q,), solving the equation, 
we obtain: 


2 
2, (=, TRH HEB} 2 
= = gelot 
Bey ea exp {— €/3.4,}, 
(to / Ty)? (a/ 8)? <4, 
where 
c(E,+iE,) wnt. 

Sewing 4 oe 8 att =aV Tool ty (7) 


(the z-axis coincides with the direction of the 
constant field Hy, the y-axis lies in the surface of 
the metal ), E is the amplitude of the electric 
field at the surface of the metal, and the quantity 
a is of the order of magnitude of the orbital radius 
of the electron ies mvc/eHl ) in the case of a 


strong (r, << vt,) magnetic field H, parallel to 
the surface, and of the order of vé, in all other 
cases. 

It is easy to obtain from formulas (6) the nuclear 
polarization P: 


P=I" {(J + 1/2) cth (J + 1/2) s — 1/2 cth (s / 2)}, 
Ja]? Uo —€ldees 


eam: BETA OE yah 


(1 is the magnetic moment of the nucleus ). 

Let us note that a slow damping of the magnetic 
moment M[see Eqs. (6) and (7)] brings about, ac- 
cording to Maxwell’s equations, the appearance of 
a slight, though equally slow, damping of E 
and H**.Thus, in paramagnetic resonance one 
should observe the resonance passage of an elec- 
tromagnetic wave through the film, whereby the 
transmitted wave becomes caetlerly polarized. 

The transmission coefficient K = |E, 2/\E orl 
for a film of thickness d(6 << d << Oe); is of the 


order of magnitude 


Tsp x ez |? 2 
= (t+ i (12), 


i.e., it can be many times larger than the trans- 
mission coefficient away from resonance. It should 
be noted that such a selective transparency of a 


nr, ee 


inc, 


Tad 1a 


film occurs at any temperature. 
The derivations of the results reported here 
will be the subject of a separate article. 
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The author is indebted to L. N. Rosentsveig 
for discussion of the results of this investigation. 


* It is assumed that the electron spin is not flipped 
upon reflection. Let us note that Eq. (1) was obtained 
in Ref. 4; the operator (Of/ Ot) > however, was not in- 
cluded here. Boundary conditions (13) of that reference 
are apparently not realizable in practice. 

** The slow damping of M is linked to the fact that 
when 6 << O te there appears an “‘anomalous skin-ef- 
fect’’ for the magnetic moment: an integral relation 
appears between M and H,. This does not take place 
out of resonance as M ~ 107 H, (while at resonance 


M~ 10°*H,). 
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“‘Repulsion’’of Nuclear Levels 


I. 1. GUREVIC H AND M. J. PEVZNER 

(Submitted to JETP editor April 16, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
162-164 (July, 1956) 


iT DATA on the position and parameters of nuclear 
levels obtained by methods of neutron spec- 
troscopy at excitation energies of the order of the 
neutron binding energy !’? allow the investigation 
of the empirical regularities of level behavior with 
the aim of checking the predictions of existing 
nuclear theories and their improvement. Interesting 
work has been done, for example, on the systema- 
tics of neutron widths? and on the systematics 
of radiation widths* *. The problem of regularities 
in the distribution of nuclear levels and in the 
fluctuations of adjacent level spacing has not 
been discussed in the literature. 
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For a purely random distribution of the distance 
between levels ¢€ about its average value D , the 


distribution function must be of the form: 


W (e) de = exp {— € / D} de/ D. (1) 

It would be more to the point to exainine the 
data for levels in the same spin state, i.e., for 
target nuclei of spin 0 (even-even nuclei). How- 
ever, such nuclei have few levels in the range 
where the resolution of contemporary methods of 
nuclear spectroscopy suffices. Thus it is impos- 
sible to exclude the data obtained from nuclei with 
odd atomic weight, and consequently with two sets 
of nuclear levels, corresponding to i — 1/2 and 
i + 1/2 (where i is the spin of the target nucleus). 
It should be kept in mind that the presence of 
two sets of levels corresponding to various spins 
of the intermediate nucleus makes the correlation 
of various levels positions less obvious. 

If the distribution function (1) holds for each 
set of levels, then the resulting distribution 
function will have the same form with D = dy d, 


/(d, td, ), (where d, . are the distances + 


between levels in each set). 
We made use of experimental data on the level 


distributiontor: Ino -e in os Cel cee tb aaa Ho 2 
Tm!69 Hf!77, Hf£!79, Tasl ie U235 see y238 1, 

In order to eliminate mistakes in the determina- 
tion of ¢ due to ignoring levels because of insuf- 
ficient experimental resolution, a curve was 
constructed for each element of the increase of the 
number of discovered levels with increase of 
neutron energy. Levels within a suitable energy 
limit were used, so that this increase was ap- 
proximately linear. 

To increase the statistical certainty of the 
experimental distribution of levels for each iso- 
tope, the quantity x, = €./D was calculated, 


and the distribution of levels as a function of 
x, for all the enumerated nuclei was plotted 
(Fig. 1). The total number of cases N = 134. 


The curve is the distribution (1) normalized to the 
area of the histogram. 


The level distributions for U 72° (an even- 
even nucleus with eleven known levels ) and for 


U 235 ( for which D is comparable to the entire 
level width) are shown separately. 

Comparison of the curve and the histogram allows 
the qualitative confirmation of the relatively small 
number of closely spaced levels, which may be 
interpreted as the result of a ‘‘repulsion’’ of 
levels. 


To eliminate the possibility that the relatively 
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small number of closely spaced levels is due to correspondi babili inci 
insufficient resolving ae of the experiments, crepancy POX) < 0001. ie be Oe 
we subjected the data to a stricter selection, The 
following were excluded from consideration: a) 
esses in which there might be some doubt as to 


which isotope a given level belongs, b) level 
for which the full width of the Reel lation fection 


A E does not satisfy the condition AE < 0.2D. 


The total number of available cases was thus re- 
duced from 134 to 63, of which 19 belong to U 235 


(assuming that the resolution of the Brookhaven 
National Laboratory experiments were 0.07 

p sec/meter), 7 to U 238 , and 37 to Cs!33° {9165 
m9. Het? 7, eae Tal8l. ; : 


Fic. 2. The same as Figure 1, after additional 
selection. 


The occurrence of level ‘‘repulsion’’ is 
seen also in the magnitude of the mean square 


fluctuation of the level spacing Ax” =x? —x2, 


(Ac? =D? Ax?). While Ax = 1 for distribution 
(1), in our case Ax? — 0.3] (for all 63 cases). 

The interaction of nuclear levels which we 
have examined are similar in their physical nature 
to the phenomenon of electronic term crossings 
in the spectra of diatomic molecules. A quantum 
mechanical view of the molecular term behavior 
shows that their crossing , i.e., the superposition 
of two terms, cannot take place in the general 
case. 

As can be seen from the above analysis, the 
interaction of nucleons in the nucleus leads to 
a distribution function of the nuclear levels 
which is closer to equidistant than would be pre- 


dicted from statistical theory.° 
2. An overwhelming part of the experimental 


data on the distance between levels is for two 


0 rd 3 systems of levels of the same parity and various 
spin. In the interpretation of such data, two li- 
FIG. 1. Distribution of levels according to x =€/D. miting assumptions can be made: a) the inter- 
The shaded histogram —U**"; —, — corresponds to actions between levels of the two systems are the 
U?35;__ to the sum. The curve corresponds to dis- same as between levels of a single system; b) 


tribution (1) normalized to the area of the sum histogram. levels of the two systems do not interact and are 


randomly distributed (we regard the second assump- 


Figure 2 shows the respective histograms. A tion as more probable). 
general view of the histograms is still character- In the case that assumption b) is valid, if 
ized by a relatively small number of cases with the level density of one system is much greater 
low x. than that of the other system, then the experimen- 
In order to determine whether the discrepancy tal distribution of the level distances [ as also 
between the experimental results and the distri- for assumption a) ] will be practically that of 
bution (1) is not coincidental, Mee was calculated one of the level systems. Sgt! ently, if enough 
for 63 cases, the distribution being divided into statistical material is obtained, the distribution 


Gigroups: ‘The magnitude of x2 was 27.5 Mendthe function @ (¢ ) for the particular system can be 
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obtained. 
The second situation for b), when the level 


densities of the two systems do not differ appre- 
ciably, can be analyzed in the following manner. 


Let @, (e€) anda, (e ) be the distribution 
functions for the distance between levels in each 
of the two systems. lo, - da f (/d, |, The 
probability of finding a level of the second sys- 


tem at a distance ¢€ from a level of the first sys- 
tem is given by the expression 


€ 
It is easy to show that the distribution function 
for the distance between levels for the entire 


system (levels are not distinguished) will be 


W (e) = Dd?¥ (c)/de*, (2) 


¥ (©) = $1 (€) $2 (), 


¥0=\ ¢@dr=—+\ @—He,~ay, (3) 


L 


D is the average distance between levels of the 
entire system [W, (0) =1]. 


If we assume that the repulsion of levels for 
each system must make w, 4 (0) go to zero, it 


follows from Eq. (2): 


see kus oi! 20 ; 
Weds 1D Aes (4) 


W (0) 


where a= d, / d, the ratio of the level distances 


of the two systems. 

The presently available statistical material is 
not sufficient to allow detailed analysis along 
the above lines. 

In conclusion we thank §. T. Beliaiev and V. M, 
Galitskii for fruitful discussions about two sys- 
tems of related levels. 


* The work of Levin and Hughes* was sent to the USSR be- 
fore its publication, for which we thank the authors, 

** Unpublished data from Brookhaven National Labora- 
tory. We thank V.V. Vladimirskii for communicating these 
results, obtained from Prof, D.H. Hughes. 


: Cross 
D. J. Hughes and J. A. Harvey, Neutron 

Sections, proobhaven National Laboratory p- 325,1955. 
: Atlas of Effective Neutron Cross Sections, Moscow, 1955. 


3Harvey, Hughes, Carter and Pilcher, Phys. Rev. 99, 
10 (1955); D. J. Hughes and J. A. Harvey, Phys. Rev. 
99, 1032 (1955). 
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41. S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 
(1956). 


L. Landau and E. Lifshitz, Quantum Mechanics, vi, 
p- 75, 1948. 


6 
L. D. Landau and Ia. A. Smorodinskii, Lectures on 
Nuclear Theory, Moscow, 1956, p- 93. 


Translated by G. L. Gerstein 
31 


The Polarization of Neutrons from the 
D(y,n) Reaction 


L. N. ROSENTSVEIG 
Physico-technical Institute, Academy of Sciences, 
Ukrainian SSR 
(Submitted to JETP editor April 13, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 166-167 
(July, 1956) 
T HE derivation of equations which give the 
cross section for photodisintegration of the 
deuteron for EF. < 10 mev can be found in any 


textbook of nuclear physics (for example, Ref. 1), 


but there is no mention in the literature that the 
products of this process are polarized. As is 
shown below, this effect is caused by an inter- 
ference of electric and magnetic transitions. 
The polarization of the neutrons €= <a, > 


from the D (y,n) reaction is 


& = Sp (¢,,0,Q).) (1) 


2s (83° ar €Q,,,)/Sp (Q,Q},) (8,4 + EQ, 3/)» 


where () has the components 


2.=(04): A= (19): 2,=()G). 2 


i 
oe »¢,, €, are parameters characterizing the 


polarization of the incident bundle of photons 
(Ref. 2), and Q , is the matrix element for the 
photodisintegration of the deuteron by a y-quantum 
of momentum k= wx (|x | =1)* and polarization 
vector e,(r =1,2) 
In the approximation of central n—p forces 

with zero interaction radius and using the usual 
notation 

(prey) 
Q, Py 851 mm, seals 


a? +. p2 (3) 


+ 8 e938 moe (Up — By) (Xo (be ey], 


1 — 


= ay iM 
pon) M1) oom Ge ip) 
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We have taken inta account only dipole transi- 
tions and have dropped terms not important to 


Eq. (1). 


-_ fa (¥p — Hp) Sin@ VM (Ve + Ve) E/(ey + E\(ey + E) 


ME (, + £)-* sin? 6 + 4/5 (u 


a2 


= : 
10 i de 1 WE (mev) 


@, is the angular departure corresponding to 
maximum polarization of Cn of photoneutrons, 


es is the polarization of neutrons departing 
at an angle of 7/2 (for E < E,, 6 = 1/2 and 


a = Cn/2)* 


[xp]. 
where n is the unit vector in the direction % x Pp. 
In the vicinity of the threshold the maximum value 
of || is obtained for the angle 6=7/2. However 


if the energy of the photoneutron £ is higher than 


E, = 0.24 mev**,then the maximum value of polari- 
zation is 


Con == (E/6)'!* (eg + E)— /? = 6/2. (t—e9/2E) (5) 


corresponding to the emission angle 0=@  , where 


(6) 


sin 0,, 


= (tp — #,)V e+ Veq)(e, + B)/V OME, + |) 


= 0,11 (1 + e/E). 


In the case of a polarized photon bundle, the 
vector n in Eq. (4) should be replaced by the sum 


n(1 + &, cos 29 ++ by sin 2¢) 


+ [mx] (E, sin 2p — &, cos 29 + £, Ve,/E) , 


and the first term in the denominator of Eq. (4) 
should be multiplied by 1 + (ae cos 2 +e, sin2¢, 


where vis the azimuthal angle of neutron emission. 
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Substitution of expression (3) into (1) gives 
for the unpolarized bundle of y -quanta 
» (ae Tar n, 
i Up)? Vie V €o)*/(Ey + E) (4) 


*We assume Ff =c = 1, 


TE is the root of the equation 


BME (€) + E) = (u,—u,)? Vex + Ve)? (e, + BP: 


&; ='2,23 mev, Ey = 0.064 mev; 


for numerical evaluations we take @= 2.23 mev, € 


= 0.064 mev. 


A. I. Akhiezer andI. Ja. Pomeranchuk, Certain 
questions of Nuclear Theory, Moscow, 1950. 


2 
F. W. Lipps and H. A. Tolhoek, Physica 20, 85 
(1954). 
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New Type of Disintegration of a 
rieavy Meson? 


O. A. SHAKHULOV, N. A. KEBULADZE, E. A. 
ANDRONIKASHVILI AND K. A. ABASHIDZE 
Institute of Physics, Academy of Sciences, 
Georgian SSR 
(Submitted to JETP editor April 20, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
167-168 (July, 1956) 


ie the summer of 1955, I. I. Gurevich and co- 
workers exposed an emulsion stack in the strato- 
sphere. The stack consisted of 45 layers of type 
P emulsion. Thickness of an undeveloped layer 
was 400 p , and diameter was 100 mm. The ex- 
posure was made at a height of 25 to 27 km, and 
the stack was at this height for two hours. Sub- 
sequently this emulsion stack was turned over to 
us by I. I. Gurevich. The result of microscopic 
scanning of the developed emulsions has been 
three cases, which are described below. 

First Case (found by scanner N. ‘G. Petruzash- 
vilyi). The incident particle of unknown mass, 
having a path in,emulsion of 2000 » , stops and 
decays into a7 -meson which leaves a track of 
length 365 » . In its turn, the 7* -meson decays 
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into a ur -meson with track length 630 p , and 

finally decays into a positron. he whole chain 
of decays lies in the plane of a single emulsion 
layer. ; 

Second Case (found by scanner K. A. Abashidze). 

The incident particle of unknown mass, emitted 
from a star which has 4 black and 3 relativistic 
tracks, travels for 5600 p and decays into aw— 


meson with range 353 p , forms a o-star consisting 
of three protons. The decay of the unknown mass 


particle and the o-star are in a single emulsion 
layer. 

Third Case (found by scanner L. N. Gabunia). 
The incident particle of unknown mass, having a 
range in emulsion of 6500 p , stops and decays into 
am -meson, which has a range 354 p. The nm - 
meson in its turn, decays into a .* -meson, which 
after 570: decays by the emission of a positron. 
The entire chain of decays lies in a single emul- 
sion layer. 

If we had only a single case to deal with, it 
would undoubtedly be interpreted as the decay of 
a T<meson, according to the scheme 


However, as can be seen from the core Peon of 
these cases, the common characteristic for all 

is the occwrence of a 7-meson track of length 

357 » +2%. Since these 7-mesons are mono- 
chromatic, the decay of the + particle of unknown 
mass is with high probability a two particle pro- 
cess. 

A two particle decay of an incident meson into 
a m-meson of 3.4 mev energy (corresponding to 
357 uw ), is so far unknown. 

The gradient of emulsion grains along the tracks 
of the unknown initial particles and also the nature 
of their multiple scattering does not allow us to 
differentiate iepvete the possibilities of a fork 
caused by the decay of a neutral meson, or a two 
prong star, or a sudden change of direction of the 
initial particle in a single scattering event. 

Since the exact measurement of initial particle 
mass by one of the indirect methods was made 
difficult by the inconvenient placement of the tracks 
relative to the emulsion, we are at present limited 
to an examination of various possible decay modes 
using particles of known mass. 

Variation I. The decay scheme of the unknown 
particle is 


2+ —rt4+r°+Q. 


Then its mass is 
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+ : 
ms = 560 m,, Q=6,8 mev. 


Variation II. The decay scheme is 
rt > r~$=+0°+Q. 
Then 
m= 1260 m,, Q= 4,4 mev. 
Variation III. The decay scheme is: 


22 = x= yet ©, 


Then 


m# = 350 m,, Q=33,4 mev. 


Variation IV. A K+-meson of mass 970 m 


decays with the scheme 


=, pt + pot Q, 


Then 


m= 680 m,, Q= 4.8 mev. 


It is interesting to note that three of the 
suggested variations give new masses for the initial 
incident particle, while the fourth gives a new 
value of mass for the neutral secondary meson. 
Attention should be directed to the fact that in one 
of the cases a negative initial particle stopped in 
the emulsion and was not captured by a nucleus, but 
decayed into a -meson which in turn formed a 
o-star. 

Indirect measurement of the incident particle 
mass continues. 


———_—_____, 
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Connection between o-Decay and Nuclear 
Deformation 


S. G. Ry ZHANOV 
Kishinev State University 


(Submitted to JETP editor January 21, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
332-333 (August, 1956) 


] N this communication a connection between 
the deformation of the nuclear surface! and the 


relative intensities of eee in complex o-spectra 
of radioactive nuclei will be established; the re- 


sults calculated apply to the o-spectrum of RdAc.2 


Among those factors which influence the intensity 
of o-groups should be listed the exponential factor 
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in the well-known Gamow-Bethe formula giving the 
coefficient for the passage of the a-particle 
through the potential barrier (penetration factor) 
and the factor in front of the exponential, expres- 
sing the probability of ‘‘barrier-less’’ emission of 
the o-particle by the radioactive nucleus. We note 
that the application of the exact Gamow-Bethe 
formula® with a fixed value of the radius R of the 
nuclear potential well does not give-essentially 


better results than the preceding work of the author* 


obtained with approximate formulas. The role 
of the factor in front of the exponential is not 
essential in the questions of interest here with 
either the one-body model” or in the many-body 
model.® 

It is of interest here to consider the influence 
of nuclear deformation on the intensity of a-groups 
in connection with the work of Ref. 5. In 
that work a modified formula was obtained for the 
probability of penetrating the barrier: 


w= w,exp[— S(E, R)]; (1) 


S(E, R) = (8Ze? / iv) [arccos Vx —V x (1 — x) 


—4/,V x (1—x) Bali x =E/V. 


The difference from the usual formula consists in 
the introduction of the term with the relative de- 
formation B(B. .. = AR/R at the place of the 
largest compression or extension of the nuclear 
surface). The remaining notation is: Ze is the 
electric charge of the daughter nucleus, v and E£ 
are the velocity and energy of the o-particle, V is 
the maximum height of the potential barrier. It is 
sufficient to allow the perturbation of the daughter 
nucleus by the emitted o-particle to produce a 
change in f relative to the ground level of only 
10% of the value of f in order to obtain a change 
in the intensity by a factor of two or three, and 
this is a very attractive feature. In the single- 
particle and many-particle models of the nucleus 
the orders of magnitude of 6 are completely dif- 
ferent. In the former,the o-particle moves in a 
constant mean field of the remaining nucleons of 
the nucleus, which produce a potential well with 
very sharp sides; the changes in the width of the 
well for comparitively small changes of the 
o-particle energy AE cannot be at all important. 
In the collective model of the nucleus changes in 
the deformation § of the required order are entirely 
conceivable, because with a sufficiently strong 
coupling between the nucleons and the nuclear 
surface, the parameters characterizing the potential 
well will adiabatically follow the changes in state 
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s AAD tet and alpha-particle. In the transition 
rom the ground state to the exci 

in B (AB) will be brought about eer eae 
force which arises as a result of the rotation of 

the nucleus, the mechanical moment of which is 
determined by the resultant moment of all excited 
rotators / (see Ref. 4). Therefore it is permissable 
to use the dependence for AB obtained in Ref. 6. 


AB =(nK/C)1 (I +1), (2) 


where C is the surface coefficient equal to 
Mow. ae (M, is the effective mass of the vibra- 
tion of the second vibrational harmonic, w pe 
the frequency of this vibration and R , is the 


nuclear radius ) and K is the coefficient of the 
first-order (in B ) coupling of the nucleon with 
the nuclear surface 


K=kV 5/4n [32?—j(F+4))/477 +4, (3) 


where & is a constant of the coupling with the 
surface, / is the quantized moment of the o-parti- 
cle and j is the change in the moment of the nu- 
cledn which is outside the shell and which parti- 
Cipates in the balance of energy and momentum of 
the system; 7 is a numerical coefficient equal 
——in order of magnitude—— to several hundred 
units, 

The size of K in Eq. (2) cannot be immediately 
identified with the coupling constant &. In fact, 
in the derivation of Eq. (2) it was necessary to 
equate the peneunlitee force CB , which comes 
from the change of the nuclear surface as a 
result of deformation, to the generalized force 
of the centrifugal potential; in view of this the 
factor d AR / df enters into the right-hand side 
of Eq. (2). This can be calculated, for example, 
by writing the expression forthe quadrupole moment 
on one hand,through’? AR and on the other hand, 
through® B , after which it is easy to convince 
oneself that the above argument is correct. These 
calculations show that the factor taking into 
account the influence of nuclear deformation in 
Eq. (1) does not change the statistical weights 
of the states with /=0 (main group), but consider- 
ably increases the statistical weights of the 
states with 1 > 2 and sharply decreases them in 
the states with i < 2 (under the condition k > 0). 
Choosing , in accordance with Ref. 9, C=65 mev, 
k = 25 mev and R = 10 -!? cm, we find that the 
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calculation of nuclear deformations together with 
the decay scheme of Ref. 4 significantly 
improves the agreement with experiment, 1° which 


can be considered as an indirect confirmation of 
the collective (generalized ) model of the nucleus. 


a Bohr, Problems of contemporary physics 9, 9 
IIL (1955)(Russian translation). 
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pp. 180, 357 (Russian translation). 


4 
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9 
K. Ford, Problems of contemporary physics 1, 116, 
IIL, 1956 (Russian translation). 


10 
E. Rutherford, Lewis and Bowden, Proc. Roy. Soc. 
(London) 142A, 347 (1933). 


Translated by G. EK. Brown 
57 


Cn the Probabilities of S-Particle Decay 


L. B. Oxun’ 


(Submitted to JETP editor March 31, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.)31, 
333-335 ( August, 1956)/ 


ECENTLY Gatto! indicated the interest 

in applying arguments developed first by Fermi” 
for the photoproduction of 7-mesons to the prob- 
lem of the decay of ‘‘strange’’ particles. As is 
well known, Fermi showed, on the basis of the 
requirements of unitarity and symmetry of the 
S-matrix, that the phases of strongly interacting 
particles which are produced in weak processes 
are defined by their mutual scattering. Gatto con- 
sidered the decay of the A-particle from this point 
of view and came to the conclusion that the re- 
strictions imposed by the unitarity and symmetry of 
the S-matrix on the ratio of probabilities of the two 
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possible modes of decay of the A-hyperon (A ~p 
+az7- and A ~n +7 ® ) are very weak. This con- 
clusion, as will be evident from the following, de- 
pends to a large extent on the fact that the scat- 
tering of z-mesons by nucleons at energies “40 mev 
is still small and the corresponding phases are 
small, 

We consider in analogous fashion the decay of 
the -hyperon. In this decay, ~ 115 mev is given 
off, corresponding to the scattering of 7-mesons o 
~ 140 mev in the laboratory system by nucleons. 
It is well known that thé scattering of 7-mesons 
by nucleons is already considerable (according to 


a 10%; 
= %,, = 0; the d-phases do 


Orear® the phases & BENS ADs tes 
° 

comes ia oe 

not exceed 5°). 

The 7-meson-nucleon system formed as a result 
of -particle decay, has the following values J of 
total and L of orbital angular momentum, depending 
on the spin S and parity P of the hyperon: 


Spin and parity 


of the &-hyperon State of the 7 t N system 


S | Pp | J L Phases 
V2 + 1/2 1 

1/2 = Weel eo se: 
3/2 + 3/2 il aan 1 
3/2 aes. 3/2 D 33, %13 


(P designates the parity of the S-hyperon relative 
to the nucleon). Thus, L and J of the 7-meson- 
nucleon system are determined unambiguously by 
the spin and parity of the X-hyperon. 

We consider two possible decay modes for the 
&-hyperon: 


Xt p+ and Xt + n+ rt, 


If weak interactions are excluded, then the S-matrix 
has only diagonal elements, transforming © + into 
=* and the 7-meson-nucleon system with a given 

I’ into a state withthe same 7. These diagonal 
elements are equal to 1, e'?%3 and e’2%1 (the 
second index of the phases a f and a , is omitted). 


If weak interactions are now included, nondia- 
gonal elements arise which transform the 2-particle 
into states of the 7-meson-nucleon system with 
T = 3/2 and 1/2. It follows from the unitarity and 
symmetry of the S-matrix 2 that these diagonal 
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1; 
where p, and p , are real. The transition ampli- 


elements have the form ip Ret 3 and tp. "ee 
iS 1 


tude for the & * -hyperon going into the states 


i 
7 “n and 7 ° p can be expressed in the following 
way in terms of the isotopic amplitudes 


Vapen Vie pa ae 
BW gts ese a gsc exe 
ra eats, ih oe 
a= Vis ipge’“* — V a ipje'™ . 
The ratio of corresponding decay probabilities is 


2 + 22? — 42 cos (a, — a3) 


Fg ea ee 4 COSI — 9) 
~ Wy 1+ 422+ 42 cos (a, —ag) ’ 


where 
Zo, fesV 2. 


The phase differences for various spins and 
parities of the 2-hyperon are: (1/2 +) a,,— 


= 0; (1/2—) oa, = 25°; (8/2+)0), <0 
~— 40°. 


31 


33 


Xx 
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12 
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Figure 1 


For all other values of the spins and parities 
the differences of the corresponding phases (and 
the phases themselves) are close to zero. The 
limits of X depend on the phase differences in 
the following way 


Difference in phase 0 C95 EAD 
Upper limit of X © XY) AY) 
Lower limit of X 0 PAY/AD, SAYUD 


The restrictions obtained on the magnitude of X 
are very weak. None the less, if it turns out that 
A Atvor a 1/10, this will mean that the 
X-particle definitely does not belong to the class 
3/2 +, and if X > 20 or X < 1/20, then the possi- 
bility 1/2— is unambiguously excluded. 

The ratio of probabilities of different © * -hy- 
peron decays can be related to the decay proba- 
bility of the 2° -hyperon if it is assumed, as Gatto 
has done, that the interaction leading to the decay 
is a tensor of rank 1/2 in isotopic space. It is 
easy to show that in this case the decay ampli- 
tude for X° ~n +z™ is equal to 


a_=iV 3 3e!**; 


where p , is the same quantity as in the expressions 
fora; anda, - 


The ratio of the decay probabilities for the> - 
particle and = + -particle is, in this case, equal to 


wW_ 3 
= w,+w, 1+ 222° 


We find in this way that for every possible value 

of the spin and parity of the X-particle, the points 

(X,Y ) can lie only on a well-defined curve in 

the XY plane. Gatto, who did not use the unitarity 

and symmetry of the S-matrix in pone the 

S-decay, obtained in this case a considerably 

less restrictive result; he found that the points 

(X, Y) can cover a certain allowed region — which 

is one and the same for all values of the spin 

and parity of the X-particle. If the phase difference 

is close to zero (that is, in all cases except those 

in which the spin and parity of the X-particle are 

equal to 1/2— or 3/2 +) the curve Y (X ) will 

be close to the curve bounding the allowed region 

of Gatto’s work ! (see Fig. 1 ). The curves for 

the phase differences of 25 and 40” are shown 

also on this Figure (curves II and III, respectively). 
If the point (X,Y) characterizing the values 

of the decay probabilities as found by experiment 

lies on one of these two curves, this will signify 


286 


(if we neglect the improbable possibility of a 
chance coincidence) the correctness of Gatto’s 


hypothesis and will make it possible to draw 
definite conclusions about the spin and parity of 


the X-hyperon. 
I wish to express my sincere gratitude to I. Iu. 


Kobzarev for interesting and useful discussions 
and to Prof. J. Ia. Pomeranchuk for the interest 
shown by him in this work. 

Note added in proof. After this article was submitted, 
the author learned of the work in Refs. 4—6 in which the 


essentials of the above results are contained. In addi- 
tion to this, preliminary experimental results were 
announced at the Sixth Rochester Conference which 
indicated that the magnitude of X was near to 1, and 
that of Y near to 0.1 —0.2. As is evident from the 
Figure, these data agree with the assumption that 

A ii = Ube 


a Gatto, Nuovo Cimento 3, 318(1956). 
2h. Fermi, Nuovo Cimento 2, Suppl. 1, 54(1955). 
3J. Orear, Phys. Rev. 100, 288 (1955) 


4 
G. Takeda, Phys. Rev- 101, 1547 (1956). 


5 
J. Prentki and B. d’Kspagnat, Compt. rend. 242, 740 
(1956). 


6 
J. Prentki and B. d’Espagnat, Nuovo Cimento 3, 
1045 (1956). 


Translated by G. E. Brown 
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Relation between the Parameters 
of Longitudinal and Transverse Optical 


Vibrations of lons in Crystals 


M. A. KRIVOGLAZ AND S. J. PEKAR 
Kiev State University 
(Submitted to JETP editor April 30, 1956) 


J. Exptl. Theoret. Phys.(U.S.S.R.) 31, 
343-346 (August, 1956) 


L ET us consider vibrations with wavelengths 
much larger than the lattice constant, but 
smaller than c/v ~ 10°? cm. (v is the characteris- 
tic frequency for infrared dispersion in the crystal). 
The latter assumption enables us to treat the 
electromagnetic field created by the vibrating ions 


as electrostatic, i.e., to neglect the retardation 


effects as well as the effect of the magnetic field.}>? 


For this range of wavelengths one can also neg- 
lect the dispersion of the vibration eigenfrequen- 
cies. 

In isotropically polarizable ionic (cubic) crystals, 
the polarization Siaiohe separate into transverse 
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and longitudinal vibrations. We so normalize the 
normal coordinates that, for any transverse or longi- 
tudinal vibration, the Hamiltonian has the form 
%(q? +Q? q? ), where Q, is the eigenfrequency 


of the corresponding transverse vibration (Q , j ) 
or longitudinal vibration (Q |, j ); j is the branch 


number of the dispersion. Each normal vibration 
gives rise, in the crystal, to an inertial polariza- 
tion, i.e., to a polarization due to the displace- 
ment of the ions and to the electron polarization 
produced by the displaceme nt of the ions in the 
absence of an external field. The inertial polari- 
zation dipole moment density p(r, t) varies sinu- 
soidally in space, and its amplitude p ‘ (t) is 


proportional to q. Let p, = ug for the trans- 
verse vibration and p , = Ong for the longitudinal 


vibration. The relation between the parameters 
Q pm for transverse and longitudinal vibrations 
is derived below. 

Let us consider the forced vibrations of ions 
produced by an external electric field © (r,t). This 
field is chosen as a plane sinusoidal standing 
wave, vibrating harmonically in time with a fre- 
quency w . Assuming that the interaction energy 
per unit volume of the crystal is equal to —pG, 
we get for the dipole moment desniiy due to forced 
vibrations: 

Ss 
p= >) Ea? / (Q?— a”), 
j=1 (1) 
where s is the number of ions in the elementary cell 
of the crystal, minus one. The total polarization 
dipole moment due to the external field is P=p+p A 


where p , is the additional non-inertial polarization 
dipole moment due to the direct effect of the ex- 
ternal field on the electron shells, the positions 

of the ions being held fixed. Let us consider two 
cases: 

1) The external field is transverse and div P-0 
i.e., the fictitious charges of dielectric polariza- 
tion and their corresponding fields do not arise. 
In this case the external field © coincides with 
the field E of macroscopical electrodynamics, and 
pe = EB 721 Yar where acs! the-rncieseet refrac- 
tion for light in the crystal, in the plateau region 
of the dispersion curve— between the region of 
electronic absorption and the region where the 


absorption of infrared light by the vibration of the 
ions takes place. We.get 


? 


I i 
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s a2 “gy s ; 
‘Li n?— a 2 Ba a 
Parte (et a Je —@ [eyo Tos... 

j=1 ay ists 
Identifying this formula with the formula of phenome- (Q4 j4— ©") (Q7 jy 0")... (Q4 0%). 
nological electrodynamics: P= [¢—1] E/ 4a we 
pet: After having expressed this fraction in elementary 

fractions one has to identify each partial fraction 
= 2 ith th di i 
s(a)ietes 14 > gh = w2), (3) ae ee term of the sum in the 
1 


A useful additional relation may be obtained 


“ 2 
ot aes dra® 5 | n° by setting @ = 0 in (3): 


In particular, if E is thefield of the light wave (3) is ay s 
the usual dispersion formula in the infrared region. oe 2) ayy Onn (7) 
2)The external field is longitudinal. In this it 


case the curls of the vectors p and p, vanish, but 


where € is the static dielectric constant. 


In the simplest case , when the number of ions 
in the elemenatry cell is two, s= ] and the ex- 


pansion (6) in partial fractions has the form: 


their divergences do not. The field of the fictitious 
charge of dielectric polarization is —47P. It 
follows that the total macroscopic field is equal to 
E= &—47P, i.e., the external field © coincides 
with the displacement of macroscopical electro- 


: yeti =a, VO Kata 
dynamics. Then P= D(n? -1)/40 n? and sted a 


1) 


Identifying this expression with (5) we get a 


s a2, 2 \ 2 2 {mone 
P= ( oF a, = ae 8 a D. (4) and @ y= Oy + a and it follows from (7) that 
j 
re a= QF (e 6 n* —1). Therefore: 
Identifying this formula withthe formula of pneo- 
menological electrodynamics P= [e—1] D/47e, apa, /n%, 0% =O? e/n%. (3) 
we get a ‘‘dispersion formula’ for the longitudinal 
waves: In the case of a three ion cell, s=2, and the 
expansion (6) in elementary fractions and the 
n? \) (a2 2) identification of the result with (5) give 
Ss a Ay! — @?), (5) 
e (@) a Ii i 
i y= 14), (25,—93,) ( 
j ih 2 2 2 2 
€ (@) should be the same in both cases, because ‘ A : . : 
the coefficient of proportionality between P and E = —(25,-— oO; 1) (97g — 04,4) / (Q44— 24,1) 
should not depend on whether the fictitious dielec- 2), =— (27,,—0%,) Aare Cre 


tric polarization charges affect or do not affect the 
state of the field E. Identifying the expressions of 10.92 © and 02 


L th ts of th d- 
n2 /¢ from (5) and (3), we obtain the desired rela- pe my oie od 


2 


tion between the parameters ON y Ohy and Q, - ratic equation 
' PAs ge On a Ee 
In practice this is achieved most easily by con- (Q4 — &) (O44 — @*) +4, , (05, — &*) 
sidering the reciprocal of (3) as a rational fraction 
with respect to the variable w? : + a), (Q2 ,— o*) =0, 


Z (6) where the unknown is @” . The quantities 07 
: 6 
n?/e(o) = TI | I (w2) + eg iy (0%) and on, j can be expressed easily through 
j= a, and ay ; using Eqs. (3) and (5). 


In the case when the clenientary cell consists 


prere of a large number of ions, one has to solve a higher 
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order equation in O21) Thais possible when the 


parameters of the transverse (longitudinal ) vibra- 
tions are given numerically. The experime ntal 
determination of the parameters for the transverse 
vibrations can be made, for instance, by approxi- 
mating through (3) the experimental dispersion 
curve for infrared light. 

The relation between Q,, and Q, in the simplest 
particular case of two ions per cell, has been 
considered in earlier publications. It seems that 
Ref. 3 reports wrong relations. The relation (8) 
was derived for the first time in Ref. 4; it has 
later been derived by Tolpygo! and Callen® on 
the basis of the microtheory of ionic crystals; 
Huang? has derived it using the macroscopical 
electromagnetic theory. 

In the case of an anisotropic crystal, if the 
orientation of one of its principal axes of polari- 
zation does not depend on the frequency (be- 
cause of the symmetry of the crystal) the relation 
derived above between the parameters of longi- 
tudinal and transverse waves still hold for a 
longitudinal wave travelling along the said axis, 


and for a transverse wave travelling in a perpendi- 
cular direction and polarized along the principal 


axis. If the wave travels in an arbitrary direction 
it is, generally speaking, neither longitudinal nor 
transverse, and the relations derived above need 
a basic generalization. 

The authors express their gratitude to L. D. 
Landau for his valuable remarks. 


1 
K. B. Tolpygo, J. Exptl. Theoret. Phys. (U.S.S.R.) 
20, 497 (1950). 
ae Huang, Proc. Roy. Soc. (London) A208, 352 (1951). 
3 


N. F. Mott and R. V. Gurney, Electron processes in 
ionic crystals, (contains further references). 


4 
Lyddane, Sachs and Teller, Phys..Rev. 59, 673 (1941). 


5 
H. B. Callen, Phys. Rev. 76, 1394 (1949). 


Translated by E. S. Troubetzkoy 
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Hyperfine Structure of the Paramagnetic 
Resonance Spectrum of °*Cr3*in Al,O, 


A. A. MANENKOV AND A. M. PROKHOROV 
P. N. Lebedev Physical Institute 
(Submitted to JETP editor May 5, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
346-347 (August, 1956) 


ie Ref. 1 the fine structure of the paramagnetic 
resonance spectrum of Cr? + in monocrystalline 
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Al, O, was investigated. More detailed study of 
this spectrum showed that with concentrations of 
Cr ~ 10-4 the fine structure lines, corresponding 
to various electronic transitions, have identical 
widths, equal to 13 G. Further decrease in the 
Cr concentration and also a lowering ofthe tempera- 
ture of the crystal to the temperature of liquid 
nitrogen did not cause a narrowing of the lines. 
These data led to the conclusion, that the line 
width for small Cr concentrations depends mainly 
on the magnetic interaction of the spins of Cr3 
with the Al27 nuclei surrounding the Cr? * ions 
in monocrystalline corundum. 


eral 


For Cr concentrations greater than 1074 , the line 
widths for various electronic transitions are not 
identical: the lines, corresponding to the transition 
M=3/2<> % and M =—%@ —3/2 are wider than 
the line M = 4? —\. This is connected with the 
fact that in this case the line width depends pri- 


marily on the magnetic interaction between the 
Cr? * ions. 


Relatively small line widths for small chromium 
concentrations permit one to observe hyperfine 
structure caused by the single stable odd isotope 
Cr? whose concentration in the natural mixture 
of isotopes equals 9.4%. Figure 1 shows the 
oscillogram of the line corresponding to the elec- 
tronic transition M = %@—'4. Two components of 
the hyperfine structure caused by the Cr°? isotope 
may be clearly seen on the wings of the central 
line from the even chromium isotopes, whose 
nuclear spins are zero. The relative intensities 
of the central line and thetwo supplementary lines 
are in agreement with the values of the nuclear 
spin of Cr°? , /= 3/2? , and the concentration 


of the Cr°? isotope in the natural mixture, 9.4%. 

In order to resolve the hyperfine structure com- 
pletely, we investigated the paramagnetic resonance 
in monocrystalline corundum, containing chromium, 
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Pics? 


enriched inthe mass 53 isotope. 

Figure 2 shows the oscillogram ofthe line 
M =%<~—% in the case for a constant external 
magnetic field parallel to the axis of symmetry of 
the crystal. The hyperfine structure, consisting 
of the four lines, confirms the nuclear spin of Cr °? 
as equal to 3/2. The uneven spacing between the 
hyperfine components is caused by second order 
displacements. The hyperfine structure is des- 
cribed by the terms 


ASI, + B (Syl, + Syly) 


in the spin Hamiltonian, where S$ is the electron 
spin, / is the nuclear spin, 4 and B are hyperfine 
Structure constants. From the experimental data we 
obtain the following values ofthe constants 


|A|= (17.04 0.5)-j0"4em}), [BL =| Al. 


Notice that the constant A of the hyperfine 
structure of Cr>? in corundum is near that observed 
in alums, but greater than that of cyanide. ?°9 

A detailed account of the results of the investi- 
gation ofthe fine and hyperfine structure of Cr? * 
in corundum will be published later. 

The authors wish to thank A. A. Popova for 
Es the single crystals, studied in the present 
work, 


a] 

A.A, Manenkov and A. M. Prokhorov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 28, 762(1955); Soviet Phys. JETP 2, 
650 (1956). 


2 
B. Bleaney and K. D. Bowers, Proc. Phys. Soc. 
(London) A64, 1135 (1951). 


3 
K. D. Bowers, Proc. Phys. Soc. (London) A65, 860 
(1952) . y aye: 
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Correlative Phenoniena in K-Meson Capture 
V.B. BERESTETSKII AND I. [A. POMERANCHUK 

(Submitted to JETP editor May 15, 1956) 

J. Exptl. Theoret. Phys.(U.S.S.R.) 31, 
350-35 1 (August, 1956) 
HE process of capture of a K-meson by a pro- 

T ton, followed by a decay with emission of a 
hyperon, i.e., the reaction 


Ke p> A = Pe tem, 


can be used to determine the spin of the A-particle 
from the angular correlation of the 7-mesons. 

If the spin of the K-meson is equal to zero, then 
the momentum of the initial system is equal to 
¥, (if the K-meson is captured in a S-state). The 
angular distribution [; (0) is given as a function 


of j and of the angle 6 between the directions n, 


and n, of the relative momenta of the systems 


(A, 7°) and (p,7~) Iy (0) =1) 


Ts), (0) =1+P, (cos 0) ~ 1 + 3 cos? 0; 
Ts), (0) =1 + 8/y P, (cos 0) + 6/, 12, (cos 0) (1) 
~ 1— 2cos? 6 -+ 5 cos! 6 


(to be compared with the analogous formula for the 
decay of the  -particle! ). If the spin of the 
K-meson is 1, then the momentum of the initial 
system can be % as well as 3/2, and, therefore, 
the formula for the angular correlation are not 
unique. 

If the system is in an external magnetic field, 
the dependence of the angular distribution on the 
field H can be used to determine the magnetic 
moment of the A-particle. In the presence of a 
magnetic field the correlation function has the 
form (see, e.g., Ref. 2): 


uN —E N 
Q = —AkT In D\exP oes: (2) 


nN 
where @ is the appropriate Larmor frequency, te 
the lifetime of the A-particle and A k the coeffi- 
cient of P| in Eq. (1). If the gyromagnetic ratio 
for the A-particle is equal to that of the proton, 
then w Treaches the value ~ 0.3 for H=3x104G. 
For the j = 3/2, Eq. (2) takes the form 


J =1-+ Pz» (cos 04) Pe (cos 02) é 


178), sin 20; sin 205 {cos (01 —_ 2) 
— wt sin (1 — $2)] / (1 + ? 1?) 
+ 3/, sin? 0, sin? 62 [cos 2 (p1 — 92) 


— Qeor sin 2 (9 — 92)] / (1 + 402%), 
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where 0, , 9); 0, , are the angles of the vectors 


n, andn, in a system of spherical coordinates, 


1 
when the z-axis is along the magnetic field. 


‘ary Gatto, Nuovo Cimento 2, 841(1955). 
iz 
K. Adler, Phys. Rev. 84, 369(1951). 


Translated by E. S. Troubetzkoy 
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Nonlinear Theory of Longitudinal Plasma 
Oscillations 


R. V. POLOVIN 
Physico-technical Institute, 
Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor April 16, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
354-355 (August, 1956) 


N Refs. 1 and 2 there was considered the one 
l eae oscillations of the electronic plasma, 
without taking into account the temperature effects, 
on the assumption that the electron density n, the 
electrical field £ and the electron speed v are 
linear functions of the combination x— Vt, where 
V is the velocity of the wave, propagating along the 
x-axis. In the present note we obtain a fundamental 
result of this work —~a relation between the fre- 
quency of the longitudinal wave and the amplitude 
for a more general assumption, namely, for an arbi- 
trary relation between the quanttities n , E and 
v and x andt. The entire derivation is very much 
simplified if the basic equations are transformed 
from the Eulerian to the Lagrangian form. 

We write the equation of motion ofthe electron 
and Maxwell’s equations 


dp/dt = eE, 
dE/Ox = 4ne (n — ny), 
0 = (1/c) (@E/dt) + (4r/c) env, 


(1) 
(2) 
(3) 


where No is the ion density, which is assumed to 


be fixed; e, m and p are the charge, mass and mo- 
mentum of the electron. From (2) and (3) follow 


dE/dt = 0E/dt + vdE/dx = —4nenyv. (4) 


Differentiating Eq. (1) with respect to time and 
comparing with (4), we obtain 


d? p/dt? + wimv = 0, ©} = 4n2n,/m. 


(5) 
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In the non-relativistic case p=mv and, consequently 
(d2 v /dt? ) ta* v =0, i.e., the frequency of 


the plasma oscillation does not depend on the 
amplitude. 1 
In the relativistic case we express the velocity 
in terms of the momentum, 
2 
0h nee 
Vi + p2mc? 


from which the dependence of the frequency on 
amplitude follows directly, as was obtained in Ref. 
2s 

In conclusion the author wishes to thank Ia. B. 
Fainberg for valuable suggestions and Prof. A. I. 
Akhiezer and G. Ia. Luibarskii for discussions. 


1 
A. I. Akhiezer and G. Ia. Luibarskii, Dokl. Akad. 
Nauk SSSR 80, 193(1951). 


2 
A. I. Akhiezer and R. Polovin, Dokl. Akad. Nauk 


SSSR 102, 919 (1955). 
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A \Wdote on Mixed Meson Theory 


A. D. GALANIN AND L. J. LAPIDUS 
(Submitted to JETP editor May 29, 1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 359 
( August, 1956 ) 


EYNMAN! has made the statement that in a 

mixed theory of scalar and vector mesons with 
vector coupling, nonrenormalizable infinities can- 
cel if the coupling constants are equal. Reference 
2is devoted to the application of this theory. Such 
a statement also occurs in Ref. 3. Actually, how- 
ever, the cancellation of nonrenormalizable infini- 
ties is equivalent in this case to the fact that the 
equation for the vector meson 


(ps, a4 PyP,) Pr, =e Sy 
is transformed into 
po, =— S,, 


In this case the field ~, describes particles with 
spin one and zero, where components with spin 
zero correspond to a negative energy (see Ref. 4). 
This circumstance is also noted in Ref. 1. 
Starting from a Hermitian Lagrangian for two 
fields with spin zero and one, interacting with the 
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nuclear field, one finds that the nonrenormalizable 
divergences do not cancel, but, on the contrary, are 


additive. For each vector meson line (included in 
the vertex ) one must write 


2 
I rs es Ya) (Sy > RR wy *)/(k? 7 u?), 


(1) 
where the dots denote an arbitrary part of the dia- 
gram, and for each scalar meson line, one must 
write 
— (Fa/e9) (ke...) (22 — p24, (2) 

The minus sign in the last expression is due to 
the fact that one of the factors k describes the 
creation of a meson, while the other describes an- 
nihilation (this sign also follows from Feynman’s 
rule!: & is the difference between the initial and 
final momentum of the nucleon). 

It follows from (1) and (2) that the divergences 
connected with the factor k in the numerator, will 
only cancel if fi/ He = ere i.e., if one of the 


charges is imaginary. 


1 R. P. Feynman, Phys. Rev. 76, 769 (1949). 

2 PD. B. Beard and H. A. Bethe, Phys. Rev. 83, 1106 
(1951). 

3 Schweber, Bethe and de Hoffman, Mesons and 


Fields, Row, Peterson and Co., Evanston, I11., 1955, 
Voll. 


4G. Wentzel, Quantum Theory of Fields, Inter- 
science Publishers, Inc., New York, 1949. 


Translated by M. A. Melkanoff 
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Relative Cross Sections for n—p Reactions 
Involving Nuclei with Several 
Stable Isotopes 


V. N. LEVKOVSKII 
Institute of Chemical Physics, 
Academy of Sciences, USSR 
(Submitted to JETP editor May 19, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 360 
( August, 1956) 


HILE examining the literature on nuclear re- 
\\ anes the author noticed a regular variance 
in the n—p and n—o reaction cross sections ( for 
14 mev neutrons) in the stable isotope series of 
individual elements. It follows from the data of 
Clarke and others! that the n—p and n—« reaction 
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cross sections for the various isotopes of an ele- 
ment decrease with increasing isotopic mass 
number as a rule (in seven of the nine investigated 
cases ); moreover, in six of the seven cases, they 
decrease almost exactly by a factor of two or 
four*. In order to verify this regularity and define 
it more precisely, a program was initiated for the 
experinental determination of n—p reaction cross 
sections of nuclei with several stable isotopes 
(Zr, Cd, Ti, Sr and Ca). 

Specimens of salts of the elements under investi- 
gation were bombarded with 14 mev neutrons and 
dissolved; radioactive isotopes of Y, Ag, Sc, Rb 
and K produced by the n—p reactions were then 
separated from the solution and their activity was 
measured with a standard cylindrical geiger 
counter. An analysis of the decay curves then 
yielded the activity of each isotope from the time 
the bombardment ended. Absolute activities were 
computed by correcting for decay during bombard- 
ment time and for absorption of radiation by the 
walls of the counter. The latter correction was 
determined in each case by means of special ab- 
sorption measurements. This correction is not 
very large inasmuch as the reaction products of all 
investigated reactions L except for the reaction 
Ti(n, p) Sc] emit hard 8 —rays; therefore, even a 
large error in the determination of this correction 
cannot seriously affect the final result. 

In this fashion relative cross sections were 
obtained for four isotopes of Zr, four of Cd, two of 
Sr, two of Ca; only rough preliminary results were 
obtained for Ti: 


Lio iG, L122 GL ine ee les On ONO sO rA0: 
o Cd : g Cd41: 6 Cd112: o Cd118 = 5,00: 1: 0.71 : 0,52; 
oy Sy co SY es a SO yAae 
o Cat? : 6 Cat4 = 1 : 0,24; 
o Tit? : o Tit® : o Ti#® = (1) : (0.25) : (0,06) 
Similar relations are presented below for five 


pairs of other isotopes computed from Clarke’s 
data. 


o Mg*t: o Mg?® = 1: 0.23; o Si: o Si?” = 1 : 0.46; 
OSB ei Sh Sl OEP op at Bo Bow? al 60) Wap 
6 Ge: ¢ Ge? = 1; 0:50. 
The following deductions can be made from the 
adduced data: 


1) the n—p reaction cross section for nuclei 
with several isotopes decreases considerably as 
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arule, with increasing isotopic mass. This de- 
crease is more noticeable for light nuclei and less 
so for heavy ones; 

2) for the case of light nuclei, increasing the 
mass number by two, results in a 4-fold (Carore 0; 
Zn) or a 16-fold [Mg, (Ti) ] decrease in the reac- 
tion cross section, while a 2-fold decrease occurs 
for the heavy elements (Sr, Zr, Cd, Ge); 

3) the results which have been obtained appar- 
ently disagree with the statistical theory of 
nuclear reactions, and perhaps provide evidence 
for the preservation of a shell structure even at 
high excitation energies. 


LETTERS TO THE EDITOR 


Some of the data cited above were obtained by 
Q. I. Ivanov and E. E. Vinogradov’, students at 
Moscow State University, in fulfillment of their 
theses. 


* There is evidence to suggest that Clarke’s data, 
which represents an exception to this rule ( Z1r90,94 
Patri) Cerne), is uncertain because the ex- 


perimental method is less reliable in these cases. 


1 &, RB. Pauli and R. L. Clarke, Canad. J. Phys. 31, 
267 (1953). 


Translated by M. A. Melkanoff 
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